TUYEN CHON CAC BAI TOAN
VE BAT PANG THUC VA CUC TRI HINH HOC

1. MOT SO KIEN THUC CAN NHO
1. Lién hé gitta canh va goc trong tam giac
Dinh li 1: Cho tam gidc ABC. Néu ABC > ACB thi AC> AB va nguoc lai.
Pinh li 2: Cho hai tam giac ABC va MNP ¢6 AB=MN va AC = MP. Khi d6 ta cé bat dang
thie
BAC > NMP < BC > NP
DPinh i 3: Trong tam gidc ABC ta c¢:
+Né&u A =90° thi BC> = AB> + AC?
+Né&u A >90° thi BC> > AB? + AC?
+Né&u A <90° thi BC> < AB? + AC?
|AB—AC|<BC < AB+AC
Dinh 1i 4: V6i moi tam giac ABC ta ludn c6: {|AC-BC|< AB < AC+BC
[BC—AB|<AC<BC+AB
Hé qua: Chon diém A;A,;A,;..;A . Khiddétaluoncd A A, +A A +..+A A >AA_
Dau bing xay ran diém A ;A ;A,;..; A, thang hang va sap x&p theo thtt tw do.
Pinh 1i 5: Cho tam giac ABC va M 1a trung diém ctia BC. Khi d6 ta c6

+N&u A =90° thi AM=%BC
+N&u A >90° thi AM<%BC

+Néu A <90° thi AM >%BC
2. Quan hé giita dwong xién, dwdng vudng goc va hinh chiéu caa duwong xién.
Pinh li 1: Trong cac duong xién va duwong vuong goc ké tir mot diém o ngoai mot duong
thdng dén duong thang d6 thi duong vudng gdc la dudong ngan nhat.
Dinh 1i 2: Trong hai duwong xién ké tir mot diém ndm ngoai mot duwong thang dén duong
thang do:
e Duong xién nao c6 hinh chiéu 16n hon thi 16n hon

e Duong xién nao 16n hon thi c6 hinh chiéu 16n hon
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 Né&u hai duong xién bang nhau thi hai hinh chiéu bang nhau, va nguoc lai, néu
hai hinh chiéu bang nhau thi hai duong xién bang nhau.
3. Cac bat dang thitc trong duong tron.
Pinh li 1: Trong mot duwong tron thi duwong kinh la day 16n nhat.
Dinh i 2: Trong mot dwong tron:
« Hai day bang nhau thi cach déu tam va nguoc lai.
e Day nao 16n hon thi day d6 gan tam hon va nguoc lai.
Dinh li 3: Ban kinh ctia hai duong tron la R >r, con khoang cach gitta tdm cua chung la d.
Diéu kién can va du d€ hai duong tron d6 cit nhaula R-r<d <R+r
Pinh li 4: Cho dueong tron (O; R) va mot diém M bat ki nam trong duong tron. Khi d6 ta
co
R-d<MN<R+d
Vi N 1a diém bat ki trén duong tron va d la khoang cach tir M téi tam duong
tron.
Pinh li 5: Cho duong tron (O; R) va mot diém M bét ki ngoai duong tron. Khi d6 ta c6
d-R<MN<d+R
V6iN la diém bat ki trén duong tron va d la khoang cach tit M t6i tam duong
tron.

4. Cac bat dang thitc vé dién tich.

Pinh 1i 1: V6i moi tam giac ABC taluén ¢ S, < %AB.AC , d&u bang xay ra khi va chi

ABC —
khi tam giac ABC vudng tai A

Pinh 1i 2 : V6i moi ti gidc ABC taludn c6 S < lAC.BD, d&u bang xay ra khi va chi

ABCD =5
khi AC vudng goc voi BD.

Pinh 1i 3: V6i moi t giac ABCD taludn cd S, < %(AB.BC + AD.DC) , d&u bang xay ra
khi va chi khi B=D =90’

5. Mot s6 bat dang thitc dai s6 thuwong ding

e VGiXx, y la cac s6 thuc duwong, ta ludn cd

x* +y* > 2xy; 2(x2 + yz) >(x+ y)2 , ddu bang xdy ra khi va chi khi x=y

e V6ix, y, zla cac s6 thuc duong, ta luén cd
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1.1 , ddu bang x4y ra khi va chikhi x=y
X y X+y

1 11 9 N1 . Do
—+—+—2 , dau bang xay ra khi va chi khi x=y =z
X y z

X+y+z
e Bat déng thirc Cauchy: Vi x, y, z la cac s thuc duong, ta luén cd

X+y

> \/; , d&u bang xay ra khi va chi khi x=y.

X+y+z

> }/xyz , d&u bang xdy ra khi va chi khi x=y =z.
e Bat déng thirc Bunhiacopxki. Véia, b, c vax, y, z la cac s6 thuec, ta ludén co

(a2 +b2)(x +y ) (ax+by) d4u bing xdy ra khi va chi khi & _b
Xy

(a2 +b® +c? )(x2 +y° + zz) > (ay +by + cz)2 , d&u bang xay ra khi va chi khi

a_b_c
xyz'

II.CAC Vi DU MINH HOA

Vi du 1. Chting minh rang tong d6 dai ba duong trung tuyén ctia mot tam giac 16n hon %

chu vi va nho hon chu vi cia tam gidc ay.

Phan tich tim 10i giai

Trén cd so hinh v§é, ta can chiing minh
%(AB+BC+CA)<AD+BE+CF<AB+BC+CA.

, . Ny e L 1 . ey
Lay diém M trén tia doi cta tia DA sao cho DA=EAM, khi d6 theo ta duoc

2AD < AB+AC. Hoan toan teong ty ta dwoc AD+BE+CF < AB+BC+CA.
Ta can chtng minh duoc %(AB +BC+CA)<AD+BE+CF. Chti y rang G la trong

tam tam giac nén ttt BG+GC > BC ta dwoc BE+CF > %BC. bén day ap dung tuong ty va

cong theo vé& cac bat dang thiic ta dwoc diéu phai chizng minh.

Loi giai
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- Xét tam giac ABC c6 ba duwong trung tuyén 1la AD, BE,
_ // CF.
Truwdce hét ta chitng minh 2AD < AB+ AC. That vay,

trén tia d0i cta tia DA 18y diém M sao cho D 1a trung

diém cua AM, khi &6 ta duoc AC =BM va

AM =2AD. Trong tam gidc ABM c6 AM < AB+BM

do d6 ta dugc 2AD < AB+ AC M
Tuong tw ta dugc 2BE =BC+ AB; 2CF=CA +BC.

Cong theo vé& ba bat dang thitc trén ta duoc

2(AD+BE+CF)<2(AB+BC+CA)
Hay AD+BE+CF<AB+BC+CA

Trong tam gidc BGC c6 BG+GC >BCma BG = %BE va CG= %CF

Nén %BE+§CF>BC<:>BE+CF>%BC. Tuong ty CF+AD>%AC; AD+BE>%AB

Cong cac bat dang thiec v& theo vé ta cd

2(AD+BE+CF)>§(AB+BC+CA)@AD+BE+CE>§(AB+BC+CA).
2 4

Két hop hai bat déng thirc trén ta duoc %(AB +BC+CA)<AD+BE+CF<AB+BC+CA

Vi du 2. Cho tam gidc nhon ABC ¢6 cac dudong phan gidc AD, BE, CF cat nhau tai I. Chting

minh r?mg cac doan théng ID, IE, IF la d6 dai ba canh ctia mot tam giac.

Phan tich tim 10i giai

Dé chiing minh cac doan théng ID, IE, IF la d6 dai ba canh cua mot tam gidc. Ta can
chiing minh dwoc cac bat déng thirc IE +FI > DI, EI + DI > FI; DI + FI > EI. Goi r la ban kinh
cua duong tron noi ti€p tam giac ABC va vé IH vuong géc voi AC tai Hsuy ra IH=r.
Chuay la EIH < 45° nén trong tam gidc vuong goc EIH nho nhét nén EH <IH =r. Tir d6
suy ra r’ <IE* < 2r’. Hoan toan tuong tu thi ta duoc

DI? < EI’ + FI%; EI* < FI* + DI FI? < DI? + EI*. Dén day ta duoc cac bat dang thitc nhu trén.

Loi giai
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Goi r la ban kinh ctia dwong tron ndi ti€p tam gidc
ABC, vé IH vuong géc voi AC tai Hsuy ra IH=r.
Ta can chiing minh duwgc ba bat dang thirc
IE+FI > DL EI+ DI > FI; DI + FI > EI 7 D
That vay, trong tam giac vuong IEH co

EIH =90° — [EH < 90" —If}\i+(9o° —E/CT%)

~180° —IE?I—E/C\B=1§3?:<%.90°

Do d6 trong tam giac vudng IEH thi géc EIH nho

nhat. Khi d6 ta dugoc EH<IH =r.

Mat khac theo dinh li Pitago ta c6 1E* =TH? + EH” ma lai c6 OH =r;HE <r nén suy ra
IE® < 2r?

T d6 ta duwoc r? <IE? < 2r’. Chiing minh twong tu ta duoc r* <ID? < 2r;r* <IF* < 2r’
Tt cac bat dang thitc trén ta thu dwoc DI? < EI* + FI?; EI* < FI? + DI%; FI? < DI? + EI?

Do d6 IE +FI > DI EI+ DI > FI; DI+FI > EI hay DI, EI, FI la d0 dai ba canh ctia mét tam

giac.

Vi du 3. Cho tam gidc ABC va diém M b4t ki ndm trong tam gidc. Chting minh rang:
MA.BC +MB.CA + MC.AB < 2Max {AB.AC; BC.CA; CA.AB}

Phan tich tim 10i giai

Goi A, lan luwot la giao diém cta AM véi BC. Khi dé ta thdy

1

AA, < AB=Max{AB;AC}. Do do ta duoc
AA, BC <BCMax{AB; AC} < Max{AB.BC; ACBC; AB.AC}. Tix d6 suy ra duoc bat ding

thirc MA.BC=%.AA1.BC<%Max{AB.BC;AC.BC;AB.AC}. Ap dung hoan toan

1 1

MA  MB MC
AA, BB, CC,

twong tw va chti y dén mot dang thirc quen thudc =2 ta c6 diéu phai

chttng minh.
Loi giai
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- Goi A;B

»C, lan luot 1a giao diém cuaa AM, BM, A
CM v6i BC, CA, AB. Tia AM nam gitra hai tia AB
va ACnén A, nam gitra hai diém B va C. Vé AH

vuong goc voi BC tai H. Gid st AB> AC nén ta

duwoc BC > CH. Goi B’ 1a diém d6i xiing v6i B qua

H, suy ra C thu¢c doan BB". Ma A, thudc doan BB’
nén A H<BH. Tt d6 suy ra
AA, < AB=Max{AB; AC}

Suy ra AA,.BC < BC.Max{AB; AC} =Max{AB.BC; AC.BC} < Max{AB.BC; AC.BC; AB.AC}

Dit x =Max{AB.BC; ACBC; AB.AC}, khi d6 ta dugc MA.BC = %.AAFBC < Z/I:

1 1

X

Hoan toan twong tw ta dwoc MB.CA < %.X; MC.AB < %.x

1 1

MA, MB, MC,
+ + =

BB, CC

Mat khactacd S S....+S S,.. nén ta duoc 1

maB T Omse MCA — 2 ABC

1

=2.Do d6 ta dugc MA.BC+MB.CA + MC.AB < 2x

1 1

MA MB MC
AA, BB, CC,
Vay ta dugc MA.BC+MB.CA + MC.AB < 2Max {AB.AC; BC.CA; CA.AB}.

Tir d6 ta duoc

Vi du 4. Cho t gidc ABCD va mot diém M thudc mién ti¢ gidc. Chiing minh rang;
MB +MC < Max{AB+AC; DB+DC}|

Phan tich tim loi giai

Vi diém M thudc mién t& gidc ABCD, khi d6 xdy ra hai treong hop la M thudc
mot canh cua t& giac hodc M thudc mién trong cua t& giac. Vi diém M thudc mot canh
cua tir giac, chéng han diém M thudc doan AD, ta can chting minhMB+MC<DB+DC
hodc MB+MC < AC+AC. Véi diém M nam mién trong tam gidc, 18y diém N trén AD d&
duoc MB+MC<NB+NC va quy bai toan vé chttng minh twong ti nhw treong hop thie
nhat.

Loi giai
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y

| 4

- Trwdc hét ta phat biéu va chiing minh b6 dé: Cho tam

A
gidc ABC va mot diém M bat ki ndm trong tam giac,
khi d6 ta ludn c6 '
MB+MC<AB+AC
That vay, goi giao diém ctia BM véi AC la I khi d6 ta . )

co
AB+AC=AB+AI+CI>BI+CI
=BM+IM+CI>BM+CM

B6 dé duwgc chirng minh.

Trd lai bai toan: Véi diém M thudc mién t giac ABCD, khi d6 xay ra hai treong hop la M
thudc mét canh cua t¢ giac hodc M thudc mién trong cua t¢ giac. Do d6 ta xét hai truong
hop sau:

+ Truong hop 1: Diém M thudc mot canh cua t&

B
gidc, khong mat tinh tong quat ta gia st diém M b
nam trén doan théng AD. Goi B’ la diém doi
xting véi diém B qua AD. Vi hai diém B, C nam
vé mot phia so véi AD nén B’, C nam vé hai phia

B C

so véi AD. Suy ra hai doan thang B’'C va AD cat

nhau. Goi I la giao di€m cua B'C véi AD.

Do M thudc doan AD nén I thudc tia MA hoac tia

MD.

Khi d6 theo bo dé trén ta dwoc MB+MC < DB+ DC hoac MB+MC < AC+AC
Tir 46 ta dwoc MB+MC <Max{AB+AC; DB+DC}

+ Truong hop 2: Diém M thudc mién trong ca ti
giac. Khi d6 goi O la giao di€ém cua hai duong chéo
thi diém M thudc mot trong cac tam giac OAD, OBC,
OCD, ODA. Tuy theo vi tri ctia diém M ma ta chon
diém N trén doan AD sao cho theo bd dé trén ta ludn
c6 MB+MC <NB+NC. Ma theo treong hop 1 thi ta
6 NB+NC < Max{AB+AC; DB+DC}

Tir d6 ta dwgc MB+MC <Max{AB+AC; DB+DC}
Néu AB+AC>DB+DC thi ddu bang xay ra khi va chi khi hai diém A va M trting nhau
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Néu AB+AC<DB+DC thi ddu bang xay ra khi va chi khi hai diém D va M trting nhau

Vi du 5. Chiing minh rang tdng d6 dai cic duong chéo ctia ngii gidc 16i ABCDE 1én hon
chu vi nhung nhé hon hai lan chu vi ctia ngt giac ABCDE.

Loi giai
Goi p la chu vi cta ngii giac 161 ABCDE, khi d6 ta c6
p=AB+BC+CD+DE+EA

B
A «
Ap dung bat dang thikc tam giac cho cac tam giac '»
C
ABE, ABC, BCD, DEC, EAD ta dugc A
BE < AB+ AE; AC < AB+BC E

BD <BC+DE;EC <CD+DE
AD < AE+DE

Tir d6 suy ra

D

BE+AC+BD+EC+DA <2(AB+BC+CD+DE+EA)

Hay ta duoc BE+ AC+BD+EC+DA <2p
Goi giao diém cua AC véi BE, BG lan lugt 1a F, G. Goi giao diém ctua AD véi EB, EC lan
luot 12 L, K. Hai duong chéo EC va BD cat nhau tai H. Khi d6 4p dung bat dang thitc tam
giac cho cac tam giac ABF, BCG, CDH, DEK, EAL ta dwoc

AB < AF+BF;BC<BG+GC;CD <CH+HD; DE < DK+KE; EA <EL+LA

Do do ta dwoc
AB+BC+CD+DE+EA <AF+BF+BG+GC+CH+HD+DK+KE+EL+LA
= (BF+EL)+(AF+CG)+(BG+HD)+(EK+HC)+(AL+DK)
<BE+AC+BD+EC+AD
Hay ta duoc p<BE+AC+BD+EC+AD

Vay ta duoc p<BE+AC+BD+EC+AD <2p

Vi du 6. Cho hinh chit nhat ABCD.

a) Chtrng minh rang néu diém I thudc doan AB thi IC+ID < AC+AD, d4du bang xay
ra khi nao ?

b) Tim diém O nam bén trong hodc trén canh ctia hinh chit nhat ABCD thoa man

diéu kién tong OA +OB+OC+0D c6 gia tri 16n nhat.

Loi giai
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" Pat

E;
AB=CD=a;AD=BC=b;AC=BD=d =+a’+b>
a) Ta chting minh IC+ID<d+b
Goi E 1a diém d6i xting v6i D qua A, khi d6 tir giac A/ P
AEBC 1 hinh binh hanh, nén AB va CE cit nhau tai
trung diém K cua mdi doan. Lai c6 IE=TD. C6 hai

D C

treong hop xdy ra
+ Treong hop diém I thudc doan AK, khi d6 tam
gidc AEC chtra tam gidc IEC nén ta duoc

IC+ID=IC+IE<AC+AE=AC+AD
Tl d6 ta dugc IC+ID < AD + AC, ddu bang xay ra khi va chi khi hai diém I va A trung
nhau.
+ Truong hop diém I thudc doan KB, khi d6 ta gidc BEC chira tam giac IEC nén ta duoc

IC+ID=IC+IE<BC+BE=AD+AC
Tl d6 ta dugc IC+ID < AD+AC, ddu bang xdy ra khi va chi khi hai diém I va B triing
nhau.
Vay néu diém I thudc canh AB thi ta luén ¢6 IC+ID < AD + AC, ddu bang xay ra khi va
chi khi di€ém I trung véi A hodc B.
b) Néu diém O trung v6i mot trong cac dinh cta hinh chit nhat ABCD thi ta duoc
OA+OB+OC+0OD=a+b+d
Néu diém O khong trung vdi cac dinh cua hinh chit nhat ABCD, khi d6 ¢6 hai truong hop
sau:
+ Truong hop diém O nam trén cac canh ctia hinh chi* nhat ABCD, chéng han O ndm trén
canh AB va khong trung véi A, B. Khi d6 ta duoc
OA+0OB+0OC+0OD=AB+0OC+OD<AB+AC+AD=a+b+d
+ Trueong hop diém O nam trong hinh chi* nhat ABCD, khi d6 qua O ké duong thang song
song voi AB cat AD, BC Ian luot tai M, N. Chttng minh teong tw ta dwoc
OA +OB <MA +MB;OC+0OD <MB+MC
Tir d6 ta duoc
OA+OB+0OC+0OD <MA +MB+MC+MD =AD +MB+MC
<AD+AB+AC=a+b+d

Vay OA +OB+OC+OD dat gia tri 16n nhat bang a+b+d, ddu biang x4y ra khi va chi khi
diém O trung véi mot trong cac dinh cta hinh chit nhat ABCD.

Vi du 7. Cho tam gidc ABC va mot diém M thudc tam gidc. Chirng minh rang:
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MA.BC+MB.CA +MC.AB >4S

ABC

Phan tich tim 10i giai

Do tam giac ABC bat ki nén ta can xét cac truong hop c6 thé xay ra ctia tam giac
Syiap +Sype S
minh dwoc bai toan ta can bi€u dién duoc cac tich theo dién tich MA.BC; MB.CA; MC.AB

ABC. Véi tam giac ABC nhon hodc vuong, chiyla S,,. =S,,,s +Sysc +Syca N€N d€ chitng

theo dién tich cac tam gidc MAB, MBC, MCB. Ké BB, L AM,CC, L AM thi ta duoc

1

Saem FSaem = EAM(BB1 + CCl) < %AM.BC. bén day ap dung tuong tu ta duwgc diéu phai

chtéing minh. Véi tam giac ABC ti1, chang han tu tai A thi ta 14y diém B’ thoa man
AB'L AC, AB'=AB va diém M nam trong tam gidc AB’C. Khi d6 ta can chting minh
duoc MA.BC+MB.CA+MC.AB>MA.B'C+MB'.CA+MC.AB'>4S,, . >4S

ABC *
Loi giai
Ta xét hai truong hop sau:
+ Truong hop 1: Tam gidc ABC khong tu A
Vé duong thang BB, L AM,CC, L AM . Khi d6 ta c6
1 1

S +Sacu =5 AMBB, +— AM.CC,
= %AM(BBl +CC, )< %AM.BC B,
Dau bang xay ra khi khi va chi khi AM 1 BC B C1\/0
Hoan toan tuong tu ta duoc
Sy +Sapy < %BM.AC . D&u bang xay ra khi
BM L AC
S.sem TS aacm < %CM.AB . Dau bang xay ra khi CM L AB
Cong tirng Ve cua cac bat dang thirc ta duogc
2(S up +Sacn +Spen ) < %(MA.BC +MB.AC+MC.AB)

Hay ta dwgc MA.BC+MB.AC+MC.AB >4S

ABC
DAau ba‘ing xay ra khi va chi khi AM 1 BC,MB L AC,MC L BC hay M la tryc tdm cua tam
giac ABC
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+ Trueong hop 2: Tam gidc ABC la tam giac A
tu. Khong mat tinh tdong quat ta gia s

A>90° M
Khi d6 vé AB' L AC va AB'=AB nhu hinh

\ N ——
v€ sao cho M nam trong tam giac AB’C.

Ta ¢ ABB'=AB'B nén MBB'<MB B suy
ra MB >MB'

Ma ta c6 CB'B>CBB' nén ta dwoc CB > CB'
Tt d6 ta dwoc MA.BC+MB.CA+MC.AB>MA.B'C+MB'.CA+MC.AB'
Twong tu truong hop 1, trong tam gidc AB'C co

MAB'C+MB'.CA+MC.AB'>24S, .. =2AB'.AC=2AB.AC

AB'C
Tir d6 ta dugc MA.BC+MB.CA + MC.AB>2AB.AC>4S
Vay ta luén c6 MA.BC+MB.CA + MC.AB > 4S .. D&du bang xay ra khi va chi khi tam giac

ABC

ABC khong tu va M la truc tam tam gidc ABC.

Vi du 8. Cho tam giac ABC va D la mot diém ndm trén canh BC. Trén canh AB va AC lay
Tan lweot cac diém N va M. Qua M va N ké cac duong thang song song véi AD cat BC tai P
va Q.

Chting minh rang S ., <max{S,, , S, |

MNPQ =

Phan tich tim 10i giai

Do M va N nam trén BC nén ta cé ﬂ=m<1;ﬂ=n<l.Tirdé
AC AB

S AN.AM . 1 NP .
SAMN = ABAC - Chayla S, op =Sasc ~Saun ~Scur — Seng NEN d€ chimg minh
ABC *
duoc bai toan ta di biu dién dién tich cac tam giac CMP, BNQ theo m, n. Dé thay
MC CP . BN BQ R , 2 .
A—C:C—Dzl—m va E:ﬁzl—nnen ta tinh dwoc S, =(1—m) S,cp Va
Sing = (1 —n)2 Spap - Nhue vay ta duoc
SMNQP = (2m—mn—m2)SCAD +(2n—mn—n2)SABD

Do d6 ta dugc S, p < [<2m—mn—rr12)+(2n—mn—n2 )} .max{SCAD, SABD} . Nhu vay dé
két thic chiing minh ta can chi ra duoc (Zm —~mn-m?’ ) + (Zn —mn-— nz) <1.

Loi giai
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Do M va N nam trén BC nén ta co A

SSAMN _ AN.AM =m.n nén ta duoc

Ta co N
AB.AC

ABC

S

=m.n.S

AMN ABC

Do MP//AD nén ta co
MC CP AC-MC
AC CD AC

1-m

BQ

, BN
Tuong tutacO —=—==1-n
AB BD

BN.BQ ) CM.CP
Q :M‘ BAD’ ©CMP ZM' CAD

Nén ta duoc Sy, =(1-m)'S, o, va Sy =(1-n) Sy

Do dé ta duoc Sy,

Tt d6 ta duoc SMNQP = SABC _SAMN _SCMP _SBNQ = SACD +SBAD _SAMN _SCMP _SBNQ
Suy ra
2 2
SMNQP =[(1—mn)—(1—m) }SCAD +[(1—mn)—(1—n) }SABD

=(2m—mn—m2)SCAD +<2n—mn—n2)SABD

Do 2m -mn-m?; 2n—mn-n’ 1a cdc s6 duong nén ta duoc
Syar < [<2m—mr1—m2)+(2n—mn—r12 )J .max{SCAD, SABD}
2

= [1—(m+n—1) }.max{SCAD, SABD} < max{SCAD, SABD}
Do Sypo = max{SABD, SACD} nén ta dwoc S,,, =S,, va m+n=1
Suy ra ta dugc CD =BD va ﬂ+ﬁ =1.

AC AB

Vi du 9. Cho t giac ABCD. Chting minh rang

2 pRy?
AB? + BC? + CD? + DA? 32435, + AC —BD”

ABCD

Phan tich tim 10i giai

Gia st trong t gidc ABCD ta lay M va N Ian luot 1a trung diém ctia AC va BD.
Khi d6 theo cong thirc vé duong trung tuyén cho cac tam giac ABC, ADC, MBD ta dugc
4BM” =2(AB’ +BC*)-AC?, 4DM” =2(AD’ +DC?)- AC? va

4MN*=2(BM*+DM’)-BD*. T d6 ta  thu dwoc  ding  thuc
AB? +BC? +CD* + DA’ = AC? + BD? +4MN?. Nhu vay d€ chitng minh bat ding thiic ctia
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AC? -BD?

bai toan ta can chi ra dwoc AC?+BD?+4MN>>+/3.5 . Cht y dén

ABCD +

1

ABCD <
2

S ACBD va AC?+BD?+4MN? > AC? + BD?. Két hop hai bt déng thirc trén véi

danh gia sau
AC* 3BD* AC’-BD?
+ +
2 2 2

bén day thi bai toan xem nhu dwgc chiing minh.

AC?-BD?

AC2+BD? = >3ACBD+

Loi giai
Gia st trong t& gidc ABCD ta ldy M va N lan luot la B
trung diém ctia AC va BD. Khi d6 4p dung tinh chat
duong trung tuyén ta cd: Trong tam giac ABC cd
BM la duong trung tuyén nén c
4BM” =2(AB” +BC?) - AC? va trong tam giéc ADC
c6 DM la duong trung tuyén nén ) ’
4DM” =2(AD’ + DC?)- AC?
Do do ta dwoc

4BM” +4DM* =2(AB’ + BC® + AD* + DC* ) -2AC?

& 2(BM? + DM’ ) = AB” +BC’ + AD* + DC” — AC?
Trong tam giac MBD ¢6 MN la duong trung tuyén nén 4MN? = Z(BM2 +DM? ) —-BD’?
Do d6 ta duge 4MN? =2(BM* + DM’ )-BD? = AB + BC* + AD” + DC* -~ AC* - BD’
Hay AB’+BC?+CD? + DA? = AC? + BD? + 4AMN?
Khi d6 ta dugc AB® + BC?> +CD’ + DA” = AC* + BD* +4MN? > AC’* + BD?

2 2 2 BpRy? 2 pP2
Ma ta c6 AC? +BD? = Af i 3BZD +2C . BD” . 3acBpD+2C —BD
1 2 nM2
Lai 0 ,ucp < ACBD nén ta duoc AC*+BD 22438 LJAC -BD
2 npr
Tir d6 suy ra AB* +BC?+CD?+DA? 22435 +¥
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M=N
D&u dang thiec x4y ra khi va chi khi ¢ AC = J3BD < Tt giac ABCD la hinh thoi c6

AC 1L BD
A=C=60"
B =D =120°
Nhan xét:

+ Ta c6 thé'sir dung bit ding thirc 2MN 2 |AB-CD

; 2MN >|AD-BC|
Khi d6 ta c6 bt ding thitc manh hon la (AB+ CD)2 +(AD+ BC)2 >34/35, ., + AC> —BD?

+ Ngoai ra néis sie dung bt ding thitc trong tam gidc a*> +b* +c* > 4/3.S ciing cho ta két qud cin

chirng minh.

Vi du 10. Cho tam giac ABC c6 AB> AC. bat AB=c;BC=a;CA =b. Goi p la nta chu vi

cua tam giac ABC va 1_;m_ Ian luot 1a duwong phan gidc va duong trung tuyén ha tir dinh

A ctia tam gidc ABC. Chiing minh rang p—a <1, <m, < %(b + c)

Loi giai

M/ D H/C D

E E

Kéo dai AM 14y diém E sao cho ME =MA,, khi d6 dé dang chiing minh duoc
AAMC = AEMB
T d6 ta duoc AC=BE =2AM = AE

Theo bat dang thitc tam giac ta c6 AE < AB+BE = AB+AC =b+c nén ta dwoc AM < %

Lai c6 AB<AD+BD va AC<AD+DC
Cong theo v& cac bat dang thirc trén ta duoc AB+AC <2AD+BC = AB+AC-BC<2AD

AB+AC-BC b+c-a

Nén ta duwoc AD > 5

=p-ahayl >p-a.
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Ha AH vuong goc voi BC tai H. Do AB > AC nén ta duwoc BH > CH suy ra BM <BH hay

diém M thudc doan BH. Lai tit AB> AC ta duoc ADB > ACD = ADB > 90° nén diém D
thudc doan BH.
Trén canh AB lay diém K sao cho AK = AC, tir d6 ta dugoc AADC = AADK

Tt d6 suy ra DC=DK va ACD = AKD.
+Né&u ACB <90° thi ta dwoc AKD <90° nén BKD >90° > ACB > KBD
Ttr d6 suy ra BD >KD =CD = BM <BD = MH > DH nén AM > AD

+ Néu A/CTB>900th‘1tadeQc AKD >90° nén BKD = ACH > ADC > ABC

Ttt d6 suy ra BD >KD =CD = BM < BD = MH < DH nén AM > AD
Vay ta luén c6 AM >AD hay m_>1,

Két hop cac két qua trén ta duoc p—a<l <m_ < %(b + C).

Vi du 11. Cho tam giac ABC c6 m_,1,,1_ va p theo thit tu la d6 dai dwong trung tuyén ha
tir dinh A, d¢ dai duong phan giac trong ha ti dinh B, C va ntta chu vi cia tam giac.
Chting minh rang m_+1_ +1_< p\/g

Phan tich tim 10i giai

B4t déng thitc lién quan d&n m_;1,; 1 va p nén ta sé bidu dién m_; 1,; 1_theo p.

a’ b’
2cacosE B B
Theo cong thitc vé dwong phan giac ta co 1, = — 2 <Jea €os— = 1? <ac.cos’ EY chay
c+a

B 1+ B 2, .2 1.2 2, .2 12
la cos’—=-1202 gy cosB:u nén 12 <2 1+u :p(p—b). Theo

2 2 2ca 2ca
cong thirc duong trung tuyén co

4m§=(b+c+ (p—b)(p—c))(b+c— (p b p c [Zp JpP—a—+p- )} T do
ta duoc \/p(p—b)+\/p(p <1/2 p -m’ hay 1, +1 SJ p —-m’). Dén day bat dang

thitc sé duoc chitng minh néu ta chi ra dwgc m_ +, /2(p - ma) < p\/g .
Loi giai

Trudc hét ta phat biéu va chitng minh bo deé: A

Véimoi 0 < a <45° taludn cd

) 1+ cos2a
cosa =T

That vay, xét tam gidc ABC vuong tai A c6

~

C = a va duong cao AH, duong trung tuyén
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AM. Trong tam giac AHM co

AHM =90°; AMH =2 cos2a = HM
AM

HM AM+HM CM+HM HC
AM AM  AM

CHJZ _2CH*> 2CH 2CH CH

Do d6 1+ cos2a =1+

Ta cé 2cosza=(

AC) BCCH BC 2AM AM
Tir d6 ta dugc cos’a = @ b8 dé duoc chitng minh.

Tro lai bai toan: Dat AB=c; BC=a; CA =b, khi d6 theo cong thirc vé duong phan giac ta

cO

B
2cacos — \/_ B . . B
] =——< <+ca.cos—=12 <ac.cos” —
b c+a 2 b 2
4 2 PA A , B 1 + B \ , 1 B
Ap dung b6 dé trén ta co cos’ 5= cos , ttr d6 ta duoc I? < ac( +cos j
> +a?-Db?

Ma theo cong thirc vé duong trung tuyén ta c6 cosB = 5
ca

> +a’-b?

Suyra 2 <251+
2 2ca

sz(p—b):lbﬁ p(p—a).Tueongtutacé 1 < p(p—c)
Cling theo cong thiic vé dwong trung tuyén ta co
4m§:2b2+2c2—a2=(b+c)2—[a2—(b—c)2}
=(b+c+ (p—b)(p—c))(b+c— (p—b)(p—c))
Mat khac ta lai co
b+c+2 (p—b)(p—c)sb+c+2p—b—c=2p

b+c-2 (p—b)(p—c) =2p—(ﬁ+@)2
Do d6 ta dugc 4m? SZp[Zp—(\/p:—\/pfb)z}:\/p(p—b)+\/p(p—c) S,/Z(pz—mi)

Suyral, +1_< 2(p2 —mj)

Do d6 ta dwge m_+1, +1_<m +\/2(p2 —mj) < \/(1+2)<m§ +p° —mj) :p\/§
Dau bang xdy ra khi va chi khi tam gidc ABC déu.

Vi du 12. Cho tam giac nhon ABC ¢6 h_,h ,h_val,6, 1 twong ting la cac duong cao va
duong phan giac ha tir dinh A, B, C. Goi r va R Ian lwot 1a ban kinh duong tron ndi tiép va
duong  tron  ngoai  ti€p  tam  giac ABC.  Chting minh  ring:
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Phan tich tim 10i giai

Dé chitng minh bt dang thiec trén, ta di tim m&i lién hé ca

canh cua tam giac ABC. D€y dén tam giac ABC ta duoc

SABC:la.ha;SABA, bl smA S,ca = 1c.1a.siné.1<hidétadu)c_rc
2 2 2 2
h 2
lin Zl(b+c)1 .siné:>£:b+csiné Tt do Mo sin = (p-2) sin2 T do
27702 271 a2 1 2 a 2

8(p— -b)(p-
g—siné ﬁ—sinE i—sinE < (p a)(p )(p C).sinésinEsing.D@lém
1 2 )1, 2\ L 2 abc 2727 2

xudt hién R va r ta cht y dén cac cong thixc S, ;. = % =pr= \/p(p—a)(p—b)(p—c) .bén

“ 1 ... A . B. L ag .
day ta quy bai toan vé chitng minh smEsmEsm% < 3 day la moét bat dang thic quen

thudc va ta xem nhu mot bo dé.
Loi giai
4 A r . A2 A .7 A 7 . A . B . C 1
Trudc hét ta chitng minh bo dé: Trong tam giac nhon ABC ta ludn c6 smEsmEsmE < 3

BD_CD:BD_BD+CD_ BC
AB AC ~AB AB+AC AB+AC’

Vé BI L BC= BI<BD. Tam gidc ABI c6 A
WA A_BI _BD__ BC BC
2 AB AB  AB+AC 2«/ABA
Chiing minh tucmg twe ta cd

B C B D C
sin—< ————

n— .
2 24/ AB BC 2 2JACBC
1

A AN s A o 7 A~ < 7 A . A . .
Nhan vé vdi vé caa cac bat dang thic trén ta duoc smE.smE.smE < 3

That vay, vé duong phan giac AD ta c6

si

Goi AA’ la dwong phan giac ha tit dinh A, goi p la A
ntra chu vi cua tam giac ABC. Dat

AB=c; BC=a; CA=Db

=
1)
—

Tacd S, . =S,z +S,ca Ma talaicod
1 A A
Supc =7ah,; Sy = 2 b 1,.sin— 5’ ; Saca = EC.la.81nE . . Y
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h
Do d6 la.ha:—(b+c)1 sm—:>—a:b+csmé
a
h, . A (b+c . A b+c-a . A 2(p-a) .
Suy ra —=-sin—= -1 |sin—= .Sin— = .sin—
1 2 a a 2 a
h 2(p-b h 2(p-c
Ho‘antoéntuongtuftaduoc—b—sinE= (p ).sinE;—C—sinE: (p ).sin—
. 2 b 21 2 C

Do d6 ta duoc

(g—sinéJ[%—sinEJ(g—singJ = 8(p—a)(p—b)(p—c) .sin%singsin%

1 2 b 2 )1 2 abc

a

abc

Ma theo b6 dé sin%singsin% < % va theo cac cong thitc vé dién tich1a S, ;. = IR

Va cong thic Heron S, :\/p(p—a)(p—b)(p—c) ta duoc
8(p-a)(p-b)(p-¢) . A . B. C_S _r

.Ssin—sin—sin—<—=—

abc 2 2 2 4Rp 4R
Do do ta duwoc g—simé ﬁ—sinE g—sing <t
L 2 (1, 2 )\ 1. 2 ) 4R

Vi du 13. Cho tam giac ABC c6 cac duong phan gidc AD, BE, CF cat nhau tai I. Goi r 1a ban
kinh kinh duong tron noi tiép tam gidc ABC. Chiing minh rang AK +BK +CK > 6r .

Phan tich tim 10i giai

Theo tinh chat dudng phan gidc ta duoc CD.c=b(BC-CD)=CD = :b .MaClI la

Al A Al
dueong phan giac ctia tam gidc ADC nén —=—C=L.  do _btc nén
DI CD CD ID a

b+c

AI=1D. . Chu y rang ID>IH =r nén 4p dung twong tu ta quy bai toan vé ching

a+b b+c c+a
+ +
C a b

minh >6.

Loi giai
D3t BC=a;CA =b; AB=c. Ap dung tinh chat duong
CD AC CD b ,
= = =—,dodo ta
BD AB ~BC-CD ¢
duwoc E E

a.b
b+c

phan gidc ta duoc

CD.c=b(BC-CD)=CD=

Mait khac ta c6 CI la deong phan giac cua tam giac B HD c

ADC nén ﬁzﬁzi.ﬁrdé £:b+c nén
DI CD CD ID a
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b+c

Al =ID.

a
Goi H 1a hinh chiéu cua I trén BC khi d6 ta co
ID>IH=r

Do do ta dwoc AI=1D. E> b+c

a a

. Twong tw ta chtitng minh dwoc

Bl>r aTJ;C CI>r2th

C

Tir d6 ta duoc AI+BI+CIZr(a+b+b+C+C+aJ

C a b

. ,a+b b+c c+a a b a ¢ b c
Ma ta co + + = —F—F—+—2>6
C a b b a ¢c a ¢ b

Do d6 ta dwoc AK +BK +CK > 61, ddu bang x4y ra khi va chi khi tam gidc ABC déu

Vi du 14. Cho tam gidc ABC c6 cac duong phan gidc AD, BE, CF cat nhau tai I. Chting

minh rang:
[DI \/ﬁ [FI
— =+ =>2
Al VBI V(I
Loi giai
D3t BC=a;CA =b; AB=c. Ap dung tinh chat A
duwong phan giac ta duoc
CD AC CD b
BD AB BC-CD c F
~ CDc=b(BC-CD)= CD =22
b+c
Mat khac ta c6 CI la duong phan giac cua tam 5 T -
giac ADC nén Al_AC_b .Tte do Al_btec
DI CD CD ID a
hay DI__a
Al b+c

E FI
Hoan toan tuong tu ta ducrc —= L —-_C

c+a CI a+b

Khi do ta duwoc ,{ \/7 1{ \/ \/ +\/
b+c c+a a+c

Ta can chitng minh duoc \/ +\/ b +\/ >2
b+c c+a a+c

THCS.TOANMATH.com TAI LIEU TOAN HOC




That vay, vi a 12 d6 dai canh tam gidc nén a la s8 thuc duong, do d6 ,|—— =—2
b+c  fa (b + c)
Ap dung bat dang thitc Cauchy dang \/E <XV ia duoc 2 > 2
/a(b+c) a+b+c
Chttng minh tuong tw ta dugc b > 2b € > 2

7
c+a a+b+c Va+b a+b+c

A A1 ~, g ’ A a b C
Cong theo vé cac bat dang thirc trén ta dugc \/ +\/ +\/ >2
b+c \Vc+a Va+b

Déng thitc xay ra khi va chi khi a=b=c=0, diéu nay trdi véi gia thiét a, b, ¢ 1a cc canh

ctia tam giac. Do vay dang thitc khong xay ra.

Tﬁ’clétaduqc\/ a +\/ b +\/ ¢ >2. Vay ta duoc /E.;_\/EJF /E>2
b+c c+a a+b Al Bl VCI

Vi du 15. Cho hinh vudéng ABCD c6 canh a va hai diém M, N thay d6i lan luot trén BC,
CD sao cho goc MAN =45°. Tim gia tri 16n nhat va nho nhat caa dién tich tam gidc AMN.

Loi giai
D4t BM=x; DN = y( x;y<a). K y B x M c
Khi d6 ta cd S, =S5eo —(Samv + Saon +Scun )
Hay ta dugc
SAMN=a2—l[ax+ay+(a—x)(a—y)}:l(aZ—xy) N
2 2
Trén tia d6i cta tia BM 1ay diém K sao cho BK =y, \ Dy

khi d6 ta dwgc AABK =AADN. Tt d6 AN =AK

va BAK = DAN.

D&y 1a BAM + DAN =45 nén ta duoc BAK + BAM = KAM = 45°. D& thdy

AAKM = AAMN nén ta degc MN = MK = x+y . Mat khac ttt tam giac vuéng CMN c6
MN? = (a—x)2 +(a—y)2

Ttr d6 suy ra (x+y)2 =a’-2ax+x’+a’ —2ay+y’ < xy=a’ —a(x+y)<a(x+y)=a’-xy

Do vay S

1 1 n ~ A . ~ 4 ~, \ A
AMN = Ea(x + y) = Eat voi t =x+y.Dén day ta nhan thay néu t 16n nhat thi dién

tich tam gidc AMN 16n nhat va nguoc lai. Nhu vay ta can tim gid tri 16n nhat va nho nhat

clat.

THCS.TOANMATH.com TAI LIEU TOAN HOC




bé'ylatadang c6 x+y=a va x.y=a’ —at. Khi d6 thaeo hé thtc Vi-et ta cd x, y la
nghiém ctia phuong trinh bac hai X*> —tX+a’ —at =0. D& phuong trinh trén ¢ hai nghiém
X, y ta can ¢

A=t —4(&12 —at) >0 < (t+2a)2 ~8a’ 20« t+2a>2y2a < t22a(\/§—1)
Khi t=2a (\/E - 1) thi phurong trinh bac hai c6 nghiém kép

biéu nay co nghiala x=y = a(\/a—l) va Mint = 2a(\/§—1).

Vay ta duoc Ming = %a.2a(\/§—1) —a2 (\/E—l)

Laicd xy =a’ —at<>at=a’—xy nénsuyra at<a’=t<a

2
Diéu nay c6 nghfa la Maxt =a, khi d6 Max, = %a.a -2

Trong truong hop nay ta duoc x=a; y =0 hodc x=0; y=a hay M=B;N=C hoac
M=C,N=D

Vi du 16. Cho goc X/O\y va diém M nam trong goc d6. Puong thang d quaM cat cac tia Ox,
Oy Ian luot tai A, B. Tim vi tri ctia deong thang d dé:

a) Dién tich tam giac OAB dat gia tri nho nhat.

b) Tong OA +OB dat gia tri nho nhat.

Loi giai
a) Do xOy khéng ddi va X
1 _ d
Soap = = OA.OB.sin xOy nén dién tich tam giac A

OAB —
2

OAB dat gia tri nhé nhat khi va chi khi tich
OA.OB dat gia tri nho nhat. Qua M ké cac

duong thang song song véi Oy, Ox cat Ox, Oy

lan lwot tai E va F.

Khi d6 cac diém E va F co dinh va %+g =1.
OA OB
2
Titr d6 ta duwoc 1= OF +OF 24OE.OF.
OA OB OA OB

\ OA = 20E
Suy ta OA.OB > 4OE.OF khong d6i. D&u bing xdy ra khi =2 = 9F _ 1 o
OA OB 2 |OB=20F

duong thang d di qua M va A thda man diéu kién OA =20E; OB =20F . Vay khi duong
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théng d di qua M va A thoa man diéu kién OA =20E; OB =20F thi dién tich tam giac
OAB dat gia tri nhé nhat.

OE OF OE OF
b) Cling tir =+ 2= =1 ta dugc OA+ OB =(OA +OB > OE + OF + 2J/OE.OF
) Cung tur 5+ g~ 1 ta duec ( )(OA OBJ

2
Hay ta dugc OA +OB > OE + OF + 2J/OE.OF = (\/OE + \/OF) :

D&u bang xay ra khi va chi khi OB OE = oA OF & oA _ JOE
OA OB OB VOF
OE = OF OF OA-OE _ OA OA-OE
béylate —+—=1 ta duo = = =
OA OB “ OB OA OB OF

OA [OE OA-OE [OE
To 28 tad - OA = OE + JOE.OF . Khi d¢
OB \OF 99 T oF OF = 1do

OB = OF +~/OE.OF

3\ 2 ?
Vay tdng OA +OB dat gi4 trj nho nhat bing (\/OE +yJOF | khi dudmg thing d di qua M
va A thoa man diéu kién OA = OE ++OE.OF .

Vi du 17. Cho tam gidc nhon ABC va mét di€m M nam trong tam giac. Tia AM, BM, CM

1

cat BC, CA, AB lan luot tai D, E, F. Chting minh rang S_ . < 1 =S 5
Phan tich tim 1oi giai

EA D BF

Dat X=—0y= C;z: voi x;y;2>0. Chu y la
EC DB AF
S 7

Sper = Sasc —(S U S e +SCDE) nén dé€ chitng minh S, < 4115 e SDEF < l, triede hét ta

ABC

di bi€u dién dién tich cdc tam giadc AEF, BDF, CDE theo x, y, z. Ta co
S
S

S

EAF X

_ ED _ Y . Swor _ z . Khi d6 ta duoc
- (x+1)(z+1) - (y+1)(x+1) S x5c (z+1)(y+1) '

S
S,

AEF ECD BDF _ X(y+1)+y<Z+1)+Z(X+1)
S .5c (x+1)(y+1)(z+1)
dinh 1i Ceva nén xyz=1 va bat dang thttc (x+1)(y+1)(z+1)28. Khi d6 bién d6i dong

+S

ECD BDF -, E

7

. Do AD, BE, CF d6ng quy tai M nén theo

S, +5

nhat biéu thic trén ta dwoc 5

. bén day thi bai todn xem nhu duoc
ABC

chtrng minh.
Loi giai
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EA DC BF A

Dat x=——,y=——;z=— véi x;y;2>0
EC DB AF
Khi d6 ta dwoc
EA EA  «x EA  x F E

— =X = = =
EC EA+EC x+1 AC x+1
EC EA EC 1

Do d6 ta tinh dwoc =1- = =
AC CA CA «x+1

Hoan toan tuong tu ta cling cd

DC_y DB_ 1 FB_z FA_ 1
BC y+1" BC y+1 AB z+1 AB z+1

Do AD, BE, CF dong quy tai M nén theo dinh 1i Ceva ta thu dwoc %D—CE =1 hay
EC DB FA

xyz=1.

Tatacd S :%AB.AC.sin];A\C vas :%EA.FA.sinE/A\F

ABC EAF

AF AE 1 X X
AB'AC z+1'x+1 (x+1)(z+1)

Sear _

Do d6 suy ra

ABC

\ \ . S y S z ,
Hoan toan tuong tw ta c6 =<2 = ; —BDE _ . Do d6 ta duoc
& Swe  (y+1)(x+1) Sy (2+1)(y+1)

*+Seep *+ Spor _ X y Z
S,5c (x+1)(z+1) (y+1)(x+1) (z+1)(y+1)
x(y+1)+y(z+1)+z(x+1)
(x+1)(y+1)(z+1)
béy dén xyz=1 ta c6 bién d6i nhu sau

x(y+1)+y(z+1)+z(x+1)_(x+1)(y+1)(z+1)—2 2

(x+1)(y+1)(z+1) B (x+1)(y+1)(z+1) =1_(x+1)(y+1)(z+1)
Theo bét dang thirc Cauchy ta lai c6 (x+1)(y+1)(z+1)>8

Tt d6 ta duoc Ser Sucp FOue 2 2_3

S, oy )(ze1) 8 4
S S _.+S._._+S

ZDEF _ 1 _ DAEF
S

S

AEF

ECD BDF

Ma ta c6 SDEF = SABC _(SAEF SECD + SBDF)

ABC ABC

Tte d6 suy ra ﬁg1_§:_ hay ta dwoc S

ABC

1S
DEF <— ABC®

D&u bang x4y ra khi va chi khi x=y =z =1 hay M la trong tdm tam gidc ABC.
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| Vi du 18. Cho t& giac 16i ABCD. Goi M, N Ian luot la trung diém cua AD, BC. Goi giao
diém ctia CM va DN la E, giao diém cta BM va AN la F. Chting minh rang

AF BF CE DE
+ + + >4
NF MF ME NE

Loi giai
Do M, N Ian luwot la trung diém ctia AD, BC nén ta

duwoc
. 1
SBMD = ESBAD va SBND = ESBCD

, 1 R

Do d6 S, +Sscp = E(SBAD +Syep) NéN
1
S BNDM E SABCD
1

Hoan toan tuong tu ta duoc S, = ES ABCD

Tt dosuyra S, +Spnem = Sascp NEN ta duroc
SMFNE + SANCD - (SABF + SDCE) = SANCD = SMFNE = SABF + SDCE = SABN + SDCN = SMBC

Hoan toan twong tu ta cling dwoc S, +S, o = Syan
Vé AA' L MB; NN' LMB(A'eMB;N'eMB), do d6 AA’//NN’

AA' AF 'S 2S 2S
Tir d6 ta duoe 22 =25 Matacd 22 _Dww _ 2w ey AP 2w

NN' NF NN' Spnv Susc NF S

2 2 2
Chiing minh hoan toan twong ty ta dwgc BF = Snap ; CE = Sxpe ; DE = Supc .Do doé
MF SMBC ME SNAD NE MBC

ta suy ra

AF _BF CE DE_25,, 25 2Suc 2Suc
NF MF ME NE S S

MBC MBC SNAD SMBC

=2(SMAB * Sniep +SNAB +SNCDj:2[SNAD n SMBCJZLL

S S S

MBC NAD MBC NAD

AF BF CE DE
+ +

+ S
NF MF ME NE

Hay ta duoc > 4. D&u bang xdy ra khi va chikhi S

MBC — °NAD*

Vi du 19. Cho hinh chit nhat ABCD c6 AB <BC. Vé ntta duong tron duong kinh AB trén
ntta mit phang chita CD c¢6 bo 1a duong thang AB. Goi M 1a diém bat ki trén nita duong
tron(M # A, B). Céc dudng thing MA va MB cat CD lan luot tai P va Q. Céc duong thing
MC, MD cat duong thang AB lan luot tai E va F.

Xéc dinh vi tri cia M d€ PQ+EF ¢ gid tri nho nhat. Tinh gia tri nho nhat do.
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~ Phan tich tim loi giai

// Pé€ tinh dugc gia tri nho nhat cia PQ+EF ta di tinh PQ va EF theo cac canh cta
hinh chi* nhat. V€ MN vuong géc véi BC, khi d6 ta tinh duge PQ= ABB'I(\IZN = a]';j\lf va
EF = CDBN = a.BN do d6 ta duwoc PQ+EF=a C—N+B—N . Nhuw vay ta can tim duwoc gia

CN CN BN CN
. v CN BN f s s \ Al N N
nho nhat caa S:ﬁ-‘_&' Chu y bai toan cho AB<BC va M thudc nta duong tron
. , n BC BC . A o N 3% .
duong kinh AB nén BN < > ;CN > - do do ta khong thé st dung bat dang thirc
CN BN NP -~ A AT 1 1ix
S= ﬁ—’_c_N 22 dugc. Tt d6 mot suy nghi rat ty nhién do la biéu diéen BN, CN theo AB,
BC. Dit AB=CD=a, BC=b(a<b). Khi do ta duoc NBs%:%va NP
2
2 CN-BN 2_ 2
biéhd6i8=CN+BN= b -2 nén 1- 4 :( . ) , suy ra Sz4b dab+2a .
BN CN CN.BN S+2 b 2ab-a’
2 2
Tt d6 ta dwoc EF+PQ > 4b Ziab 22 pen day bai toan dwoc giai quyét xong.
-a
Loi giai
Dit AB=CD=a, BC=b(a<b).Ke A E B F
MN 1 BC(N e BC), khi d6 theo dinh Ii Talet ta c6
PQ_QM_CNVél EF EM BN N
AB BM BN CD MC CN
Suy ra PQ = ABCN _aCN va
BN BN
EF = CD.BN a.BN D Q c P
CN CN
Do d6 ta dwoc PQ+EF =a C—N+E
BN CN
Pt 5=+ BN i o
BN CN
g_CN BN _CN’+BN’ (CN+BN) -2CNBN 12 ,
= + = = — —
BN CN  CN.BN CN.BN CN.BN
2 2
) CN+BN) -4CN.BN (CN-BN
Do d6 ta duoc 1 :CN?N nén ta dwoc 1- 4 :( ) :( )
S+2 b S+2 b’ b?
2b-a

Do M nam trén duong tron duong kinh AB nén ta dugc NB < % = %, suy ra CN >

2
b-a — a2 2 2
Do d6 ta dwoc 1— 4 z( 2) — 4 S2ab2a ,néntac6824b 4ab4;2a .
S+2 b 5+2 b 2ab-a
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4b* —4ab +2a’
2b-a

nam chinh gitta ntta duong tron duong kinh AB.

4b* —4ab +2a’

Vay gid tri nhé nhat cua PQ+EF la o , xdy ra khi M nam chinh gitta ntta
-a

Tir d6 ta suy ra EF+PQ >

, déng thitc x&y ra khi va chi khi NB :% hay M

duwong tron duong kinh AB.

Vi du 20. Trong cac tam giac ndi ti€p duong tron (O; R) cho trudc, tim tam giac ¢ chu vi
16n nhat.

Phan tich tim 10i giai
Tt nhan do ta dung tam giac MBC can tai M va ké duong kinh MN cta duong tron
O). Khi do ta ching minh duoc P<p, va

2 2 2
p? =(MB +BH)’ 3(Mf Mf +BH2j:3(MZB +BH2J v6i p va p, lan luot 1a nira chu

. » .7 \ A PN A \ .7 c 17 ~, 2 B2 X \
vi ctia tam gidc ABC va MBC. Bay gio ta can tim gia tri loén nhat cta +BH?. Dé dang

tinh dugc MB*=MN.MH=2Rh va BH’=MHMH=h(2R~h) véi MH=h.Khi d6 ta

27R?

duoc . D&u bang cua bat dang

2
5 B =Rh+h(2R-h)=h(3R-h)< 2(3Rj
2
thitc xdy ra khi tam giac MBC déu. Dén day bai toan xem nhu duoc giai quyét xong.
Loi giai

Xét tam giac ABC ndi ti€p duong tron (O; R). Gia st

diém M la diém chinh gitta cung BAC.Ke duwong kinh

MN ctia duong tron (O; R), khi d6 MN vudng goc véi

BC tai trung diém H cua BC va MBN =90°. Dit

MH = h. Trong tam gidc vuong MBN c6 BH la duong \/

cao nén

MB? = MN.MH = 2R .h va BH* =MH.MH = h 2R - h
Goi p va p, lan lwot la ntra chu vi cia tam gidc ABC
va MBC, theo bai ra ta c6 p <p, va ddu bang xdy ra
khi A va M trung nhau.

2 2 2
Ta 6 p? =(MB+BH) = MB MB | gu <3 MB”  MB” e |3 ME g
2 2 1 4 2

D&u bang xay ra khi va chi khi % =BH hay MB =BC
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2

_27R?
4

y 2
" Theo nhu trén ta ¢6 3£MB +BH2J=3[Rh+h(ZR—h)]=3h(3R—h)£2[£j
2 2

D&u bang xay ra khi va chikhi h=3R-h < h= %R

o7 3 \/5 MB =BC
Do d6 p < ZRz hay p, < TR' d4u bang x4y ra khi va chi khi M 3 hay tam giac

MBC déu.
Tt d6 ta duoc 2p < 3J3R, dau bang xay ra khi va chi khi A=M va tam gidc MBC déu hay

tam giac ABC déu. Vay trong cac tam giac ndi tiép duong tron (O; R) thi tam giac déu cd

chu vi 16n nhét va chu vi I6n nhét bing 3+/3R .

Vi du 21. Cho tam gidc ABC cé R va r [an lugt la ban kinh dwong tron ngoai ti€p va noi

tiép ctia tam giac ABC. Chting minh réng R > 2r, dau bang xay ra khi nao?

Loi giai

Goi O, I'lan luot la tam duong tron ngoai tiép va ndi

~

ti€p tam giac ABC.

Goi giao diém ctia OI v6i duong tron (O) 1a E, F(I nam

gitta E va O), Al cat duong tron (O) tai D khac A, DO E
cat duong tron (O) tai K khac D. V& IH vudng géc véi \/

B

=
s

e
N

AC tai H. Xét hai tam giéc IEA va IFD c6 AIE = DIF

O

va EZI:IT:B:%Sd[’)—E\Z

Do @6 AIAE @ AIFD nén ta dwoc

AL AD=IEF
IF 1D
Ma ta c6 IEIF =(R-OI)(R+0I)=R*-OI’. Do d¢ ta dugc IA.ID =R* -OI*

e~~~

Mt khéc ta lai c6 DIC = DAC+ICA, ma ta c6 ICB = ICA;IAC = BCD va ICD =ICB + BCD
Nén ta dwoc ISIE=I/C]\D:>ID=DC.

Hai tam gidc vudng HAI va CKD c6 HAI = DKC nén AHAI © ACKD

Tt d6 ta duoc Lzl = 1A = [H.DK=IA.DC=r2R
DC DK

K&t hop cac két qua lai ta duwge R*> ~OI* =2r.R = OI2R(R = 2r)

Do OI’ > 0= R-2r>0=R>2r. Dau bang xdy ra khi va chi khi OI =0 tttc 1a diém O val

trung nhau, diéu nay tuwong duong véi tam giac ABC déu.
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'| Vi du 22. Cho tam gidc ABC noi tiép duong tron (O; R), 1dy diém P ndm trong tam gidc
ABC va OP =x. Chting minh rang OA.OB.OC <(R+ x)2 (R—x).

Loi giai

Gia st xay ra cac bat dang thtc A

N

Cong theo v& cac bat dang thikc trén ta duoc. b
BAC + ABC + ACB < BAC + ABC + ACH p\
Piéu nay 1a v6 Ii, do d6 trong ba bat ding thic trén c6 it \4_/

nh&t mot bat dang thiec trén la sai. Khong mat tinh tong

quét ta gia st trong cac bat dang thitc trén thi
PBA + PCA < BAC 1a bat ding thtc sai. Khi d6 ta duoc
PBA +PCA > BAC.

— —

Kéo dai BP cat dudng tron ngoai tiép tam gidc ABC tai D. Ta ¢6 BDC = BAC; ACD = ABD

— e~~~

Suy ra PCD =PCA + ACD =PCA + ABD =PCA + ABP > BAC=BDC=PDC

Hay ta duoc PCD > PDC = PD > PC.
Kéo dai OP cét duong tron (O) tai M va N. Khi d6 ta c6
PB.PD =PN.PM =(R—x)(R+x)=R*-x*

Do d6 ta duge PB.PC <PB.PD =(R-x)(R+Xx)

Lai c6 PA <PO+OA =R +x nén ta duoc OA.OB.OC< (R +x) (R -x)

D&u bang xdy ra khi va chi khi ba diém O, P, A thang hang va PC = PD . Diéu nay xdy ra
khi va chi khi hai diém P va O trung nhau.

Vi du 23. Cho ttr gidc ABCD ndi tiép duong tron. Chiing minh rang |AB-CD|2|AC-BD|.

Loi giai
Goi E, F Ian luot la trung diém caa AC, BD. Khi d6 ta B
c6 ap dung cong thitc vé duwong trung tuyén ctua tam
giac ta duogc c

AB? + AD? =2AE* + %BD2

BC? + CD? = 2CE’ +lBD2

2 Avf’
BA® +EC’ =2EF" + S ACT

1

THCS.TOANMATH.com TAI LIEU TOAN HOC




Cong theo vé cc ding thikc trén ta duoc
AB’+BC?+CD’ + DA” = 2( AE” + EF* )+ BD’
= BD? + AC? + 4EF?
Do tit giac ABCD ndi tiép nén theo dinh li Ptoleme ta duwoc AC.BD = AB.CD + AD.BC
Tir d6 ta duoc (AB-CD)’ +(AD-BC)’ =(AC-BD)’ +4EF?
Goi M la trung diém cua AB, khi d6 ta duwgc AD =2ME; BC =2MF
Tir d6 suy ra 2|ME-MF|=|AD-B(|.
Ma trong tam giac MEF ta c6 EF > |ME ~MEF|=> 2EF 2|AD - BC|= 4EF* > (AD - BC)’
Do d6 két hop véi dang thiic trén ta dwoc
(AB-CD) +(AD-BC) 2 (AC-BD)’ +(AD-BC)’
Suy ra (AB-CD)’ 2(AC-BD) =|AB-CD|>|AC-BD
Dau bang xay ra khi va chi khi EF =|ME-MF| < ba diém M, E, F thing hang, diéu nay

dan dén t gidc ABCD la hinh thang hodc hinh chit nhat.

Vi du 24. Cho ntta duong tron (O; R) c6 duong kinh BC. Diém A di dong trén nira duong
tron. Vé AH vuong goc véi BC tai H. Goi (I;r), (Il;rl), (Iz;r2
tiép cac tam giac ABC, HAB, HAC. Tim vi tri ctia diém A d€
a) Tong r+r, +r, dat gia tri I6n nhat.
b) Do dai LI, dat gia tri lon nhat.

) Ian luot 1a dwong tron noi

Loi giai
a) Gia st duong tron (I; r) tiép xtic v6i AB, AC, CB Ian luot tai E, F, G. Tt giac EAFI la
hinh chit nhat c6 IE =IF =r nén la hinh vuéng.
Do d6 AE+ AF =2r, ma talai c0 BE =BG;CF=CG
nén
AB+AC-BC =(AE+BE)+(AF+CF)-(BG+CG)
=AE+AF=2r

Xét tuwong tw doi voi tam gidc HAB, HAC c6

HA +HB - AB =2r, vd HA +HC—-AC =2r,
Ma ta c6 BH+CH=BC, suy ra 2AH = 2(1‘+1‘1 +r2),

tir d6 ta dwoc AH=r+r, +r,
Lai c6 AH<AO =R khong do6i nén ta duoc

r+r+r, <R.
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~ Do dé tdng r+r, +1, dat gid tri 16n nhat 1a R, ddu bang xay ra kh va chi khi diém A ndm
| 4 chinh gitta ntta duong tron.

b) Ta c6 BAD + DAC =90° vd DAH +ADC =90° nén ta dugc DAC = ADC hay tam tam
giac CAD can tai C, ma CK la duong phan giac cua nén dong thoi la duong cao, suy ra
CK L AD. Chting minh hoan toan twong tur ta dwoc BI L Al . Ttr 6 suy ra I la triec tam
tam gidc AL, nén AI L11,

Ta c6 KAIL, = KAH +HAI, = %(EAT{ + IIA\C) — 45", Do d6 tam gidc KAI, vudng can tai K,

ttr d6 suy ra AK=KI,.

Goi M la giao diém cta Al véi nita dwong tron (O) con lai.

Xét hai tam gide KAI va KII, 6 AKI=LKI,, KA =KI, vd KAI=KLI, nén AKAI = AKL,.
Tt d6 ta dwoc AI=L]I,.

Ta c6 BIM = ABI+ BAI va BAM = MAC =MBC do d6 BIM =IBM nén suy ra MB = MI

Tac6 I, = Al= AM~IM = AM—MB < 2R ~MB = 2R -Rv2 =R (22
Hay ta duoc 11 <R(2—\/E).Véy LI, datgid tri 16n nhat la (2—\/E)R, d4u bang xay ra

172 —

khi va chi khi A la diém chinh gitta nira duwong tron (O).

Vi du 25. Goi I la tam duwong tron ngoai ti€p tam giac nhon ABC. Duong tron (I) tiép xtc

voi cac canh AB, BC, CA theo thtt tu tai F, E, D. Puwong phan giac trong cua goc BIC cét

BC tai M va AM cét EF tai P. Chting minh ring PD > %\/4DE.DE ~EF?

Loi giai
Trudc hét ta phat biéu va chitng minh bo dé: Cho tam A
gidc ABCnhon c6 AB=c va AC=b.Khi do tacéd e
b c "

sinB _ sinC
That vay, vé cac duong cao BE va CF cua tam giac
ABC, khi do ta ludén co

AABE «» AACF = BE = S < BE.AC=BF.AB
AB C

Tinh BE theo sinC va BF theo sinB ta dwoc
BE = BC.sinC; BF = BC.sinB
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b C

// / Thay vao hé thitc trén ta duoc AC.sinC = AB.ssinB hay ——=——. Bo dé duoc ching
y sinB sinC
minh.
Tro lai bai toan: Ap dung bs dé trén cho cac A
tam gidc APE va APF ta duoc
PE @ PA  PE  PA
sinPAE B sin AEF  sin PAF B sin AFE
Do d6 ta duoc PE = SinP/A\E .
sin PAF
Twong ty ap dung bo dé trén cho hai tam giac
AMC va AMB ta duwoc

MC MA MB MA
sinMAC sinC’ sinMAB sinB
MC sinMAC sinB B sinPAE sinB
MB  ginMAB sinC  sinPAF sinC

Do do

Tt d6 ta duoc theo tinh chat duong phan gidc trong ctia tam giac BIC ta c6
IC_MC _ sinPAE sinB - sinPAE _IC.sinC
IB MB g nPAF sinC  gnPAF IB.sinB
Dé thdy BF =BD va BDF = DIB nén ap dung bo dé trén cho tam gidc BDF ta duoc
DF BF BD

: = = ——=IB= DF=1B.sinB
sinB  ginDFB  sinBID

IC.sinC DE
IB.sinB DF

Tuwong tw ta duoc ta degc DE =IC.sinC. Do d6 ta duoc

PE DE
Tt d6 ta dwoc PF DE nén DP la duong phan gidc ctia tam gidc DEF.

Ap dung cong thiic vé duong phan giac ta cd

_ DE.DF(DE+DF +EF)(DE+DF~EF) DE.DF[(DE+DF)-EF ]

DP* - .
(DE +DF) (DE+DF)
_pEDF-PEPEEF oy pp EF
(DE+DE)’ 4

Hay ta dwoc PD > %\/ 4DE.DE-EF* . Dang thtc xay ra khi va chi khi DE = DF va do d6

AB = AC hay tam giac ABC can tai A.

Vi du 26. Cho tam giac ABC v6i cac canh AB=c, BC=a, CA =b ngoai tié€p duong tron
tam I ban kinh r. Goi A, B,, C, Ian luot la ti€p diém ctia duwong tron I véi cac canh BC,
CA, AB. Céc tia AI, AI, CI cit duong tron tam I Tan luwot tai A’, B, C'. Dat
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31,2 .3 6
a,b;c, , 216r
21.2 .2

a;bic abc

AB =c,BC =a,CA, =b, v6i i=1, 2. Chitng minh rr?mg , dau d:?mg

thirc xdy ra khi nao?

Loi giai
Trudc hét ta phat biéu va chitng minh b dé: Trong tam giac nhon ABC ta ludn ¢

cosé = —p(p—a)
2 bc

That vay, xét ta giac nhon ABC c6 AD la duong phan giac trong, khi do ta co

A
AD_ZbC.COSzzz [bcp(p—a) Sézzm b—{—CZ P(P—a)

- = o
b+c b+c 2 b+c bc bc

A+B S sin A +sinB

Ngoai ra ta cht y dén nhan xét: Trong tam giac ABC thi sin

2

Goi A, B, C Ian luwgt 1a s6 do cac goc

IZA\C; 1Z.B\C; ACB , A;B;C lan luot 1a s6 do goc

B

1717

B,A,C;ABC;AC
AZ 2

;B,;C, Tan luot 1a s6 do goc

B,A,C,;A,B,C,;A,C,B,

Goi p va S lan luwgt 1a nira chu vi va dién tich

tam gidc ABC. Dé dang tinh duwoc
B, +C A A +B
, = 1; 1;B2:C1—; 1;C2= 1;' 1

A

Khi d6 ap dung nhan xét trén ta dugc
B, +C

1 1

C, +A A, +B
.sin 1A, .sin 15
2 2

>r’ (sin B, +sinC, )(sin C, +sinA| )(sin A, +sinB, )
> 8r° .\/sin B,.sinC, .\/sin C,.sinA, .\/sin A, .sinB,

_ 3 . . . _
=8r".sin A .sinB,.sinC, =a b c,

. 2 . . . N 3 .
a2b2c2 =8r.sinA,.sinB,.sinC, =8r”.sin

>a,b,c, =8r’.sin A, .sinB,.sinC,

31.2 .3
A 4 27272
Tu’dotasuyraﬁ 10,¢4
1711

B+C; Bl:C;A; Cl:A+B

B+C A
=CoS—
2

Talaico A, = vadéyla sinA, =sin

312 .3
Nén ta duwoc—2-2-2

A B C 4 A PA A
222 >ab,c, =8r’.cos—.cos—.cos—. Ap dung bd dé trén ta duoc
a
17171
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a,bic; 87[3_\/19(13—61).\/p(p—b)'\/p(p—c) _8r'pS _8rp’
a’bic bc ca ab abc abc
3 2 3
béy taluon co p= 3\/51‘, do dé ta dwoc zbz 2> 216r°
a;bjc;  abc

B4t dang thitc duoc chiing minh. Dau déng thitc xay ra khi va chi khi tam gidc ABC déu

Vi du 27. Cho duong tron tam O ndi ti€p tam giac ABC. Cac ti€p tuyén véi (O) song song
véi ca canh cia ram giac ABC véi sau diém M, N, P, Q R, S sao cho
M,S5€ AB; N,Pe AC; Q,ReBC. Goi 1 lan lwot 1a cac dwong phan giac trong xuat

phat tir dinh A, B, C cua cac tam giac AMN, BSR, CPQ. Goi p 1a ntra chu vi ctia tam gidc

ABC. Chitng minh rang l +— 1 +l > 81

12 12 p2

1’2’3

1

Phan tich tim 1oi giai

Goi l,1,,1 theo thw tiela do dai cac duwong phan giac trong xudt phat tir dinh A,

a’ "b’

AB.AC.cos A AM.AN.cos A
B, C cua tam gidc ABC khidotaco 1 = S 1, = 2 Goi
? AB+AC AM + AN
A \ 2 . 2 .7 . 4 AM pl
P, P,, P, 1aluot la ntra chu vi ctia tam giac AMN, BSR, CPQ . Khi d6 ta duoc B = ?

AM.AN.cos 12

nénsuyral =-——. :ﬂ.ll.
p, AM+AN P,

Hoan toan tuong tu ta thu duwoc L + L + L. p(i + 1 + LJ . Ap dung bat dang thiic
T Y I N

2
Bunhiacopxki ta duoc G—a+1—b+1—°J < (lj +12+12 )[112+ 112 +1l2j Vachuyla
1 2 3
12 = 4bc ~p(p-a)<p(p-a). Dén day ta duoc 81° <p le+ 12 +lj va bat dang thiic
(b+c) LLk

trén dwoc chitng minh.
Loi giai
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Goi 1, 1,, 1 theo thi tir la do dai cac duong phan A
giadc trong xudt phat tir dinh A, B, C ctia tam giac
ABC. Ap dung cong thiic vé duong phan giac cho

cac tam giac ABC va AMN ta cé

AB.AC.cos é AM.AN.cos ?

L= val =
AB+ AC AM + AN

Goi p,, p,, p,laluot la ntta chu vi cia tam gidc

AMN, BSR, CPQ

AM AN MN AM+AN+MN p

Do NM//BC nén theo dinh li Talet ta co = = =
AB AC BC AB+AC+BC P

Suyra AB=AM.2; Ac=AN.E

p: P:
of P |am| P |ANcos2 A
; . p— .cosE AM.AN.cos—

Dod6 1 =—Pr : _P 2-L,,

P (AM+ AN) P AMAN P

P
Hoan toan twong t ta dugc 1, =£_12; 1 =£.l3. Do dé 1_a+1_b+1_C= p[i+i+ij

P> Ps Lol Po Pr B
Ma theo tinh chat cac ti€p tuyén cat nhau ta dugc p=p, +p, +p,
Valaico (p, +p, +p3)(i+i+iJ >9,dodd w4ttilisg.
P: P2 Ps vk

2
Ap dung bét dang thic Bunhiacopxki ta duoc [l—a A I—CJ < (12 +13 +12 )(l i1y %J
3

1 2 3

Véi AB=c, BC=a, CA =D, theo cong thitc vé duwong phan giactacod 1, = o
4bc
(b+c)2
Do d6 ta dugc I +12 +1> <p(p-a+p-b+p-c)=p’

2
Suy ra G—a+i—b+1—°) <p’ [l+l+ll2J nén ta dugc 81° < p? £l+l+lJ

Lo R A R

Do ds I” - p(p-a)<p(p-a). Tuong tw [, <p(p-b); 11 <p(p-c)

Do d¢ ta suy ra duoc l2+—2+l228—1.
I 1
1 2 3

P
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Vi du 28. Cho tam gidc ABC c6 BC=a;CA =b; AB=c. Goi O va R [an luot 1 tdm va ban
kinh dwong tron ngoai ti€p tam gidac ABC. Goi I ;1 ;1. Ian luot la tam duong tron bang
ti€p cac goc 0 A, B, C. Goi r 1a ban kinh dwong tron noi ti€p tam gidc ABC. Chiing minh
rang

1. O oI, o, _1

2R (a+b)(a+c)+(b+c)(a+b)+(c+a)(b+c) T 4r

Loi giai
Goi AA|;BB,;CC, la cac duong phan giac cua tam giac ABC. Dung EI. 1 AB taiE,
FI, L AC taiF. OM LEI taiM, ON LFI tai N, OP L AB tai P. Khi do ta duoc

L —

B,AC, =BAC=MON (1)

Dé thay E va F la cac tiép diém ctia duong tron bang tiép géc A véi AB va AC nén ta duoc

c a+b b a+c a+b+c
AE=AF=p,OM=PE=p-—= ;ON=p—-—=—-—v0i p= .
P P/ Pry =y Y PET
Khi d6 ta duge oM -3+P o)
ON a+c
Theo tinh chat duong phan giac ta duoc AB | = b ; AC, = be .Do dé6 suy ra
c+a a+b
AB, _ a+b 3)
AC, a+c
Tte (1), (2) va (3) ta duwoc AAB,C, ©> AOMN nén suy ra B.C, = AB, = 2be
MN OM (a+b)(a+c)
s 2bc.MN 2bcOI .sinMON  2bc.OI .sin BAC abcOlI
Tt d6 suy ra B,C, = = 2 = 2 = .
(a+b)(a+c) (a+b)(a+c) (a+b)(a+c) R.(a+b)(a+c)
R(a+b)(a+c)B,C
Do s or, - X(2+P)a+e)BG
abc
R(b+c)(a+b)A.C R(b+c)(c+a)A B
Hoan toan twong ti Ol = ( )( ) —; Ol = ( )( ) —
abc abc
T d6 ta duge Q= o , 9% , oL _R (AB,+B,C, +AC)

(a+b)(a+c) (b+c)(a+b) (c+a)(b+c) " abc
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+ Trudce hét ta chitng minh Q > %

e Truong hop 1: Tam gidc ABC khong tu.
Goi giao diém cua OA va B,C, laD, khi dé ta

duwoc

R.B,C, =0OAB,C, >2S5
Hoan toan tuong tu ta duoc

R.C,A, >25 R.A B, >25

OB,AC,

OClBAl;
Do d¢ ta duoc R(A,B, +B,C,+C/A )>2S

abc
ABC — E

OB,CA,

ABC*
Ma lai 6 S .TfrdétaduchZ%.

e Truong hop 2: Tam giac ABC tu, khong mat tinh tong quat ta gia sw BAC > 90°.
Khi d6 goi C, va C, 1a cac diém ddi xting v6i C, qua BC va AB.

Titdé AB,+B,C,+C,A, >C,C,.

Dung AH 1 C,C,.Do ACB<90° va

C,CC, = 2ACB nén suy ra
CC,=CC,=CC,>CA

Ttr d6 suy ra C,C, =2CC, sinXC\B >2bsinC.

Do d6 A B, +B,C, +C,A, >2bsinC.
Twong tu ta cling co

A B +BC +CA, >2csinB.

2
Nén ta suy ra A,B, +B,C, +C,A, 2 bsinC+csinB =25 1 28 » Pue
2R 2R~ R

. Ttr d6 ta duoc

1

>—.
« 2R

Két hop ca hai treong hop ta dwoc Q > % .

1 ~
+ Chting minh Q< . Theo dinh li cosin ta dwoc B,C; = AB} + AC] —2AB,.AC,.cos A.. Ttr
r

do suy ra
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BC2 o bc 2+ bc _5 b*c? .b2+c2—a2
o la+c a+b (a+b)(a+c) 2bc

bzc( C b j bcz( b C j b?c?
= — + — +
c+talc+a b+a) b+alb+a c+a (b+a)(c+a)
a’bc abc(a+b—i—c)(b—c)2
(a+b)(a+c) (a+b)2 (a+c)2

a’bc a’bce _\/E.\/;<1£\/E+\/;]z< 1 [2;1+b+cj2

< < <—
(a+b)(a+c) 4ablac 4 4 2 36 2
Do dé suy ra B/C, < 2a+Tb+c . Hoan toan tuong ty ta duwoc
CA, SM?A151 S2a+—b+c.
8 8

R

Tirdé suyra A B +B.C,+C A <3 PFC_ 1 b 46 ta duoc QSTP:L%.
abc 4r

Nhu vay ta duoc 1 < Ol + O, + Ol < l

2 (a+b)(a+c) (b+c)(a+b) (c+a)(b+c) 4r

Dau dang thitc xdy ra khi va chi khi tam gidc ABC déu.

Vi du 29. Cho duong tron tam O ban kinh R va day cung BC(v6i BC <R). Biém A di dong
trén cung 16n BC va diém D di dong trén cung nho BC. Xac dinh vi tri cia A va D dé
1 1 1
+—+
DA DB DC

dat gid tri nho nhat.

Loi giai
Véi A, D bat ki ta luén c6 AD<2R. V&i mdi diém D .

trén cung nho BC ta ludn tim duwoc di€ém A trén cung

16n BC sao cho AD =2R dé ﬁ = % o gia tri bé nhat.
Ké DH vuodng goc véi BC tai H. Ké duong kinh EF \ K H )
vubng géc voi BC tai K. Khi d6 cac diém E, F, K la céc &%
diém c§ dinh. Do ABD = CHD =90° va DAB =DCB nén e

ta duwoc AABD > ACHD .Ttt d6 suy ra

BD = bH = DB.DC=AD.DH = DB.DC =2R.DH
DA DC
Ta c6 HD+OK <OD =0E =EK+OK = DK <EK

. ,oal 1 1 1 1 2
Apd bat dang thirc Cauchy ta duwoc + >2 =2 >
p cung bat cang Ay 1 A9 B " be \/CB.CD \/ZR.DH JOREK
Tir d6 ta duoc 1 + 1 + 1 ZL+L=L+i
DA DB DC 2R 2REK 2R BE
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///

1 + 1 + 1 dat gia tri nho nhat la i+i
DA DB DC 2R BE

D&u bang xdy ra khi va chi khi DA tring véi duong kinh EF.

Dé thay % +% 1a mot hang s6. Do d6

Nhdn xét: Cé nhiéu cdich dé'tim gid nhi nhé nhit cuia T = i+L nhu:
BD CD

e Tucé DH<EK nén EH.BC<EK.BC < S diéu nay din dén

DBC = SEBC’

DB.DC. sin(180° _ B/D\C) <EB.EC. sin(180° _ I?E\C)

Ma ta ¢6 BEC = BDC va EB=EC nén ta dwoc BD.CD < BE?
e Kéo dai BD m¢t dogn DG =DC, ta diroc BD+DC =BD+DG<BE+EG=BE+EC=2EB
1 4 2
> =—
BD DC BD+CD BE
e Ap dung dinh li Ptoleme cho tit gidc ndi tiép BECD ta duwoc

BD.CF + CD.BF = BC.DF = (DB +CD)BF < BC.2R

Do dé ta dwoc

. 1 4 _ 2BF
BD DC BD+CD R.BC’

Tue do suy ra

Vi du 30. Cho tam giac ABC c6 ba dwong trung tuyén AM, BN, CP. Goi R va r lan luot la
ban kinh duong tron ngoai tiép va noi tiép tam giac ABC. Chting minh rang
AM+BN+CP<4R+r.

Phan tich va loi giai

Trudc hét ta phat biéu va chitng minh bo dé: Cho tam gidc ABC nhon c6 O 1a tam duong
tron ngoai tiép. Goi M, N, P Ian luot la trung diém cta BC, CA, AB. Goi R var lan luwot 1a
ban kinh dwong tron ngoai tiép va noi ti€p tam gidc. Khi d6 ta c6 OM+ON+OP =R +r.
That vay, dat BC=a =2PN;CA =b =2PM; AB=c=2MN
Ap dung dinh 1i Ptoleme cho céc t& giac noi ti€p APON, BMOP, CNOM ta duoc

ON.§+OP% =OAZ=R.;OP.7+ OM.% = OB% =R OM.%+ON.% =0C =R~
b

Mt khac ta lai 6 OM%+ON.E+OP.§ _p2tb+c

. Ttr @6 ta dwoc OM+ON+OP =R +r
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~ Tro lai bai toan: Ta xét cac treong hop sau

+ Truong hop 1: Xét treong hop tam giac ABC nhon.
Vi cac ki hiéu nhu trén ta co

AM<AO+OM = AM<R+OM

Hoan toan twong tw ta dwoc BN <R+ON; CP <R +OP

Khi d6 ta dwoc
AM+BN+CP<3R+OM+ON+OP =4R+r
Dau dang thitc xdy ra khi va chi khi O thudc dong thoi

vy)
>
L—]
= O
O

AM, BN, CP hay O la trong tam cua tam giac ABC, diéu
nay xdy ra khi va chi khi tam gidc ABC déu.

+ Truong hop 2: Xét treong hop tam giac ABC khong nhon, khong mat tinh tong quat ta
gia st A >90°

Vi cac ki hiéu nhuw trén ta co

AM<lpc=2
2 2

D
1/
!’

BP<NP+PB=2+%
22

CP<PN+CN=2.D
22

6

Khi d6 ta duoc AM+BN+CP<2a+%(b+c—a)

D& thay 2a <4R.
Goi (I) la duwong tron ndi tiép tam giac ABC va (I) tiép xtc voi AB tai T.

~ — — 1
Vi A >90° nén ta cd TAI >45° = TIA <45° nén ta dwoc TASTI:E(b+c—a)Sr

Tir d6 ta duoc AM+BN+CP <4R +r

Vi du 31. Cho dudng tron (O; R) va mot diém I ndm bén trong dwong tron. Goi AC va BD

la hai day cung bat ki di qua I. Xac dinh vi tri cia AC va BD d¢€ iggg:gigg dat gia tri
16n nhat, gia tri nho nhat.
Phan tich tim loi giai

. AB.AD+BC.CD

Bai toan yéu cau xac dinh vi tri cataAC va BD dé tim gid tri 16n nhat

AB.BC+DA.CD
va nhé nhat nén trudc hét ta di bidu dién biéu thic d6 theo ti s6 cua day cung AC, BD.

Cha y dén AIDC > AIABva AIAD @ AIBC ta duoc E=E=Q va E=E=£.
IA- IB AD IB IC BC
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E:E.&:AD’DC nén ta suy ra duoc BD:AB'BC+DA'CD.IB. Va
IB IA IB ABBC AB.BC

AC= ABDA+BCCD Al vachayla 1A =£ ta thu duoc AB.AD+BCLD = AC . Dén
AB.DA IB BC AB.BC+DA.CD BD
day xét cac vi tri cia AC va BD dé€ c6 duoc gia tri 16n nhat va nhé nhat cuia biéu thic trén.

Loi giai

Xét hai tam giac IDC va IAB c6 DIC = AIB va IDC =IAB A
nén ta duwgc AIDC 2 AIAB . Tt d6 ta dwoc D = E = C—D \ B
IA  IB AD

Chttng minh twong tw ta dugc AIAD ©» AIBC nén

IA.ID AD .. ., ID IDIA ADDC
—=—=—-Ttdéd —=—.—= .Suy ra ta
IB IC BC IB TA IB ABBC
ID+IB AB.BC+DA.CD

C
h
B AB.BC ay D

duwoc
BD = AB.BC+DA.CD B
AB.BC
Mat khac ta lai co 1€ = I€ : 1A = BCCD
IA IB IB ABDA
Suy ra IC+IA _AB.DA+BCCD hay AC = AB.DA +BC.CD AL
IA AB.DA AB.DA
AB.DA +BC.CD
NV AC AB.DA Al
Ttr cac két qua trén ta duoc BD ~ ABBC+DACD - .
ABBC
Chayla IA_AD ta thu dwoc ABAD+BCCD _ AC . bén day ta duoc
IB BC AB.BC+DA.CD BD

N AB.AD+BC.CD
AB.BC+DA.CD

diéu nay tuwong duwong véi AC di qua O va BD vuong goc véi Ol
. ABAD+BCCD
AB.BC+DA.CD

nhat, diéu nay twong duong véi BD di qua O va AC vuong goc véi OL

dat gia tri 16n nhat khi va chi khi AC 16n nhat dong thoi BD nhé nhat,

dat gia tri nho nhat khi va chi khi AC nho nhat dong thoi BD 16n nhat

Vi du 32. Cho AB la mét day cung cd dinh khac duwong kinh ctia duong tron (O; R). Vé cac
tia Ax By la cac tia tiép tuyén cta duong tron (O). Mot diém do dong trén cung 16n AB. Vé
MC vudng goc v6i Ax tai C, MD vuodng goc véi By tai D. Xac dinh vi tri cia M d€
ACBD+MCMD dat gia tri 16n nhat.

Loi giai
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" V& ME vudng AB tai E va ON vudng goc véi AB
tai N.
Xét cac tam giac MAC va MEB ¢6

—— — 1

MCA = MEB = 90° va MAC = MBE = EsclAT/[

Do d6 AMCA > AMEB nén suy ra

MC AC MA

ME BE MB

Chiing minh hoan toan tuong ty ta duwoc

AMAE @ AMBD suy ra ME _AE_MA
MD BD MB

Két hop hai két qua trén ta dwgc MC.MD =ME? va AC.BD = AE.BE
Lai <6 ME<MN va MN <MO+ON do d6 MCMD =ME® <(OM +ON)’ =(R+ON)’

_AB?
4

2
Theo bat dang thitc Cauchy ta dugc AE.BE < (AE ; BE)

2

Do d6 ta duge ACBD+MCMD = AEBE+ME? <20, (ON+R)" khong ddi.

AE =BE
D&u bang xdy ra khi va chi khi {E=N & M nam chinh gitta cung 16n AB
MN =OM + ON

AB?

Do d6 gid tri 16n nhdt cia ACBD+MCMD la ——+(ON +R)’, dat duoc khi M Ia diém

chinh gitta cung lén AB.

Vi du 33. Cho tam gidc ABC nhon ngi ti€p duong tron (O). Goi A’, B’, C’ 1a luot la diém
chinh gitta cac cung nho 1§E,- EZ; AB clia duong tron (O). Goi E, Q lan lugt 1a giao diém

cua B'C’ v6i AB, AC; M, F lan luot la giao diém cua A’C’ v6i BC, AB; P, N Tan luot 1a giao

. . . oy 2
diém cua A’B’ vdi AC, BC. Chitng minh rang ES asc < Syroer

Phan tich va loi giai
+ Trudc hét ta chiing minh cac duong thang MQ, NE, PF dong quy tai mot diém.
Goi I 1a tam duong tron noi tiép tam gidc ABC. Khi d6 ba duong thang AA’, BB', CC’ dong
quy tai L.

That vay, sit dung tinh chat gdc ndi tiép va gdc c6 dinh ndm bén trong duwong tron ta cé
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B'Al=LsdB' A = LsdB'C4 LsdA'C
2 2 2

]ﬁ:%sdﬁ+%sdﬁ

Ma ta lai c6 sdgE = sdﬂ; sd?’C = sd:&_'\B.

Tir d6 ta duoc B'AI=B'IA nén tam giac B'IA can

tai B’, suy ra B'I=B'A . Chttng minh tueong tu ta B M N c
dwoc C'I=C'A. Tk d6 suy ra B'C’ la duong trung

triee cua doan théng Al

Lap lai cach chitng minh nhu trén ta duwoc C’A’ va

A’B’ Ian luot 1a dwong trung triec ctia doan thang

IB, IC.

Theo tinh chat diém nam trén duong trung tryc cua doan thang ta thu duge MB =MI va
FB =FI.

Ttr d6 suy ra tam giac BMI can tai M va tam giac FBI can tai F. Do d6 ta duoc

MBI = MIB; FBI = FIB.

Ma ta lai co MBI = FBI nén ta dwoc FBI = MIB = MBI = F/ITS, suy ra IM//BF va IF//BM

Két hop voi MBI = FBI ta suy ra duoc ti giac BMIF 1a hinh thoi. Chttng minh hoan toan

teong tur ta duoc cac tir gidc AQIE va CNIP la hinh thoi. Tt d6 ta dwoc IF//BC va IP//CN
nén IP//BC, suy ra FP di qua diém I. Chttng minh twong tu ta duwoc QM, NE ciing di qua

diém 1. Vay MQ, NE, PF dong quy tai diém L.

2
+ Chitng minh =550 <5, xpu -

Tt cac két qua trén ta thu duoc PF//BC, NE//AC, MQ//AB. Bat AB=c;BC=a;CA=b

Khidotace L-AC_b_IP_PQ_ b
IF AB ¢ IF PA b+c
S 2 g 2
Ta c6 ﬂzﬂ.g: b —. Twong t ta cling ¢ —&-= ¢ -
Suyr TPF PA (b+C) S arp (b+C)
2 2 1S
S S PY
Dodoamr_g- B ¢ _ 2be g O o4 1 2bc _ bc
SAFP (b+C) (b+C) (b+C) S A S arp 2 (b+C) (b+C)
Mat khac ta lai co Al = Al = AA
AB A'B AB+A'B
., AP AF FP Al AB C b+c
Tt d6 ta duwoc = = = = = = .
AC AB BC AA' AB+A'B ot ca a+b+c
b+c
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Su» AP AF (FPY  (b+c)
Do d6 ta thu dwoc SAFP = —( j = (

ABC_AC.AB_ BC a+b+c)2
2
S S b+c
Két hop cac két qua trén ta dugc -2 = 252 Sam __be —. (b+) —= be -
ABC  Oarp Sasc (b+C) (a+b+C) (a+b+c)
e , . R S ,em ca Scen ab
Lap lai cadc chitng minh nhu trén ta dwoc = = = >
SABC (a+b+c) SABC (a+b+C)

Svinporr _ ,_ab+bc+ca

Ta 6 Synpoer = Sase —(Saro * Seev + Scry ) NN ta duroc -
ABC (a+b+C)
Do (a+b+c)223(ab+bc+ca) neéen ta co 1_ab+bc+c2azl_ ab+be+ca _2
(a+b+c) 3(ab+bc+ca) 3

. D&u bang xay ra khi va chi khi tam giac

S
Twr d6 suy ra 2 2 hay %SABC < SMNPQEF

ABC

ABC déu.

Vi du 34. Cho duong tron (O) va diém P ¢§ dinh nam trong duong tron (O)(P khong trung
v6i O). Hai day cung AC va BD thay d6i ctia duong tron (O) vudng goc voi nhau tai P.
Tim vi tri cta cac day cung AC va BD sao cho:

a) Dién tich t&t giac ABCD 16n nhét, nho nhat.

b) Chu vi t& gidc ABCD 16n nhat, nho nhat.

Loi giai
a) Goi E, F, G, H theo thtt tu la trung diém AB, AD, A
CD, CB. Khi d6 dé dang chting minh duoc t gidc
EFGH la hinh chtt nhat c6 tam la trung diém cua
doan OP.
Ta can chting minh AB? + CD? = AD? + BC* =4R?
That vay do AC L BDnén dé dang suy ra

AOEA = ADGO, do d6 suy ra OG=EA = % . S

2 2
Ta co [%) + [%J =0G”*+DG? =R’ nén ta

dwoc AB? +CD? =4R?

Hoan toan twong tu ta cling chiing minh dwgc AD? + BC* =4R”.

Ha OK vudng gdc voi AC va Ol vudng gde voi BD. Khi d6 ta ¢6 ID* =R* -OI°
Do d6 ta dwoc BD® =4(R* —OI” ). Twong tu ta ciing c6 AC” =4(R* -OK?)
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© Turddsuyra AC’ +BD* =4R* - 4(OP + OK?) =8R* —4OP? khéng ddi

Tt day ta dwoc EF? +FG* =EG® = EG* = i(ACZ + BD2) khong doi.

Suy ra hinh ch nhat EFGH la hinh chit nhat thay doi trén mot dwong tron ¢d dinh ¢6 tam
la trung di€ém ctia OP.

1

EFGH — »
2

Peylas S - Do d6

ABCD *

EF? +GH® 1 1

S =FFGH<— 2~ _—(AC2 + BD2)= —(8R2 —4OP2)
2 8 8

EFGH

D&u bang x4y ra khi va chi khi tt giac EFGH 1a hinh vuong nén AC =BD.

=EFFG :l[EFZ +FG —(EF—FG)ZJ ~1(sr?-40p?)- 1 (EF-FGY
8 2

Lai co Spqpy 5

D€ S, dat gi4 tri nho nhat thi |EF —FG| phai dat gia trj 16n nhat.

EFGH
Mata c6 AC<2R=FG<R va BD>MN voéi MN di qua P.

Do dé EFZ%MN nén |EF—FG| sR—%

Do dé6 S, ., dat gia tri nhr nhat khi AC la duong kinh ctia dwong tron (O)

dat gid tri nho nhat khi AC=2R.

EFGH

apep dat gid trilon nhat khi AC=BD va S
b) bat m = AB+BC+CD + DA khi d6 ta dwoc
m’ = AB® +BC* + CD* + AD* +2(AB.BC+BC.CD+CD.DA + DA.AB+ AB.BC+BC.AD)

Vay S

ABCD

Ma ta c6 AB?> +BC?+CD? + AD? c6 gid tri khong déi.
Ap dung dinh 1i Ptoleme cho t& giac noi ti€p AEOF ta c6 AE.OF + OE.AF =R EF

AB.BC N CD.DA R.BD AB.AD N CD.BC R.AC
4 2 4 4 2

Do d6 ta dwoc 2R(BD+AC)= AB.BC+CD.DA + AB.AD +CD.BC

Hay ta dwoc . Tuong tu ta cling co

Nhu vay viéc tim gia tri 16n nhat va nhé nhat ctia m twong duong véi tim gia tri 16n nhat
vanho nhat ctia biéu thire 5= AB.CD+AD.BC+2R(AC+BD).

Ciing theo dinh li Ptoleme thi trong t& gidc ABCD ndi tiép ta c6 AB.CD+ AD.BC=AC.BD
Do d6 suy ra S= AC.BD+2R(AC+BD).

AC? +BD?

Tacé S=ACBD+2R(AC+BD)< +2R,[2(AC* +BD?) khong ddi

Dau bang xdy ra khi va chi khi AC=BD

Lai cé S =1[AC2 +BD —(AC—BD)Z}+2R.\/2(AC2 +BD?)-(AC-BD)’
2
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Ma ta c6 AC<2R; BDZMN:>|AC—BD|£2R—MN

Suyra Sz %[ACZ +BD” (2R —MN)2}+ 2R.\/2(AC2 +BD?)-(2R-MN)’ khong d6i

D&u bang x4y ra khi va chi khi AC=2R
Vay m = AB+BC+CD+DA dat gia tri 16n nhat khi AC=BD va dat gia tri nho nhat khi
AC=2R.

Vi du 35. Cho tam giac ABC noi ti€p duong tron (O) va ngoai ti€p duong tron c6 ban kinh
r. Goi O,,R,; O,,R,; O,,R, theo thit ti la tam va ban kinh ctia dwong tron ti€p xtic ngoai
véi duong tron (O) dong thoi ti€p xuc véi AB, AC; BC, BA; CA, CB tuong ting. Ching

minh rang R, +R, +R, >12r

Loi giai
Gia st dudng tron (O,;R, ) ti€p xtic ngoai véi
duong tron (O; R) tai D va tiép xtic v6i hai tia AB,
AC Ian luot tai M, N. Tia AD cat duong tron
(O,;R,) tai diém tht hai la E.
Khi dé tac6 OO, =OD+0O,D=R+R, lai c6 OA
song song voi EO, va AM? = AN? = AD.AE
AD> AD _OD

T d6 > = = hay ta duoc
AM®> AE 00,

AD* R

AM?> R+R,

Chiing minh twong tu ta cing duoc
BD° CD> R
BM? CN? R+R,
AD BD CD
AM BM CN
Ptoleme ta c6 AB.CD+ AC.BD = AD.BC. Két hop vdi két qua trén ta thu duoc
AB.CN+AC.BM =BC.AM.
bat BC=a;CA=b;AB=c tadugc BM=AM-¢c; CN=AN-b=AM-b

2bc
b+c-a’

Tir d6 ta thu duoc . Mat khéc ti gidc ABDC ndi tiép nén theo dinh li

Khi do tir hé thiec trén ta duoc AM =AN =

Goi L 1a tiép diém ctia AB v6i duong tron (I) noi ti€p tam gidc ABC.
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OM AM R, AM

Khi d6 ta cé =" hay ta dwoc —L=—"+
AL r AL
R
Thay AL:p—azl(b+c—a) va AM= 2bc tiléthﬁctréntaduoc—1:—4bc =
2 b+c-a r (b+c—a)

R R
Chting minh twong ty ta cling dugc —2 = Lz ;= #
r (c+a—b) r (a+b—c)

R, +R,+R, 4bc 4ac 4ab
- 2t 2t 2
r (b+c—a) (c+a—b) (a+b—c)
Theo bat dang thizc Cauchy ta c6
4bc _y 4ac _y 4ab 12, : a’b*c? : :
(b+c-a) (c+a-b) (a+b-c) (b+c-a) (c+a-b) (a+b-c)
R

Tt d6 ta duwoc

Chtyla (a+b-c)(b+c—a)(c+a—b)<abc, do dé ta duoc
Hay ta dwoc R, +R, +R, >12r, ddu bang xdy ra khi va chi khi R, =R, =R, vaa=b=c

hay tam gidc ABC déu.

Vi du 36. Cho tam giac ABC co B/A\C <60°. Goi P 1a diém bat ki trong tam giac. Goi H, K
1a hinh chiéu cta P Ian luot trén canh AB va canh AC. Gid st AC+AH=BC+BH va
AB+ AK = BC + CK .Chting minh réng BPC <120°.

Loi giai
Goi O la tam duong tron ngoai ti€p tam giac ABC. Goi A
M va N lan luot la trung diém AB va AC. Khi d6 ta c6
OM L AB; ON L AC.
Goi I la tam duong tron ndi ti€p tam giac ABCva D, E
[an lwot la cac ti€p diém cta duong tron ndi ti€p voi

canh AB, AC. Khi d6 ta duwoc ID L AB; IE L. AC. Theo

tinh chat hai tiép tuyén cit nhau ta c6

AD=AE=CA+A;B_BC.T1‘1’CI6 suy ra

CA+AB-BC AB+BC-CA
2 2

BD=AB-AD=AB-

BC+CA-AB
2

Tir d6 ta dwgc BD = AH= MN =MD va tuong tu ta ciing c6 NE = NK.

Hoan toan tuong tu ta cling c6 AB+AK=BC+CK = AK =

Do O 1a tam dwong tron ngoai tiép tam giac ABC nén ta ¢ BOC = 2BAC.
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// Do I 1a tam duwong tron noi ti€p tam gidc ABC nén ta tinh dwoc BIC =90° + %A .

Theo gia thiét BAC < 60° = 2A < 90° +%1§x\cz> BOC < BIC

Do d6 suy ra BPC < BOC = 2A <120°. Vay ta c6 diéu phai chtiing minh.

Vi du 37. Cho tam gidc ABC khong can. Goi O la tam duong tron ngoai ti€p va I la tam
duong tron noi ti€p tam giac ABC. Gia st giao di€m thit hai khac C ctia phan giac ACB

v6i duong tron (O) ndm trén duong trung triec ctia doan I0. Chiing minh gdc ACB 16n

thit hai trong tam giac ABC.

Phan tich tim 1oi giai

Yéu cau chirng minh twong duong voi Min(B/A\C; KB\C) <ACB< Max(@l; XBYZ) .
Mudn vay ta can chtitng minh dwoc ACB =60, dieu nay sé dugc khang dinh néu ta chi ra
duoc cac tam giac DOB, DOA déu.

Loi giai

Goi D 1a giao diém tht hai cia phan giac goc ACB
véi (O)
Pau tién ta chitng minh DI=DA =BD.
That vay, theo tinh chédt géc ngoai va tinh chat

duwong phan giac ta co

DIA - [AC-+ICA - L (BAC+ ACH)

Mt khac theo tinh chat t& giac ndi tiép va tinh chat
duwongphan giac ta co
Iﬁ:@ﬂﬁ:%(ﬁ?&@)

Két hop hai diéu trén ta duoc DIA = DAI nén tam gidc DAI can tai D, suy ra DA =DI.
Hoan toan tuong tw ta cling c6 BD = DI.

Do thudc duong trung triee ctia doan thang OI nén ta cé DO = DI. Tir d6 suy ra
DO=DA=DB.

Tt d6 ta dé dang cé duwgc cac tam giac DOB, DOA déu.

Diéu nay din dén BOA =120° nén ta duoc ACB = 60°

Ma ta lai <6 ABC+BAC+ACB =180° nén dé thay
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Min(ﬁ; Klﬁ)ﬁ 60" =K-CTB SMax(li-Azj; XB\C)

Do do goc ACB 16n thtt hai trong tam giac ABC

Vi du 38. Cho tam gidc ABC khong can c6 AD va BE la duong phan giac. Chitng minh
‘K -B

rang goc nhon tao boi hai duwong thang AB va DE khong vuot qua

Phan tich va loi giai
Khong mat tinh tong quat ta c6 thé gia st trong
tam gidc ABC c6 A>B.GoiMIa giao diém cua
AB va DE, khi d6 goc nhon tao boi hai dwong A
thng AB va DE chinh 13 géc BMD.

Ta can chitng minh duoc BMD < %(Bi‘?C - ZZB\C)
B D C

That vay, ap dung dinh li Menelaus cho tam giac
ABC vdiba diém M, D, E thfmg hang ta c6
DB.EC.MA 1 MA _ DC.EA
DC EA MB MB DB EC
béy la AD va BE la cac duwong phan gidc ctia tam gidc ABC nén ta duoc
DC AC EA BA
DB AB’ EC BC
MA AC AB CA
MB AB BC BC

Tir d6 ta duoc . Tt d6 suy ra CM chinh la duong phan gidc ngoai tai
dinh C ctia tam gidc ABC. Do d6 ta duoc BMC =180° ~MCB—~MBC = %(BTAE-K]%E)
Do d6 suy ra BMD +CMD =%(ﬁ—ﬁ)

Gia st BMD > %(B/A\C—z@), khi d6 ro rang ta co

@:%(ﬁ-ﬁ)-ﬁk%(ﬁ:—ﬁ)%ﬁ)

N sin B/l\-/E) sin Za\-ATI) 2sin CMD.cosa\-/IT)
Tt d6 ta duwoc — > =

sinCMD  sin @ sinCMD
Mat khéc 4p dung dinh li sin cho cac tam gidc BMD va CMD ta duoc

=2cosC/1\E.
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BDsin K]i:

—_— —

sinBMD MD _ BDsin ABC
sin(ﬁ\_/[TD CD sinl\@ CD sinqu\D
MD
. , DB AB Sil’lz@ o sinB/MT) siru?C\B sirn:B?: ) @
Lai co = = —— nén ta duoc — = ——— ———=2sin
D AC sinABC sinCMD sin ABC sinMCD

—

B > cos CMD = sir1(900 —C/MTD)

Ttr d6 ta suy ra sin

B >90" —EI\ED:C/I\ED>9OO—¥=%(]§&E+P/J-3E), diéu nay vo li.

Neén ta duwoc

Do d6 diéu ta gia str 1a sai. Nén ta duoc BMD < %(Bi‘zi —ZZB\Cj)

‘K -B
Vay gbc nhon tao boi hai duong thang AB va DE khong vuot qua 5

Vi du 39. Cho tam giac ABC va mot diém K bat ki trén canh AC. Goi P tam 1a dwong tron
noi ti€p tam gidc ABK va Q tam la duwong tron bang tiép gdéc K cua tam giac ABK. Goi D la
tam duong tron noéi ti€p tam giac BCK va S la tam dwong tron bang ti€p goc K cua tam

giac BCK. Chiing minh re‘“mg KDP > [TQ\P

Loi giai

Trudc hét ta nhan thay ba diém K,
P,Q thr?mg hang va ba diem K, D, S
thang hang.

Ta can chitng minh t& giac QSDP
ndi tiép, diéu nay twong duong
voi chitng minh hé thic

KD.KS =KP.KQ.

That vay, xét hai tam giac KPB va

KAQ c6 BKQ = AKQ.
Mt khac bién d6i goc ta lai co
QAK = QAP + PAK = 90° +%]§AT< —90° +%(180° —ﬁ—,@)

=9oo{900_%@_%@):1800_@_@:@

Do d6 hai tam gidc KPB va KAQ dong dang v6i nhau.
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Tt d6 ta duoc kP = KB nén ta duwoc KP.KQ = KA.KB
KA KQ

Ma ta c6 KA =KC nén suy ra KP.KQ =KBXKC.

Chitng minh hoan toan tuong ty ta duwgc KD.KS = KB.KC

Do d6 ta dwgc KD.KS = KP.KQ. Diéu nay c6 nghia la t& gidc QSDP noi tiép duong tron.
Do d6 suy ra DSP = [TQ\P .Ma KDP a gdc ngoai cta tam giadc DSP nén ta dwoc

KDP > DSP

Twr d6 ta duoc KDP > [TQ\P Bai toan duogc chitng minh.

Vi du 40. a) Cho n diém phan biét A ;A ;A,;..;A_ khong cung nam trén mot duwong
thdng. Chiing minh rang ton tai khong qua mdt diém M sao cho tong khoang cach tir M
dén A;A,;A,;..; A o gia tri bé nhat.

b) Cho n diém phan biét A ;A,; A ;..;A_clung nam trén mot duong théng. Tim

cac diém M sao cho tong khoang cach tit M dén A ;A ;A ;..; A ¢ gia tri bé nhat.

Loi giai

a) Gia st ton tai cac diém M,; M, théa man

MA, +MA, +..+MA =M,A +M,A, +..+M,A =Min(MA, +MA, +..+MA )=m
Goi M, la trung diém caa M,M,, khi dé ta c6 M,A, +M,A, 22M A, véii=12;..;,n
Vi A;AA A, khong cing nam trén mot duwong théng nén c6 mot diém A, trong s6
cac diém trén khong ndm trén dudng thang M, M, . Khi d6 ta dwoc M,A, +M,A, >M A,
Khidé MA, +M A, +..+MA_+M, A +M A, +...+M,A_ >MA +MA, +...+MA_
Do dé suy ra 2(MyA, + M A, +..+ M A )<2m hay

MA, +MA, +..+ M)A <m=Min(MA, +MA, +..+MA )

biéu nay 1a vo 1i.
Do d6 khong qua mot diém M sao cho tong khoang cach tt M dén A ; A,; A ;..; A co gia
tri bé nhat.
b) Gia stt n diém phan biét A ;A ;A ;.. A, théng hang va sép x€p theo thir ty d6. Ta xét
hai treong hop n chan van lé.
+ Truong hop 1: Véi n s8 chén, dit n =2k. Khi d6 véi moi diém M ta ludn cb

MA,+MA, >A A, ; MA,+MA,  >A,A, ;.;MA +MA,  >AA,

Dau bang xay ra ¢ cac bat dang thirc trén [an luot 1a M thude A A, ;ALA,, ;. A A,

Cong cac bat dang thirc trén ta dwoc
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MA, +MA, +...+MA, +MA, 2A A, +AA, +.+AA

2k —
Dit A A, +A,A,  +..+A A, =m lahingsd
+MA,, =2m

2k-1 2k —

Do d6 ta dwoc MA, +MA, +...+ MA
Dau bang xay ta khi M dong thoi thudc cac doan thang A A, ;A A

2k’

sA A, hay M

2k-17"**

thuoc doan thr?mg A A

k+1°

Vay MA, +MA, +..+MA,,_, +MA,, dat gia tri nho nhat b:?mg m khi va chi khi M thudc
doan thang A A, .

+ Truong hop 2 Véin la s 1é, dat n =2k +1. Thuc hiém twong ty nhu trén ta duoc
MA,+MA,  >A A, ;MA,+MA, >A A, ;.;MA +MA,_,>A A,

2kl = 2k+17 K = K+2 =

Dau bang xay ra 6 cac bat dang thirc trén [an luot 1a M thude A A, ;ALA, . A A,

2k+17

Ttr d6 ta dwoc MA, +MA, +...+MA_ +MA,  >2A A, +AA, +..+AA ,+MA

2k+1 — k+1

Ma ta lai c6 MA,_, >0 nén ta duoc

MA, +MA, +..+MA, +MA,  2AA, [ +AA, +.+A A,

2k+1 —

Vay MA, +MA, +..+MA, +MA,, _, datgid trinhonhatla A A,  +AA +..+A A, _,

Dau bang xay ta khi M dong thoi thudc cac doan thang A A, ;AA, ;. A A, VA

MA, , =0 hay M trung véi diém A _,.

Vi du 41. Cho da giac c6 2015 dinh 1a A ;A,;..; A Gia s M;M, la hai diém ndm bén

°7 572015 °

sao cho MM, =1(dvdd). Chirg minh rang:

2015

trong da giac A A,..A
(M(A, +M,A, 4.+ M A, )= (MA, +M,A, +..+ M,A, )| < 2013

Loi giai

Trudc hét ta phat biéu va ciing minh bo dé: Cho tam A
giac ABC va diém M nam trong tam giac, khi d6 ta c6
MB+MC <AB+AC.
That vay, gia st tia BM cat AC tai D. Khi d6 4p dung
b4t dang thikc tam giac cho tam gidc ABD c¢6
BD <AB+AD B c
Do d6 ta dugc MB+MD < AB+AD . Ma trong tam
gidc MCD talai c6 MC <MD +DC.
Cong theo v& hai bat dang thikc trén ta duoc

MB+MD +MC<AB+AD+MD +DC= MB+MC<AB+AC
Vay bo dé duoc chitng minh.
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Tro lai bai todn: Vi M, ndm trong da gidc A A,...A, . nén M, ndm bén trong ctia mot
trong cac tam gidc

MAA,;, MAA,; MAA,..,MA, A,
Khong mat tinh tong quat ta gia st M, thudc mién trong ctia tam gidc M, A A, , khi d6
theo bo dé trén ta duoc M,A, + M, A, <M, A, +M,A, hay
(M,A +M,A,)-(M,A, +M,A, ) <0.
Mit khac theo bat dang thikc tam giac ta co

MA, -M,A, <MM,; MA,-M,A, <MM,;..; MA, . —-M,A, . <MM,

Do d6 ta duge (M,A; +M,A, +..+M,A, )—(MA, +MA, +..+M A, ) <2013M M,

2015 )

Tir d6 (M,A, +M,A, +..+M,A, )-(MA +MA, +..+M,A, ) <2013M M, = 2013

2015)
Do vai tro cia M, va M, nhu nhau nén ta cting c6
(MJA, +MA, +..+MA, )-(M,A +M,A, +..+M,A, ) <2013

2015

Nhu vay ta duoc [(M,A, +MA, +..+M,A, )~ (MA, + M,A, +...+ M,A, )| < 2013
BAI TAP TU LUYEN

Bai 1. Cho tam gidc ABC c6 cac duong phan gidc AD, BE, CF cat nhau tai I. Chitng minh
rang:

Al BI CI<8

AD BE CF~ 27

Bai 2. Cho tam gidc déu ABC va mot diém M bat ki trén canh BC. Goi P, Q Ian lwgt 1a hinh
chiéu vuong goéc caa M trén AB, AC. Tim vi tri cua diém M trén doan BC sao cho doan
thang PQ c6 d6 dai bé nhat.

Bai 3. Cho tam gidc ABC déu c6 canh b:?mg 1. Ly diém D bat ki trén canh BC. Goi r;r, 1dn
lwot la ban kinh duong tron ndi ti€p tam giac ABD, ACD. Xac dinh vi tri ctia diém D dé
tich r,.r, c6 gia tri 16n nhat.

Bai 4. Cho hinh thang ABCD(AD//BC) thay d6i c6 cac canh bén vuong goc véi nhau. Goi
d6 dai hai day cta hinh thang la a, b khong doéi. Goi giao diém ctia hai duwong chéo 1a O.
Duong trung binh cta hinh thang cat hai duwong chéo tai P, Q. Tim gid tri l1én nhat cta
dién tich tam giac OPQ theo a, b.
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Bai 5. Cho tam gidc ABC vudng tai C cé diém tich bang 1(dvdt). Vé phia ngoai tam gidc
ABC dung cac hinh vuong c6 tam la D, E, F véi cac canh lwong ting la BC, CA, AB. Chtng
minh rdng dién tich tam gidc DEF khong nho hon 2(dvdt).

Bai 6. Cho hinh vudéng ABCD vdi canh c6 d¢ dai la 1(dvdd). Trén AB, AD lay lan luot cac
diém M, N sao cho tam gidc AMN c6 chu vi bang 2(dvdd). Cac doan thang AM, CN cit
duong chéo BD Tan luot tai E, F. Chitng minh rang d6 dai ba doan thang BE, EF, FD la ba

(dvdt).

canh cia mot tam giac vuong co dién tich khong vuot qua L
+42
Bai 7. Cho tam giac nhon ABC va hai diém M, N nam trong tam gidc. Cac tia AM, AN cat
BC Tan lwot tai A ;A,. Cac tia BM, BN cat AC Ian luot tai B,;B,. Cac tia CM, CN cat AB
lan luot tai C,,C,. Goi D, E, F theo tht tu la giao diém cta AA, va B,C,, BB, va AC,,
CC, va AB,.GoiP, Q, R theo thtt tv la giao diém caa AA, va BB,, BB, va CC,, CC, va
AA, . Tim gia tri nho nhat ctia cac biéu thikc sau:

_AM BM CM .. AP BQ CR
“MD ME  MF PA, QB, RC,

Bai 8. Cho t gidc 16i ABCD c6 ADC+DCB=90° va AD=BC;DC=a;AB=b. Goil, N, J,
M Tan luot la trung diém cua cac doan théng AB, AC, CD, DB. Goi S la dién tich cua t¢

8

Bai 9. Cho duong tron (O; R) va hai duong kinh AB, CD vuong goéc voéi nhau. Lay di€ém E
b4t ki trén cung nhé AD. Néi EC, EB cat OA, OB lan luot tai M, N. Chiing minh rang

OM ON
-—>
AM DN V2.

gidc INJM. Chting minh rang S > , d&u bang xay ra khi nao?

Bai 10. Cho géc xBy khac gbc bet va mot diém M ndm trong goc d6. Mot duong théng d
quay quanh M ct cac tia Bx, By Ian luot tai A, C. Xac dinh vi tri cia dwong thing d dé:

a) Dién tich tam gidc ABC c6 gia tri nhé nhat.

b) Tich S,,,;-S\ s €O gidc tri nho nhat.

MAB "~ MBC

Bai 11. Cho tam gidc ABC c6 BAC<90°. Lay diém M trén canh BC, diém N trén canh AC
va diém E trén canh AB. Xac dinh vi tri ctia cac diém M, N, E d€ chu vi tam gidc MNE c6
gia tri bé nhat.

Bai 12. Cho tt giac ABCD ¢ M, N, P, Q Ian luot la trung diém caa AB, BC, CD, DA.
Chttng minh rang:
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S

ABCD =

1
MP.NQ SE(AB+CD)(AD+BC)

Bai 13. Cho hai doan théng AC va BD cit nhau tai E. Trén doan AB lay diém M, trén doan
CD 1ay diém N sao cho ba diém M, N, E thang hang. Chtmg minh rang
MN < Max{AC,BD}.
Bai 14. Cho tam giac nhon ABC ndi ti€p duong tron (O). Goi H la hinh chiéu ctia A trén
canh BC. Gia st BCA > ABC +30°. Chting minh ring CAB+COH <90°.
Bai 15. Cho diém P nam trong duong tron (O). Xét cac t& gidc ABCD c6 hai duong chéo
vudng goc voi nhau tai P, tim t& giac ¢6 chu vi nho nhat.
Bai 16. Cho tam giac ABC khong vudng tai B va C. Goi M 1a mét diém thay d6i va khong
nam trén cac duong thang AB, AC. Xé4c dinh vi tri ctia diém M dé tong ban kinh ctia hai
duong tron ngoai ti€p hai tam gidc MAB va MAC nhan gia tri bé nhat.
Bai 17. Cho tam gidc ABC ¢6 AB=c¢;BC=a;CA=b va m_;m_la cic duong trung tuyén
xudt phat tte dinh A, B twong tng, 1 ;1 la cac duong phan giac xudt phat tie dinh A, B
tong ting. Chiing minh rang cac bat dang thitc sau day tuwong dwong véi nhau:
la>b 2)m_<m, 31 <1,

Bai 18. Trong mat phang cho bon diém phan biét. Goi M va m lan lugt 1a khoang céch
gitta hai difm xa nhat va hai diém gan nhét trong bon diém d6. Chiing minh ring
M >+/2m . Khi nao dang thiic xay ra.
Bai 19. Cho tam giac ABC va mot diém O nam trén canh hodc bén trong tam giac. Goi p 1a
ntta chu vi cua tam gidc ABC.

a) Chting minh rang p < OA +OB+0OC < 2p

b) Gia sit AB>BC>CA, diém Co nam trong tam giac ABC va AO, BO, CO cat BC,
CA, AB lan luot tai A’, B’, C". Chiing minh rang OA +OB+BC < AB+BC

¢) Chitng minh rang OA'+OB'+OC' < AB
Bai 20. Trong cac tam gidc c6 chung canh BC va goc & dinh con lai bang o khong d6i thi
tam gidc nao c6 chu vi 16n nhat.
Bai 21. Cho tam gidc ABC. Trong cac dwong tron chita tam giac ABC thi duong tron nao
c6 ban kinh bé nhat.
Bai 22. Cho tam giac ABC déu. Chiing minh rang véi moi diém M ta ludn co
MA <MB+MC. Dau bang xay ra khi nao?
Bai 23. Cho tam gidc ABC déu ndi ti€p dwong tron (O; R). Tim vi tri diém M nam trong
duong tron (O; R) sao cho tong MA + MB+MC dat gid tri
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a) Bé nhat.

b) Lén nhat.
Bai 24. Cho hai dwong tron dong tam (O; R) va (O; R’) véi R<R'. Diém A ¢d dinh trén
duong tron (O; R) va diém B di dong trén duong tron (O; R’). Véi mdi vi tri caa M dung
tam gidc déu ABC. Tim gid tri 16n nhat va gia tri bé nhat cua OC.
Bai 25. Cho tam giac ABC co BAC <60°. Goi X va Y Ian luwot la cac diém trén cac AB va
AC sao cho CA+BC=XA+XB va AB+AY =BC+CY. Goi P 1a médt diém ndm trong tam

gidc sao cho hinh chiéu cta P trén AB va AC Tan luot 1a X va Y. Chting minh ring

BPC <120°.

- Bai 26. Cho tam gidc ABC nhon ¢6 O la tdm duwong tron ngoai ti€p. Goi P 1a chan
duong cao ké tir A xudng BC. Cho BCA > ABC +30°. Chitng minh ring CAB+COP <90°.
- Bai 27. Cho luc giac 16i ABCDEF ¢c6 AB=BC, CD=DE, EF=FA.

BC DE FA E . D&u bang xay ra khi nao?

BE DA FC 2
Bai 28. Cho tam giac ABC vdi trong tam G va d6 dai cac canh a=BC, b=CA, c=AB. Tim

- Chting minh rang

diém P trén mat phéng tam giac sao cho dai lwong AP.AG +BP.BG+CP.CG dat gia tri nho
nhat va tim gid tri nho nhat dé theo a, b, c.
Bai 29. Cho tam gidc ABC va M la diém thudc mién trong tam gidc. Goi X,y,z Ian luot la

1 e ~ . s a’+b*+c’
khoang cach tit M dén canh BC,CA, AB. Chiing minh rang Jx +\/§ +z < R
D&u bang xay ra khi nao?
V6i a=BC;b=AC;c=AB;R laban kinh dwong tron ngoai tiép tam giac ABC.
Bai 30. Cho tam giac ABC c6 BC=a;AC=D. Goi I la tam duong tron noi ti€p tam giac

2 2 2
ABC. Chting minh rang IA; + 152 + Ki > 1, Dang thitc xay ra khi nao?
a c

Bai 31. Cho ABC la mét tam gidc véi tam duong tron noi ti€p 1a I. P la mot diém o trong

— — — -

tam giac thda man PBA +PCA =PBC + PCB. Chting minh rang AP > Al, dang thtic xay ra
khi va chi khi P va I truing nhau.

Bai 32. Cho tam giac ABC c6 chu vi khong d6i 2p. Goi M, N, P an luot 1a tam dwong tron
bang tiép tng voi goc A, B, C cua tam giac AABC. Tim gia tri nho nhat ctia chu vi AMNP.
Bai 33. Tt mot diém P ¢ ngoai duong tron (O) vé hai tiép tuyén PB, PC t6i n6 (B, C 1a cac

ti€p diém), biét BPC >90°. Trén cung nho BC 14y diém A, tir A vé tiép tuyén véi duong
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tron, ti€p tuyén nay cit PB, PC Tan luot tai K, L. Chitng minh r:?mg S <S trong do

APKL AABC”

S ky hiéu lan lwgt 1a dién tich APKL, AABC.

AN
Bai 34. Ta goi duong chéo chinh ctia mét luc giac 16i la doan théng ndi hai dinh va chia luc
giac thanh hai tt gidc. Chting minh rang:

a) Voi bat ki mot luc giac 16i ¢ dd dai cac canh déu b?mg 1 thi ludn ton tai mot
dwong chéo chinh c¢6 d6 dai khong 16n hon 2.

b) V6i bat ki mot luc giac 16i ¢6 d6 dai cac canh déu b:?mg 1 thi ludn ton tai mot
duong chéo chinh c6 d6 dai lén hon /3.
Bai 35. Cho tam giac ABC c6 BC=a,CA=b,AB=c. Goir va r,r,,r. lan lrot la ban kinh
duong trong noi ti€p va ban kinh dwong trong bang ti€p cac goc A, B, C ctia tam giac ABC.

abc_a® b

Chttng minh rz‘“mg — >t —+—
r r 1 T

a b C

Bai 36. Cho hinh thang ABCD véi AD//BC. Goi M, P, Q lan lwgt 1a trung diém cta cac
doan théng CD, AM, BM. Tim diéu kién vé d¢ dai hai canh ddy ctia hinh thang dé giao
diém cua hai duwong thang DP va CQ nam trong tam gidc ABM.

Bai 37. Cho tam gidc ABC c6 cac duong phan giac BE va CF. Lay diém M trén doan thing
EF. Goi S,;S,;S.lan lwot la dién tich tam gidc MBC, MCA, MAB. Chung minh

\/§+\/§ < AC+AB
o

BC
Bai 38. Goi S, ; S,; S, lan luot 1a dién tich cua that giac déu A A,A A A A A,
B,B,B.B,B.B,B, va C,C,C,C,C.C,C,.Biétrang A A, =B B, =C,C,. Chtng minh rdng

STA<SB+SC<SA

Bai 39. Cho ngii gidc ABCDE. Goi M la giao di€ém cua AC va BE, N la giao diém cua BD va
AC, P la giao diém ctia BD va CE, Q la giao diém ctia AD va CE va R la giao diém ctia BE
va AD. Hay so sanh dién tich ctia ngti gidc MNPQR véi tong dién tich cua ndm tam giac
MAB, NBC, PCD, QDE, REA.

Bai 40. Cho tam giac ABC vudng tai A. Trén tia AB 1dy E va trén tia AC 1dy F sao cho
BE = CF =BC. Gia st M 1a diém nam trén duong tron duong kinh BC. Chitng minh rang:
MA +MB+MC<EF

Bai 41. Cho t& giac 16i ABCD va mot diém M bit ki ndm trong t¢ giac. Dat
a=AB+AC+AD, b=BA+BC+BD, c=CA+CB+CD va d=DA+DB+DC. Chtng

minh rang:
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MA+MB+MC+MDSMax{a;b;C;d}.

Bai 42. Cho tam giac ABC. Goi MN, PR, QS lan luot la hinh chiéu vudng gdc ctia AB, BC,

CA 1én cac duong phan giac cua goc ngoai tai dinh C, A, B. Goi r va S Jan luwgt 1a ban kinh

dudng tron ndi tiép va dién tich tam gidc ABC. Chiing minh rang MN + PR + QS > 63rS

Bai 43. Cho tam gidc ABC vudng tai A va M la mot diém bat ki. Chting minh rang
2 2

A ac !

Bai 44. Cho ntra duong tron (O) c6 duwong kinh BC va A la mot diém chuyén dong trén

ntta duong tron (O). Goi H la hinh chiéu ctia A trén BC va D la trung diém cua AC. Buong
tron tdm I nam trén duong thang BC di qua diém B, D cat AC tai E khac C. Goi M la giao
diém ctia AH va BE. Xac dinh vi tri cua diém A dé€ MA +MD dat gia tri 16n nhat.

Bai 45. Cho tam gidc nhon ABC ndi tiép dwong tron (O) c6 AH la duong cao. Goi D la giao
e be > AC

Bai 46. Cho t gidc ABCD néi tiép duong tron (O). Mot duwong thang qua C cit tia d8i cta

diém cua AO véi BC. Chting minh rang

2
tia BA, DA Ian luot tai M, N. Chting minh réng Suen. < (E]
S \2AC

Bai 47. Chiing minh rang trong mot tam gidc vuong dd dai dwong phan giac cua géc
vuong khong vuot qua nita dd dai hinh chiéu vudng goc ctia canh huyén trén duong
thdng vudng goc véi dudong phan giac do.

Bai 48. Cho tam giac ABC nhon ¢6 canh AB bé nhét. Trén canh BC, AC, 1dy lan lwgt cac
diém M, N. Chting minh rang d6 dai duong gap khiic AMNB khéng nhé hon hai Ian do
dai doan AB.

Bai 49. Cho tam giac nhon ABC noi tiép duong tron (O; R). Puong thang AO cat duong
tron ngoai tiép tam giac OBC tai diém thit hai la D, dwong thing BO cat duong tron ngoai
tiép tam gidc OCA tai diém thtt hai 1a E, duong thang CO cat duong tron ngoai tiép tam
gidc OAB tai diém thit hai 1a F. Chting minh rang OD.OE.OF >8R’

Bai 50. Cho tam giac ABC vuong can tai A, trung tuyén AD. Diém M di dong trén doan
AD. Goi N va P Ian lwot 1a hinh chiéu ctia diém M trén AB va AC. Vé NH L PD tai H. Xac
dinh vi tri caa diém M dé tam giac AHB c6 dién tich 16n nhat.

Bai 51. Cho tam giac ABC, diém M trong tam gidc, cdc duong thang AM, BM, CM Ian luot
cat cac canh BC,CA, AB tai P, R, Q, ki hiéu S, . 1a dién tich tam giac ABC

ABC

a) Chting minh rang MA.BC + MB.CA +MC.AB > 48

ABC

b) Xac dinh vi tri cia M dé€ dién tich tam gidc PQR 16n nhat.
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Bai 52. Cho tam gidc ABC, 1dy diém C, thudc canh AB, A, thudc canh BC va B, thudc

canh CA .Biét rang d6 dai doan thang AA ,BB,,CC, khong lén hon 1. Chitng minh ring
1

asc S ﬁ

Bai 53. a) Cho tam gidc ABC c6 d9 dai cac canh 1a a, b, ¢ va dién tich S. Chitng minh rang;
S< l(saz +2b%+2¢?)
16

S (S,4 la dién tich tam giac ABC)

ABC

b) Tam giac ABC c6 d¢ dai ba canh la a, b, c va dién tich 1a S. Véiba sd x, y, z thoa

man diéu kién \/ X+Yy, \/ y+z, Jz+x 1a do dai ba canh ciia mot tam giac. Chitng minh
rang:

xa’ +yb® +zc* > 4,/xy +yz+2zx.S
Bai 54. Cho tam giac ABC c6 M la di€ém nam trong tam giac. Cac duong thang AM, BM,
CM cit cic canh d6i dién [an luot tai D, E, F. Chiing minh réng trong cac ti sO
AM MB CM
MD’ ME’ MF
Bai 55. Cho tam gidc ABC, vé phia ngoan tam giac ABC dung cac tam giac

c6 it nhat mot ti s6 khong 16n hon 2 va co mot ti sd khong nhoé hon 2.

ABC,; BCA ; CAB, sao cho tong dién tich ctia ba tam gidc nay nhé hon dién tich cua tam
gidc ABC. Qua A ; B,; C, vé twong tng cac duong thang song song véi BC, CA, AB. Cac
duong thang nay cat nhau tao thanh tam giac MNP.

Chting minh rang: S, <2S

AB,CA,BC,
Bai 56. Cho tam gidc ABC c6 goc A nhon. Mot duong thing A bat ki di qua A va goi
d

w/as dea lan Iwot la khoang cach tix diém B va C dén duong th:fmg A. Tim vi tri caa

duong thang A d€ d,,, +d, datgid tri 16n nhat

Bai 57. Cho tam giac ABC c6 G la trong tam. Mot duong thang qua G cat AB va AC lan

lwot tai M va N. Chteng minh rang 2 San <L
SABC 2

Bai 58. Cho cac diém A ;A ;..;A_khong théng hang va hai diém B, C khac A ;A ;..; A
théa man diéu kién A B+A,B+..+A B=A C+A,C+..+A _C=t. Ching minh rang ton
tai mot diém M thoa man bat dang thirc AM+A M+..+A M<t.
Bai 59. Cho tam giac ABC va diém M bat ki. Goi d_;d, ;d_ lan luot 1a khoang canh tir diém
M dén cac canh BC,CA, AB. bat BC=a;CA=b;AB=c.

a) Chting minh ring néu M thoc mién géc BAC thi aMA >bd, +cd. .

b) Gia stt M nam trén canh hodc bén trong tam gidc ABC. Chitng minh
MAMBMC >8d d.d_
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c) Véi di€ém M théa man déu kién & ¥ b. Chting minh rang
MA+MB+MC>2(d, +d, +d_)

HUONG DAN GIAI

Bai 1. D4t BC=a;CA =b;AB=c. Ap dung tinh

A
chdt duong phan giac ta duoc
CD AC N CD b
BD AB BC-CD c E E
— CDc=b(BC-CD)= D=2
b+c
Mait khac ta c6 CI la deong phan giac cua tam giac |
B HD C
ADCnén 2L_AC_ b
"DI D D
Tir d6 ta duge Sn=2¥€ go gg AL__PrC
ID a AD a+b+c

N \ BI cta CI_ a+b
Hoan toan tuwong tu ta dwoc — =
BE a+btc CF a+bitc

Al BI g_(a+b)(b+c)(c+a)

Tk d6 ———= 5 . Ta can chiing minh dugc
AD BE CF (a+b+c)
(a+b)(b+c)(3c+a)si
(arbrc) 27
That vdy, dé thay -2, _b¥c  cra _2(axrbre) )

a+b+c a+b+c a+b+c a+b+c
Ma theo bat dang thitc Cauchy ra c6

(a+b)(b+c)(c+a)<i( atb  btc  c+a ]3 1 8

(a+b+c)3 - 27\a+b+c a+b+c a+b+c) 27 27
Hay (a+b)(b+c)(3c+a) 8 Tu_’cto’cadu’ociEg i
(a+bc) 27 AD BE CF 27

D&u bang xdy ra khi va chi khi a =b=c hay tam gidc ABC déu.
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Bai 2. Khong madt tinh tong quat ta co thé gia st d¢ dai A
canh tam gidc déu ABC la 1(dvdd). Goi h 1a d¢ dai
duong cao cua tam gidc déu ABC, khi d6 dé dang tinh

dwoc h= % Goi vé PK vudng goc véi BC tai K, QH

vudng goc voi BC tai H.

) 1 13 . 3 B K M H C
Ta co SABC = SABM +SACM = EhBC = 571 = T
Mait khac la lai tinh duoc
S 5c = Sapn + Sacy = %(MP.AB +MQ.AC) = %(MP +MQ)

V3

Tt 46 ta dwoc MP+MQ = -5 Dé thay cac tam gidc vudng MPK va MQH la ntra tam giac

déu

V3 V3

Do d6 ta tinh duwoc MK = TMP va MQ = 73MQ

NG

Tir 46 suy ra MK+ MK = 7(MP+1\/1Q) hay KH=-—~(MP+MQ)=

V333
2 2 4
Ma ta luén c6 QP >KH = PQ > % Do d6 gia tri nho nhat caa PQ la %(dvdd), d4u bang

xay ra khi va chi khi PQ//BC, diéu nay chi xdy ra khi M la trung diém cua BC.

Bai 3. Vé DK vuong goc voi AB va dat BD =x. Khi do6 A
X , X xv3 ./

dé dang tinh dugc BK = bY DK = — Tam gidc ADK

vudng nén ta c6 AD? = AK* + DK? =x* —x+1. h

Ap dung cong thiic tinh dién tich tam giac S = prta

duoc

AB+BD+AD T+x+Vx>—x+1
rl. =1‘1.
2 2
1 J3

Mé Sl :EBDh Z%.X.T nén

T+x+Vx—x+1 x4/3

T.
! 2 2

X

3 7 . \ \
Hay ta dwoc 1, =—. . Chttng minh hoan toan tuwong tu ta duoc

x+1+Ux —x+1
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J3 ﬁ 1-x
2 T2 2oxaXox+1

2 )

Do d6 ta duoc

3
r. =—
4

1_ 2
x(1-x) L) -1 (x_gj .3

'(1+x+\/x2—x+1)(2—x+\/x2—x+1) 4
2 2

Matacs [x-t] 43535 [[x-1] 3,93
2 2 4

1(1_£]:2—\/§

, d4u bang xdy ra khi va chi khi x :% hay D 1a

2-+3
8

Tt d6 ta dwoc 1.1, <—
4 2 8

trung diém cua BC. Vay tich r,.r, c6 gia tri 16n nhat la , dat duoc khi M la trung

diém cua BC.
Bai 4. Goi E 1a giao di€ém cua hai canh bén

E
ctua hinh thang AB va CD. Vé EH vuong \
goc v6i BC tai H va BK vudng goc véi G C
AD tai K. Qua O vé GR song song vi BK. " Q N
Giao diém cua dwong trung binh MN véi % P Q\

GR1a F. Dat A n R b
FO=x;GO=h;BK=h,;EH=h,
AD=a;BC=b(a>b)

Khi d6 ta dwoc
a-b
2
Dé dang chitng minh duwgc AOPQ > AOCB va AAOD < ACOB nén ta dugc
FO PQ RO AD
GO BC'GO BC

PQ=MN-(MP+NQ)=

x _a-b x _a-b
Cx e | 2D h, 2b h,(a-b)
Ttr d6 dan dén = —x=—2\_
h,-h, a " |h, a+b 2(a+b)
h, b |h b
h,(a=b) a—b h,.(a-b)
Khi d6 ta duoc S0, =~ FOPQ =~ :(2-b) a-b_hy(a-b)
2 2" 2(a+b) " 2 8(a+b)
Do d¢6 dé dién tich tam giac POQ 16n nhat thi ta can ¢6 h, 16n nhat. Ta ¢ h, =OG+OR
h,+h h,(a-b
Lai chiing minh dugc ABEC > AAED nén ta duoc 2;— 3 =%:>h2=3(T)

3
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Nhu vay ta can c6 EH =h, 16n nhat. Trong tam giac vuong EBC c6 BC khong d6i nén E di
dong trén ntra duong tron duong kinh BC. Do d6 EH 16n nhat khi diém E ndm chinh gitta
ntta duwong tron duong kinh AB.

biéu nay c6 nghia la tam gidc EBC vudng can.

Khi d6 BAD = CDA =45" va BK = % . Vay tam gidc POQ c6 dién tich 16n nhét Ia
(a-b)

16(a+b)’

Bai 5. Gia st d0 dai cac canh cua tam gidc ABC la BC=a;CA=b;AB=c.

Goi trung diém cua AB, BC, CA Tan luot la K, P,
Q. Do géc ACB =90° nén tt giac CPKQ 1 hinh
chit nhat. Ttr d6 suy ra PK di qua diém D va KQ c
di qua diém E. Mat khéc ta lai co

DCP = E/CTQ =45° nén cac diém D va E ndm trén H

duwong phan giac ngoai cua goc ACB.

Ta c6 DK=KP+PD:QC+CP=%(a+b) nén ta .

suy ra KE = %(a +b). Ttr d6 suy ra tam giac DKE

vuong can tai K nén ta duoc KE:KD=a+b va
a+b
DE =
J2
Lai c6 2—(];:%:\/5 va CAF = CAB+45" = EAK nén ACAF » AEAK

a+b
V2
gitta CF va EK bing géc gitta AC va AE va cling bing 45°. Ma KED = 45" nén ta duoc
CF LDE.

Tt d6 suy ra CF=KE~2 =

. Cling ttr hai tam gidc dong dang trén ta thu duoc goc

2
a+b
Ipgppolatbatb_(a+b) >ab=2S, =2
2 4

AN N
Do d6 ta duoc S_ . > 2 (dvdt), ddu bang xdy ra khi va chi khi tam giac ABC vudng can.

DEF —

bén day ta duoc S

DEF —
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Bai 6. Quay tam gidc BCM theo chiéu kim dong 0 D N A

hd quanh diém mdt géc 90°, khi d6 di€ém B
chuyén thanh diém va diém M chuyén thanh
diém Q, lai duwoc ba diém A, D, Q théng hang.
Ta can chiing minh diém M d6i xiing véi Q qua M
CN. That vay, ta c6 MB=DQ;CM =CQ. Do do6 ta E

duwoc C B
NQ=DN+DQ=DN+BM=AD-AN+AB— AM

= AD+AB-(AN+AM)=2-(2-MN)=MN
Do d6 ta dugc MQ =MN két hop v6i CM = CQ suy ra CN la duong trung tryc cua doan
thang MQ hay M, Q d&i xttng véi nhau qua NC.
Trén doan MN lay diém K sao cho NK =ND, suy ra K va D d6i xttng véi nhau qua CN.

Tt d6 ta duwgec CKM = ﬁ} =90°. Mit khac ta c6 MK = MN - NK = NQ-ND = DQ = BM
Tt d6 suy ra ABCM = AKCM, nén hai diém B va K d6i xttng véi nhau qua CM.

Do d6 ta duoc CKF = CDF = 45° va CKE = CBE = 45°

Suy ra EKF = CKF + CKE =90° nén tam giac EKF vudng tai K.

Ma ta c6 EB = EK;FD =FK nén suy ra cac doan théng BE, EF, FD la d0 dai ba canh cua
mot tam gidc vudng. Tt d6 ta duwoc EK+KF +EF =BD =EB+FD +EF = J2

Dt KF = x; KE = y khi d6 ta dwoc 25, =xy. D&y 1a 2\/xy <x+y nén 2425 <x=y

Ma ta c6 BF? =x2 472 2 2xy = /X2 +y° 2 [2xy = X2 + 72 242425
Tt d6 ta duwge x+y +4x* +y° 22\/g+\/§.\/g<:>\/§2\/g(2+\/§)<:>5£;

(2+\/§)2

1

6+4\/§'

EF, FD c6 d6 dai khong vuot qua

Tt d6 ta duwoc S < do d¢ dién tich tam c6 ba canh ¢ d6 dai twong ting béng BE,

1

6+4\/§'

Bai 7.
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e Qua A vé duong thang song song véi
B,C, cit BB,, CC, lan luot tai H va K. Theo
dinh 1i Talets ta co
AM MK KH KA HA
MD MC, B C, B C, B C,

AC AB AB, AC,

=2+ +
~ CB, BC CB, BC,

Chitng minh hoan toan tuong tw ta thu

duoc

BM BA BC, CM CA, CB
+ 2 1 1

+ +
ME  CA, AC, MF BA, AB,

AM BM CM 64 AB, AC BA BC CA CB
MD ME MF CB, BC CA AC BA AB

AB, +AC BA, BC +CA CB,
CB, BC, CA, AC BA, AB,

1

Tir d6 ta thu duwoc X =

Ma theo bat dang thitc Cauchy ta c6

o as x_AM _BM _CM
MD ME  MF

D#u biing xdy ra khi va chi khi 201 _ P, AC, BG,  BA,  CA,

CB, AB, BC, AC,’ CA, BA,

biéu nay twong duong véi AB, = ClBl ; BC,=AC,; CA, =BA, hay M la trong tam tam giac
ABC.

Vay gid tri nhd nhat cua A la 12, xdy ra khi M 1a trong tdm tam giac ABC.

e Qua A vé duong thang song song voi BC cat tia BB, tai S.

o i Tttt A7 - 4545 BC._A%, DA rCh, a0, a0, Ch

2 1

1
BQ _BC,  BC, AB, CR _CA, CA, BC,
QB, AC, AC, CB,"RC, BA, BA, AC,

Hoan toan tuong tu ta cling cd

Tt d6 ta duwoc
AP BQ CR AB, BC, CA, AB, CA, BC, AB, CA, BC,
= + + = + + + . + ) + .
PA, QB, RC, CB, AC, BA, CB, 'BA, AC, CB, BA, AC,

AB, BC CA >3, AB, BC, CA,

CB, AC BA CB, AC BA

. AB, CA, BC, AB, CA, BC, , |AB, BC, CA, CA, AB, BC,

CB, BA, AC "CB, BA "AC, CB, AC, BA, BA, CB, AC,
AB, : BE, .CAl _ Sy : Spen .SCAM =1. Twong ty ta cling cd €A, .A82 : B, .
CB, AC, BA, S, S BA, CB, AC,

Ap dung bét dang thizc Cauchy ta c6

Ma ta lai co

BCM CAM ABM
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AP  BQ CR
PA, QB, RC,

Tl d6 ta thu duoc Y = > 6. Ddu bang xay ra khi va chi khi M, N cung la

trong tam tam giac ABC. Vay gid tri nhé nhat cua Y la 6, xdy ra khi M, N cung la trong tam
tam giac ABC.

Bai 8. Trong tam gidc ABD c6 IA=1B va

MD =MB nén IM la duong trung binh, suy ra

IM:lAD.
2

Tuwong tu ta duoc
1
2
Ma theo gia thiét AD =BC ta dugc

IN = NJ = MJ = IM nén t gidc INJM la hinh

IN = BC;N]=%AD;M]=%BC

thoi.
Mit khéc ta c6 MJD = DCB va NJC = ADC . Két hop véi ADC + DCB = 90°

Tir d6 ta duoc DJM + NJC =90° nén suy ra MJN = 90"
Do d6 tix gidc INJM la hinh vudng. Do d6 ta duoc S= %.MN.I]=%MN2 .

. o 31X w 1 1, 1 1
Goi E la trung diém cua AD, khi d6 dé thdy EM = EAB = Eb va EN = ECD = Eb

Xét ba diém M, N, E ta c6 MN 2|EN -EM|= MN Z%|a—b|. Tir d6

S%B(a_b)}:w

8
D&u bang x4y ra khi va chi khi ba diém M, N, E thang hang, diéu nay tuong duong véi ti
giac ABCD la hinh thang.

Bai 9. Xét hai tam giac MAC va AEC c6 ACM chung c
va MAC = AEC nén AMAC © AAEC
Do d6 ta duoc AM = AC =AM= ACAE
AE EC EC A 5
R 0
Xét hai tam giac OMC va EDC c6 MOC = DEC va <
MCO chung nén AOMC @ AEDC E
Doc’[étadu’QCO—M:E:O :OC'ED. D
ED EC EC

THCS.TOANMATH.com TAI LIEU TOAN HOC




OM OC ED ED
OA AC AE hAE’

Chiing minh twong tu ta cling dugc —— ON__AE Tir d6 ta co

DN \2ED

Tt d6 ta duwoc

OM ON ED AE 1
AM DN \/E.AE'J—DE 2
OM ON _1(OM ON Y OM ONY (OM ONY
Ta ¢6 1 _1fOM ON) _(OM ON) .,
AM DN - 4AM DN 2 4| AM DN

Tir d6 suy ra OM O +— >+2, dau bang xdy ra khi va chi khi —
AM DN AM DN 2

diém chinh gitta cung AD.

Bai 10. a) Vé ME//By va MF//BE vdi E thudc

tia Bx, F thu(c tia By. Khi d6 cac diém M,E, F,

F ¢6 dinh nén t& giac BEMF c6 diém tich A
khong doi.

Dé thay hai tam gidc AEM va ABC dong dang

nén

S AMY  AM? AM?
SAEM =(AC) = AC? :>SAEM = AC? ‘SABC B F C y

2
CMS

CMF — I ABC
AC?

ABC

Tuwong tw ta duwoc S Do do

suy ra

S..., +S

AEM CFM

=(AM? +CM?). if:g

> (AM+MC)2 SABC _ AC2 SABC _ SABC

2 ACE 2 ACE 2

+S .. > SAZBC Do d6 ta dwoc S

S
Hay ta du’OC S AEM CFM <= ABC = ATBC"' SBEMF = SABC >25 BEMF

Vay dién tich tam giac ABC c6 gid tri nhd nhat 25 d&u bang x4y ra khi va chi M 1a

BEMF /

trung diém ctia AC, diéu nay twong dwong vdi E, F Tan luot 1a trung diém cta AB, BC.

EB M
b) Tam giac ABC c6 EM//BC nén theo dinh 1i Talets ta c6 — = Mc
AB AC
Ma ta c6 S = EB nén ta duoc Swes. = ﬁ Chiing minh teong tu ta duoc Sve. = ﬂ
MAB AB MAB AC MBC AC
Do d6 ta duoc 2 | Sver _ AMEMC o 1y gy e 12 hink binh hanh nén
MAB MBC AC
S\ n =S 1 S

MEB MBF — E BEMF
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g 1 1 2 Syap TS 2 1
| Ma S, khong ddiva S, >2S,,, nénta duoc S,,,;.S,sc = Sper
Vay tich S, ,,.S, s €O gidc tri nho nhat 1a S2,,., ddu bang xdy ra khi va chi khi M 1a trung
diém cua AC, diéu nay tuwong dwong véi E, F Ian luot la trung diém ctia AB, BC.
Bai 11. Goi P, Q Ian luwot 1a hai diém doi A
xtng v6i M qua AC, AB. Khi d6 dé dang N

chttng minh dwoc

AM=AP =AM, MN =MP va ME =MQ
Goi p la chu vi tam gidc MNE, khi d6
p=MN+NE+ME B M c
Tt d6 ta dwoc p=QE+EN+NP>PQ,

d&u bang x4y ra khi cac diém Q, E, N, F

thang hang.

Tam gidc APQ cn tai A c6 PAQ=2BAC, do d6 PQ nhoé nhat khi canh AP nho nhat, diéu
nay tuong duong véi AM nhé nhat hay AM L BC. Nhw vay dé chu vi tam giac MNE nho
nhat thi M 1a chan dwong cao ha tir A xudng BC va cac diém Q, E, N, F thang hang. Khi d6
dé dang chirng minh dwoc N, E lan lwot 1a chan duong cao ha tie B, C. Vay chu vi tam giac
MNE nho nhét khi va chi khi M, N, E 1a cac chan duong cao ha tix A, B, C lan lugt xuéng
cac canh BC, CA, AB.

Bai 12. Goi K 1a trung diém ctia BD, khi d6 ta c6 A

QK 1a duwong trung binh cta tam giac ABD va NK B

la duong trung binh ctia tam gidc BCD. Ttr do ta

duwoc Q N

QK =%AB;NK =%CD = QK +NK =%(AB+CD)

Ma ta luén co6 NQ < QK +NK do do D P C
1
N <—(AB+CD
QN < )

Hoan toan tuong tur ta duwgc MP < %(AD + BC)

Tir 46 ta dwoc MP.NQ< %(AB +CD)(AD+BC)
1

AMQ :E

Mat khac ta c6 MQ la dwong trung binh ctia tam gidc ABD nén ta dugc S S

ABD
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\ \ /4 1 A
Hoan toan tuong tw ta c6 S S.., nén ta duoc

CNP Z BCD
1 1
SAMQ + SCNP = ESABCD = SMNPQ = ESABCD

Dé thay S MP.NQ

MNPQ < ABCD <

%MP.NQ nén ta dwoc S

K&t hop cac két qua trén ta duoc S, ,, <MP.NQ< %(AB +CD)(AD+BC)
Bai 13. Ta xét cac treong hop sau

+ Trueong hop 1: Hai duong thang AB va CD song
song v6i nhau. Tt diém M ké cac dudng thang song
song voi BD va AC, cat CD Ian luot tai P va Q.

Khi dé tt giac MPDB va MACQ la c4c hinh binh
hanh.

Nén ta duwgc BD=MP va AC=MQ.
Do diém N thudc doan CD nén

MN < Max {MP; MQ/|

Do d6 ta dwoc MN < Max{AC, BD}
+ Truong hop 2: Hai duwong thang AB va CD song song véi nhau.
Gia st trong t& giac ABCD c6 A+D>180°, khi d¢ ta
duoc B+C <180°. Tir diém D ke cic duong thang song
song voi AB cit MN, AC Tan luot tai G va K. Ap dung

dinh 1i Menelaus cho tam gidc DKC véi ba diém thang

hang E, G, N ta duoc %@E =1
GD NC EK

GK ND EK GK NC
Gb'NC EC '~ GD “ND
Ma ta ¢4 AB//DK nén theo dinh 1i Talets ta dwoc
GK _MA

GD MB

Ké CQ song song vdi AB, MQ song song vdi AC, DP song song vdi AB, MP song song v&i
BD.

Tk gidc AMQC va BMPD la cac hinh binh hanh.

Suy ra AC=MQ; AM =CQ va BD =MP; BM = DP nén ta duoc CQ//AB//DP.

Tir d6 ta duoc
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GoiI la giao diém caa PQ vé6i CD, ta ¢ _CQ_MA
DI DP MB

Ttr d6 ta duoc NC > e = %, diéu nay dan dén DI >DN
ND ID MB

Goi giao diém caa MN véi PQ la F, ta duoc MN <MF.
Ma ta c6 MF < Max{MP;MQ| = Max{AC;BD}. Do d¢ ta dwgc MN <Max{AC,BD/|
Két hop hai truong hop trén ta duwoc MN < Max {AC, BD} . Bai toan dwoc chitng minh.

Bai 14. Qua A ké AD song song vdi BC véi D thudc b A

duwong tron (O). Ha DK vuong goc véi BC tai K. Khi
dé A va D d6i xttng nhau qua duong trung truee cta

doan thiang BC. o

Tt BCA > ABC +30° = 2BCA —2ABC = 60° nén ta

B K H C
duoc AOB—AOC >60°. Do d6 ta duoc v

AOB-BOD > 60° nén AOD > 60° ma tam gidc AOD
cannén AD>0OD =R.Ta c6

OH+R=0OH+0OC=0K+0C
>KC=KH+HC=AD+HC>R+HC

Do do OH>HC:>C/OT—I<(§(-ZT—I.Suyra

2CAB+2COH = BOC +2COH < BOC + 20CH < 180°

Hay ta dugc 2BAC +2COH < 180° = BAC + COH < 90°

Bai 15.

Keé duwong kinh BE cua (O). Ddt B £

p=AB+BC+CD+DA %%
A - M c
N

Hai tam gidc vuong ABE va PAD c6 ADB = AEB nén
AABE ©> APAD

Do d6 ta dwoc AB = BE = AB.AD = BE.PA =2R.PA
AP AD

Hoan toan twong tw ta dwoc ACBE 2 APCD nén ta 5
duoc BC.CD =2R.AC.

Tir d6 ta duoc

AB.AD+CB.CD =2R.(PA+PC)=2R.AC

Tt gia thiét AC L BD suy ra AE=CD;AD=CE

Do d6 ta dugc AB® +CD* = AB” + AE” = BE* =4R*; AD” + BC* = CE* + BC* =4R”
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- GoiM, N Ian luot la trung diém cua AC va BD, suy ra OM L AC; ON L BD. Tt d6 suy ra
// AC? +BD? =4AM? +4BN? = 4(R2 —OM? ) ¥ 4(R2 —ON? ) - 8R> —(OM2 +ON? ) - 8R? — OP?
DPit d=0OP.Ta cé6 AC2.BD? = 16(R2 —OM? )(R2 —ONZ) - 16(R4 ~R>42 +OM2.ON2)

Tt p=AB+BC+CD+DA ta duoc

p* =(AB+BC+CD+DA) = AB* + BC? + CD* + DA* +2(AB.AD + BC.CD)
+2(AB.BC+AD.CD)+2(AB.CD+AD.BC)

=8R*+2AC.BD + 4R\/8R2 —4d*+2AC.BD

Thay AC.BD =4+R*-R2.d* + OM*.ON? ta duoc

p? =8R?+8YR' —R*.d? + OM?.ON? + 4Ry/8R? —4d? + 4/R* —R”.d? + OM?.ON?

Nhu vay p? > 8R? +8JR' —R%.d? + 4Ry8R? —4d? + 4/R* —R*.d* :16(R2 +RYR? —dz)

Nén ta duoc p> \/ R? +RyR? —d* , d&u bang xay ra khi va chi khi OM.ON =0 tuong
dwong véi AC hoac BD la duong kinh ctia duong tron (O)

Vay t& giac ABCD c6 chu vi nhé nhat khi va chi khi AC hodc BD la duong kinh ctia duong
tron (O).

Bai 16. Ha AH vuong goc véi BC tai H, khi do H

khac B va C. A
Cac duong tron (Ol) va (Oz) lan luot ngoai ti€p

cac tam giac ABH, ACH c6 duong kinh la AB, AC.

Do d6 tdng cac ban kinh ctia hai dudng tron (O, ) \ 4

va (0,) Ia —AB;AC
Goi R;;R, ITan lwot la ban kinh cac duwong tron
ngoai ti€p cac tam giac AMB va AMC.
+ Xét duong hop M va H trung nhau, khi d6 dwong tron ngoai ti€p AMB va AMC Jan luot
1a (0,) va (0,)
AB+AC
2
+ Xét di®m M nam ngoai cac duong thang AB, AC va M khac H. Khi d6 hai duong tron
(Ol) va (Oz) cat nhau tai A va H nén diém M khong thudc duong tron (Ol) hodc khong

Do d6 ta duoc R, +R, =

thudc duong tron (O2 )
Gia st M khong thudc duong tron (O, ), ta duoc AMB # 90°
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~ Do AMB #90°nén AB 1a mot day cung khac duong kinh ctia dwong tron ngoai tiép tam

giac AMB.
AB A
Tte d6 suy ra AB<2R, =R, > Twong tu ta cling cé R, ZTC. Do dé

AB+AC
>—".

R, +R

1 2

, . AB+A N1k . C oy X .
Két hop lai ta duoc R, +R, = %C Dau bang xay ra khi va chi khi M va H trung nhau.
Vay tong ban kinh cac duong tron ngoai ti€p hai tam giac MAB va MAC nhan gid trji bé

. AB+AC
a—

nhat 1 . Gia tri nay dat duwoc khi va chi khi M 1a chan dwong cao ha tir A xudng

AB.
Bai 17. Trudc hét ta phat biéu khong chitng minh nhén xét: Hai tam gidc ABC va MNP ¢6

AB = MN; AC = MP khi d6 CB> NP khi va chi khi BAC > NMP.

+Ta chtng minh a>b< m_ <m,.

That vay, gia sec AM, BN, CP la ba duong trung
tuyén cta tam gidc ABC ting voi dinh A, B, C
va G la trong tam tam giac ABC.

Hai tam giac APC va BPC ¢6 chung canh CP va
AP =BP.

Hai tam giac APG va BPG c6 chung canh PG va

AP = BP nén theo nhan xét trén ta cé

a>b<:>BC>AC<:>]§°E>IZP\C
<:>B/P\G>PGD\G<:>BG>AGC>BN>AM

Hay ta dwoc a>b < m_ <m,

+Ta chimg minh a>b <1 <1,

That vay, goi AD va BE la cac duong phan giac ctia tam giac ABC. Dung hinh binh hanh
ADKE.

Giésfra>b,khic’[étaduchg>f3haytac’[u’ocﬁK\Ez[ﬁzgzgzﬁl\D
Theo tinh chat duong phan gidc ta c6 %:E:BD: BD___c = BD=—o
DC b BC BD+DC b+c b+c
Hoan toan tuwong tu ta duoc AE = be
a+c

o —

Do a>b, nén ta duoc BD > AE=KD suy ra DKB > DBK

—_—

T d6 ta dwoc KEB = DKE + DKB > EBK + DBK = EBK
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- Suyra BE>EK=AD hay 1 <1,.Vaytaduwoca>b=1 <I,

y Dé thdy a=b <1 =1,.Do dénéu 1. <1, thi bing phwong phap phan ching ta chimng
minh duoc a>b. Tt ddsuy ra a>b <1 <1, . Vay bai todn dugc chitng minh.

Bai 18. Gia sit bon diém phan biét d61a A, B, C, D. A B c
Khi d6 c6 cac treong hop sau

+ Truong hop 1: Trong bon diém A, B, C, D ¢ ba \V
diém thang hang. Khong mat tinh téng quat ta gia st
ba diém do6 12 A, B, C va B nam giita A, C. Khi d6
M2 AC=AB+BC22m >+2m

Do d6 ta duwoc M > \/Em

+ Truong hop 2: Trong bon diém A, B, C, D khdng c6 ba diém nao thang hang. Khi d6 ta
6 hai kha nang nhu sau:

- Trong bon diém A, B, C, D c6 mét diém nam A
trong tam giac tao bdi ba dinh con lai. Chang han

tam giac ABC chtta diém D. Khi d6 trong ba goc

ﬁ; B/[f; CDA ton tai mot géc khong 16n hon

120°. Khong mét tinh tdng quat ta co thé gia st

ADB>120° > 90"
Khi d6 ta cé
M? > AB? > AD? + BD? >2m* = M >+2m
- Bon diém A, B, C, D tao thanh mot té giac 164, chéng han t& giac ABCD, khong mat tinh
tong quat ta gia st trong t giac ABCD thi goc A 16n nhat, suyra A>90° va A =90° khi
t giac ABCD la hinh chi® nhat
Khi d6 ta cé C
M? > BD? > AB? + AD? > 2m* = M >+2m
D&u bang xy ra khi va chi khi

{BDZ = AB +AD” _ {K = 90"

AB=AD=m AB=AD

Hay hinh chtt nhat ABCD ¢6 AB = AD twong duong

voi ABCD la hinh vuong.

Nguoc lai khi ABCD la hinh vuéng thi M =BD = J2AB =+2m

Vay ta duoc M >+/2m , ddu bing x4y ra khi va chi khi ABCD 1a hinh vuéng.
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Bai 19.
a) Diém O khong thé thudc ca ba canh cta tam
gidc ABC. Chang han O khéng thudc canh BC.
Khi d6 ta cé

OA+OB2>AB
OB+0OC>BC
OC+0OA>AC

= 2(OA+0OB+0C)> AB+BC+CA =2p

Tt d6 suy ra OA+OB+OC > p
biém O khong thé it nhat hai dinh cuia tam giac
ABC, gia st O = A; O« B khi d6 ta duoc

OA +OB<CA+CB
OB+OC<AB+AC =2(OA+0B+0C)<2(AB+BC+CA)=4p
OC+OA <BC+BA

Tt d6 ta dugc OA+OB+OC < 2p. Két hop lai ta duwgc p<OA+OB+OC <2p
b) Qua diém O ké duong thang MN song song véi BC véi M thudc AB va N thudc AC,
duong thr?mg PQ song song véi CA v6i P thudc BC va Q thudc AB, duong théng RS song
song voi AB véi R thudoe AC va S thudc BC. Khi d6 dé dang chiing minh duoc cac tam giac
ABC, QMO, OSP, RON d6ng dang véi nhau.
Ma ta c6 AB>BC 2> CA nén ta duoc QM >MO > 0Q;OS > SP > PO; RO > ON > NR
Ta co OA<OQ+QA <MQ+QA;OB<0OS+SB<MB+SB;0OC<OP+PC<SP+PC
Cong thaeo vé& cac bat dang thiic trén ta dugc
OA +0B+0C =(MQ+QA +MB)+(SN+SP+PC) = AB+BC

Do do ta duwoc OA+OB+0OC < AB+BC

OA'<Max(OS;OP)=0S = MB
c) Ta c6 | OB' <Max(OR;ON)=0OR = AQ

OC' <Max(OM;0Q)=0M <QM

Tir d6 ta duwgoc OA'+OB'+OC'< AQ+QM +MB = AB.
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~ Bai 20. Gia st tam gidc A’'BC cAn tai A’ va BA'C=a.

Xét tam giac ABC khéong can tai A c6 BAC =« . Khong D
mat tinh tong quat ta c6 thé gia sit diém A va diém A’ ‘
E

nam cling phia so v6i BC, khi d6 diém A nam trén /\\‘V
duong tron ngoai ti€p tam giac A’BC. C
Vé duong tron (A”) co ban kinh A'B=A'C=R, dung B\_/
duwong kinh BD ctia dwong tron (A).

Khi d6 d thay I?IJ\C:%BA'C:%a.

Trén tia d6i cta tia AB 1dy diém E sao cho AE=AC
Khi @6 ta dwoc B/E\C=KC\E=%]§&E=%05=B/I-)E

Tt d6 suy ra diém E thudc duwong tron (A’). Vi hai diém A va A’ phan biét nén BE 1la mét
day cung khac dwong kinh cua dwong tron (A).

Ttr d6 ta dwoc AB+AC=AB+AE=BE<BD<A'B+A'C.

Do d6 chu vi tam gidc ABC bé hon chu vi tam giac A’BC.

Vay trung cac tam gidc chung hai dinh B, C va géc 6 dinh thit ba la o thi tam giac can tai
dinh thtt ba c6 chu vi 1én nhat.

Bai 21. Ban doc tuw vé hinh

Ta xét cac treong hop sau:

+ Truong hop 1: Tam gidc ABC vudng hoéc ti1, chang han tam giac ABC c6 BAC>90°.
Khi d6 xét duong tron duong kinh BC. Goi O la trung diém cuia BC, thi O la tam cta

duong tron (O; %}
X 13 . . BC AP N BC . iy
Dé dang chitng minh dugc AO < - Do d6 duong tron O;T chtta tam giac ABC.

Mat khac néu duong tron (O';R ') khac chita tam gidac ABC, khi d6 ta duoc BC <2R' hay

R'>E

Vay trong cac duong tron chira tam giac ABC vuong hodc tu thi dwong tron 1ay canh 16n
nhat ctia tam gidc lam duong kinh la duong tron c6 ban kinh bé nhat.

+ Truong hop tam giac ABC nhon. Gia st duong tron (O; R) ngoai ti€p tam giac ABC.
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" Do tam giac ABC nhon nén diém O nam trong tam gidc ABC. Goi cac tia ddi ctia tia OA,
OB, OC Tan Iugt 1a Ox, Oy, Oz. Khi d6 ba géc xOy; yOz; zOx phii kin mat phing chira
tam giac ABC.

Gia st duwong tron (O'; R ') chtta tam gidc ABC, khi do

- Néu hai diém O va O’ trung nhau thi R=0A=0"A<R'

- Néu hai diém O va O’ khong trung nhau, khi d6 diém O’ thudc mién trong ctia mot trong
ba g6c. Khong mat tinh tong quat ta gia st O’ nam trong gdc X/O\y, khi d6 tam giac O’AB
chtta tam giac OAB(nhung khong trung vdi no). Ttr d6 ta dwoc
O'A+0O'B>0A+0B=2R, suy ra mdt trong hai doan O’A, O’'B 16n hon R, ching han
O'A>R=R'20'A>R

Vay trong cac duong tron chira tam giac nhon ABC thi dwong tron ngoai ti€p tam giac
ABC c6 ban kinh bé nhat.

Bai 22. Dung tam gidc déu AMN sao cho géc A

MAN clng chiéu véi goc BAC (tinh theo chiéu

kim dong ho). Khi d6 ta c6 BAM = CAN nén
ABAM = ACAN = BM =NC

Tir d6 ta duoc B <
MA = MN < MC+NC = MC +MB, M
Do d6 MA <MB+MC, ddu bang xay ra khi va
chi khi MN =MC+NC < diém C thudc doan
thdng MN hay M trting véi B hodc C, hodc C

nam gitta M va N.

+Né&u C nam gitta M va N thi ta dugc MAC < MAN = BAC, suy ra di€m M nam trong goc
BAC

Lai c6 AMC = ABC = 60" nén M thudc cung BC khong chita diém A ctua dwong tron ngoai
tiép tam giac ABC.

Nguoc lai néu M thudc cung BC khong chira A cua duong tron ngoai ti€p tam giac ABC

thi géc MAC ciing chiéu véi géc MAN va AMC =60° = AMN nén tia MC triing véi tia
MN va C ndm gifta hai diém M va N.

+ Néu diém M trung véi B hoac C, khi d6 ta luén c6 MA = MB+MC

Vay véi moi diém M ta ludén c6 MA <MB+MC, d4u bang xdy ra khi va chi khi M thuoc
cung BC khong chita diém A cta duong tron ngoai ti€p tam giac ABC.
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Bai 23. a) Gia st AB=BC=CA =a vdi a=+/3R. A
Néu diém M trung v6i moét trong ba dinh ctia tam giac

ABC thi hién nhién ta c6 MA + MB+MC =2a

Gia sit M khong trung véi cac diém A, B, C va M thudc -0

cung nho BC.

Khi d6 cac cung ABM; ACM déu c6 s do 16n hon 120°

nén cung nho AM c6 s8 do 16n hon 120°.

Ma céc cung 16n AB; AC ¢6 s do bang 120°. D
Tt d6 ta duwoc MA > AB=a. Goaira ta co

MC+MC>BC=a
Suy ra MA+MB+MC > 2a.

Truong hop diém M thudc cac cung nho ;‘33; AE, chiing minh teong tw ta duoc

MA +MB+MC > 2a.

Vay MA +MB+MC dat gia tri bé nhat bang 2a khi va chi khi M tring véi mot trong ba
diém A, B, C.

b) Gia st M thudc cung nho BC. Khi d6 lay diém N trén doan AM sao cho BM =MN. Tt
do ta chiing minh dugc AABN = ACBM nén CM = AN. Tt d6 ta duogc
AM=AN+MN=BM+CM.

Tt &6 ta dwoc MA +MB+MC = 2MA < 4R . Dau bang xay ra khi AM la duong kinh ctia

duong tron (O,' R) hay M la diém chinh gitta cung nho BC.

Truong hop diém M thudc cac cng nho XB; :‘E, chttng minh tuong tu ta duoc
MA+M+MC<4R.

Vay MA +MB+MC dat gié tri 16n nhat bang 4R khi va chi khi M 1a diém chinh gitta mot
trong ba cung nho ;‘:]g; ]/3?3,6& .

Bai 24. Vé tam giac déu AOD cung chiéu véi tam
giac déu ABC (tinh theo chiéu nguwgc kim dong
ho).

Vi BAC = OAD = 60° va hai goc BAC; OAD

cung chiéu nén OAB=DAC. Ngoai ra ta cd
DA =0OA=0D=R va CA =BA nén ta duoc
ADAC = AOAB. Ttr d6 ta dugc DC=0OB=R".
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~ Matacé OC+DC>0C=DC-0D , do d$ ta suy

ra duwgc R+R'>OC>R'-R. Ta can dung duoc

céc tam gidc AB,C, va AB,C, vdi B;B, €(O;R’)

sao cho OC, =R+R"; OC, =R'-R

Dung tam giac déu AOD, suy ra diém D thudc duong tron (O;R)

+Kéo dai OD mot doan DC, =R'. Dung tam gidc déu AB,C, cung chiéu véi tam gidc déu
AOD.

Khi d6 ta duoc AAOB, = AADC, nén ta duoc OC, =DC, =R' nén B, €(O;R")

M3t khac ta c6 OC, =OD+DC, =R +R". Vay OC c6 gid tri 16n nhat bang R+R".

+ Kéo dai OD mot doan OC, =R'-R thi ta dugc DC, =OD+0OC, =R’

Dung tam gidc AB,C, cung chiéu véi AOD. Khi d6 dé thdy AAOB, = AADC,

Nén OB, =DC, =R'= B, €(O;R"). Mit khac OC, =R'-R nén OC dat gia tri bé nhat la
R'-R

Bai 25. Goi I 1a tam duong tron néi tiép tam
giac ABC va hinh chiéu ctia I trén AB, AC lan
luwgt1a D, E. Goi O 1a trong diém cua IP vaM, N
[an lwot 1a hinh chiéu ctia O trén AB, AC.

Khi d6 ta duoc M, N lan lwot 1a trung di€m cta
DX va EY.

Tt gia thiét CA+BC=XA+XB va

AB+AY =BC+CY ta duoc

AX = AB+B2C—CA; AY = BC+CA-AB

AB+AC-BC
> .

Tt d6 suy ra BD=AB-AD=AB-

Tt d6 suy ra AD=AE =

CA+AB-BC AB+BC-CA

=AX.

Do M 1a trung di€ém ctia XD nén M la trung diém cua AB. Hoan toan twong tu ta cling
duoc N la trung diém cua AC. Nhu vay O la tam duwong tron ngoai ti€p tam giac ABC. Do
BAC < 60°nén ta duoc O va A ndm cung mot phia so véi BC. Tte do BOC=2BAC.Dolla
tam duong tron noi ti€p tam giac ABC nén ta c6

BIC = 180" - (IBC~ICB) =180" —%(Zﬁ}@) - 180" —%(1800 ~BAC|=90" +%ﬁj

Mit khéc tir BAC <60° nén ta c6 21;1‘23<900+%B/A?? suy ra BOC < BIC
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Do d6 I ndm trong duong tron ngoai tiép tam giac can BOC vi O va I nam cting phia so véi
BC. Tuy nhiém do diém O la trung diém ctia PI, nén P phai ndm ngoai duong tron ngoai
ti€p tam giac OBC.

Tir d6 ta duge BPC < BOC =2BAC =120". Vay ta c6 diéu phai chting minh.

Bai 26. Tt A vé doan thing song song véi BC
cat vong tron tai D, vay ADBC 1a hinh thang can c6
hai goc day bang nhau C=ABC+ABD. Theo gia
thiét C > ABC+30°nén ta duoc

ABC+ABD > ABC+30° suy a ABD > 30°

- Do d6 ta duoc AOD>60° nén ta duoc
AD >R la ban kinh dwong tron (O). Goi I, ] Ian luot
la trung di€ém cta AD va BC, khi d6 ta cd

a=p>X
2

- Trong mot tam gidc vuong duong huyén dai hon mdi canh nén ta duoc
op >IP2% (1).

- Cling vay, trong tam gidc vuong OJC ta ¢ JC<OC nén JC<R.
n R .. R R Attt 1 ¢ .
- Neéu JP > > thi ta duoc JC-JP < By nén PC< by (2). Kéo dai ban kinh CO cat duong

tron tai E.

- T (1) va (2) suy ra OP > PC nén ta duoc PCO > COP, suy ra BAE > COP.
- Vay néu CAB+BAE =90° thi ta dwoc CAB+COP <90°.

- Bai 27. Ban doc tur vé hinh

- Ap dung bét dang thiic Ptoleme cho ti gidc ACDE ta duoc

DE.AC+DC.AE>DA.CE.
- Ma ta c6 DE =DC nén ta dwoc DE.(AC +AE) >DA.CE. Suyra DE > CE
DA AC+AE
, FA EA . BC CA
- Tuwong tutacO —2———va —2———
FC CE+CA BE EA+EC
. Cong cac bat dang thirc trén ta dwoc
BC DE FA CE EA CA
f— =2 + +
BE DA FC AC+AE CE+CA EA+EC
- Ma theo b4t dang thitc Nesbitt ta thu dwoc CE + EA + CA > 3
AC+AE CE+CA EA+EC 2
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4 Dé c6 dau bang ta phai c6 dau bang & ba bat dang thitc Ptoleme va & bat
dang thitc Nesbitz. D4u bang & bat dang thitc Nesbitz xay ra khi tam gidc ACE déu, nhu
the CAE =60°. Vi ACDE la ttr gidc ndi tiép nén géc D =120°. Do d6 cac tam gidc ABC,
CDE, EFA phai bang nhau (Tam giac ABC can, vi vay cac goc ctia n6 bang 30°, 120°, 30°
va canh AC la canh cua tam giac déu). Nhu thé luc giac co tat ca cac canh déu béng nhau
va tat ca cac gbc bang 120°. Vay né la luc giac déu. Ngueoc lai, hién nhién 1a véi luc giac
déu, ta c6 ddu bang xay ra.

Bai 28. Ban doc tuw vé hinh

Vé duodng tron ngoai tiép tam gidc BGC. N&i dai trung tuyén AL cit dwong tron nay tai K.
Goi M, N la trung diém cac canh AC, AB twong tng.

- Ap dung dinh ly ham s& sin cho tam gidc BGL, ta c6 BE\ 1

sinBLG sin B/GT< '

- Twong tw, ap dung dinh ly ham s6 sin cho CGL, ta ¢ CE\ __CL

sinCLG sinCGK

- Nhung L 1a trung diém ctia BC va sin BLG = sin CLG nén ta duoc BG _ smC/Gi( .
sin BGK

- Ta cé BK =2R.sin BGK, trong d6 R la ban kinh dwong tron ngoai ti€p.

- Tuong te CK =2R.sin @(, do do ta suy ra % = E nén ta dwoc E = E .
BK CG CK BK

AG _sinBGN _sinBGN
sin AGN  sinCGN
- Vi BGCK la t¢ giac noi ti€p nén BKC = BGN suy ra BC =2R.sinBKC = 2R.sinBGN

- Twong tu ta co

BC sinB/Gl\\I _AG

- Tt d6 ta duoc , tr do ta duwoc

sinC/GT<
BG _AS . BC.CK:BK = AG:BG:CG.
CK  BC

- Bay gio 4p dung bat dang thizc Ptoleme cho tt gidc PBKC ta duoc
PK.BC <BP.CK+CP.BK.

- Tt d6 ta co PK. AG<BP.BG+CP.CG. Suy ra
(AP+PK)AG < AP.AG+BP.BG+CP.CG

- Hay AK.AG < AP.AG +BP.BG + CP.CG . Dau bang xay ra khi P nam trén duwong
tron gitra C va B, dong thoi P nam trén AK. Do d6 gid tri nay dat dugc khi P trung voi G.
Khi d6 ta tinh duoc

(a2 +b% + cz)

3

- AP.AG+BP.BG+CP.CG=AG*+BG*+CG?* =
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Bai 29. Goi h_,h,_,h_TIan luot la duwong cao cuia tam giac ABCkétir A, B,Cva S,,S,,S,,S

lan luot 1a dién tich tam gidc MBC,MCA,MAB, ABC. Khi d6 ta c6

51+52+53:5@i+i+§:1®i+l+£:1
s's h h, h
<:>(ha+hb+hc)=(ha+hb+hc)[hia+hlb+hicj2(\/;+\/§+\/;)z

c>\/;+\/§+\/;§./ha +h, +h_ <:>\/;+\/§+\/;£x/bsinC+csinA+asinB

b’+c® a’+c® a’+b’
B /bc+ca+ab< R R L
2R B 2R 2R

Dau bing xay ra << x - y T e {X :Z —7 hay M la trong tam tam gidc déu ABC
a c

p—a)2_2(p—a)2_ Z(p—a)2 _bc(p—a)

Bai 30. Ta c6 IA:p—_zzﬂAZ:(

A 1+cosA | bP+c’-a’ p
cos — cos’ — 1.2 ¢ ~a
2 2 2bc
be(p- b b(p-—
Vay ta duoc 1A? =M. Tuwong ty ta dugc 1B :M; e =2 (p )
p p p
2 bc(p-a
Do d6 suy ra LA; = (lj )=abc(£3+%_i2j
a a’p 2pla’ a’ a

Twong tw ciin, cég—& i+i—i va E—@ i+£_l
g < g b2 2p bS b3 b2 C2 2p C3 CS C2

. IA> IB®> IC* abc|({a b ¢ a b ¢ 1 1 1
Neén ta duwoc T = +—+ = —t—t— || ==+ || =+t —=+—
a> b* & 2pllcd a® b)) (b I a’) (a® b &
Theo bat dang thirc Cauchy ta co
i+i+l>i-£+£+i>i-i+i+i i
¢ & at la’ a® bt a?’p b b
, a b c¢c_1 1 1 - b c_1 1 1
Do d6 suy ra c_3+a_3+§2a_2 §+C—2.Tuongtu’tacungduoc §+?+a_32a_2+?+c_2
Do do suyra:Tzﬁ i2+i2+l2 <:>T2L E+2+é
2pla® b" c 2pla b ¢
Theo bat déng thirc Cauchy ta ¢ E+g >2c; 3+ﬂ >2a; £+E >2b
a b b ¢ c a
Suyram+g+£2a+b+c=2p
a b c

Tl d6 ta dugc T>1,dang thitc xay ra khi a =b =c hay tam gidc ABC déu
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- Bai 31. Ta ¢c6 PBA+PCA +PBC+PCB = ABC+ ACB c
. Dya vao gia thiét ta tinh duoc
i P/B\C+P/CTS=%(XB\C+XC\B):%(1802—B/A\C):9O°——3

Z

- Tt d6 suy ra AvB

BPC = 180" —(P/B\C+P/C\B) =180°—(90°—%1§A\Cj -
0, 157
=90" +=BAC
2

- Mitkhéc ta lai c6 BIC =180° —%(ﬁh@):%%%ﬁ:.
- Do d6 ta dwoc BPC = BIC. Piéu nay dan dén B, C, I, P ndm trén mot dwong tron.
Puong tron d6 chinh la duong tron ngoai ti€p cta tam gidac BCI ma tam 1a diém M & chinh
gitta cung BC. Biém M ciing chinh 1a giao diém cua phan giac Al v4i duwong tron ngoai

ti€p tam giac ABC.
- Tt tam gidc APM ta c6 AP+PM > AM = Al+IM = AI+PM. Do d6 ta duoc AP > Al

- Déc biét AP = Alkhi va chi khi P nam trén doan thang Al, tic dang thitc xay ra khi
va chi khi hai diém P va I trung nhau.

Bai 32. Dé thdy NP,PM,MN la phan gidc ngoai ctia cc goc A,B,C.

Suy ra tam gidc MNP nhon véi cac duong cao MA,NB, PC.

Goi J la tam dwong tron ngoai ti€p tam giac MNP, khi d6 ta dwoc

S

M

v = %(BC.JM +CAJN+ABJP)=pR

0 day R la duwong kinh dwong tron ngoai tiép tam giac MNP. Goi r la ban kinh dwong

tron noi tiép tam giac MNP. Ta chttng minh dwgc R > 2r.

Tt d6 ta dwoc %r(MN +PN+PM) = pR > 2pr

Suy ra MN + NP +PM > 4p. Dang thtic xay ra khi va chi khi tam giac MNP déu hay tam
giac ABC déu

, iy T lore
Bai 33. Goi I la tam duong tron noi ti€p tam giac PKL. Ta c6 ILK = EPLK (1)

Va PLK = LAC + LCA = 2LAC. Ma LAC = ABC = PLK = 2ABC (2)
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T d6 ta duoc ILK = ABC. Tuong tu ta co IKL = ACB. Suy ra AILK > AABCnén

2
S e :(g)
SAABC BC

Goih, 1, S, p lan luot la d6 dai dwong cao ké tir dinh P, ban kinh duong tron noi tiép, dién

tich, ntta chu vi ctia tam giac PKL, khi do ta c6

2S
S X1 2 .
&:h:&:_pzﬁzspm :E-Sm . Ttr @6 ta duoc Sark =2.BPKL
S, T S KL KL KL e BC
p

M3t khéc ta lai c6 2.KL < KL +KP +PL = 2p = 2.BP = 2KL.BP < 2.BP2.
Do BPC >90°nén ta duoc PB® +PC> < BC? hay 2.PB> < BC2. Suy ra 2.BPKL < BC?

14 A A S
Ttr cac diéu trén ta duoc XL <1< S

ABC

ke, < Saape - Vay ta co diéu phai chitng minh.

A A AN A A

Khi d6 ta duwoc A+B+C+D+E+F=720°

Ké cac duong chéo AC, AD, AE ctia luc giac. Khi B
d6 dp dung dinh li vé tong ba goc ctia mot tam giac

ta tinh dwoc A+B+C+D+E+F=720

Dé dang chiing minh dwoc trong cac cip goc A; B, K

C; D, E; F ludn ton tai mot cdp goc khon 16n hon
240° (nhung 16n hon 180°) va ton tai mot cdp gdc
khong nhé hon 240°. F
a) Gia str ta c6 FAB+ ABC < 240", ta sé& chitng minh
duong chéo CF<2. That vay, dung hinh thoi
ABKEF, ta c6
KBC = ABC - (180" ~FAB| = FAB + ABC| ~180" < 240’ 180" = 60’
Tt d6 do tam giac KBC can nén ta dugc KC<BC=1
Suyra CF<KC+KF<1+1=2
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b) Gia st FAB+ ABC > 240°, ta s& chiing minh )
dwong chéo CF > J3.
That vay, kéo dai FA va BC cit nhau tai J. A B

Dit AJ=a; B]=b; AJB=a

Khi d6 tir FAB+ABC > 240°suy ra a > 60° va

1
cosa <—

Trong tam gidc AJB c6 1= AB* =a’ +b* —2abcosa
That vay, khi BH <BJ thi ta co
AB? = AH? + BH® = AH? - (b—IH)’ = AH® +b* + JH? - 2bJH =a’ + b’ —2ab.cosa
Xét truong hop BH > BJ, lap luén tuong tw ta cling dwgc AB® =a’ +b® —2abcosa .
Trong tam giac FJC co
CF? = JF* +]C? ~2JF.JC.cosar =(a+1) +(b+1) ~2(a+1)(b+1)cosa
= (a2 +b? —2abc0sa)+2(a+b+1)—2(a+b+c)cosa
>3+2a+2b—(a+b+1)=a+b+2>AB+2=3

Twr d6 ta duoc CF > \/5 . Vay bai toan dwgc chitng minh.
Bai 35. V6i ki hiéu nhu hinh bén ta cb
AK=p-a;AH=p, trong d6 2p=a+b+c
Ta c6 AAKI © AAHQ nén ta duoc

r IK AK p-a rp

—= = = =1 =——
rr HQ AH p ‘ p-a

Hoan toan tuong tu ta duoc r, = pp—rb; I = pp_rc
Xét hiéu Tzﬁ—(a—3+b—3+ij ta duoc
T r, I, I
T:@_[&b_ﬁij:abc_a3(P-a)_b3(P—b)_c"’(p—c)
r L R o r rp rp p
= Pabe=a’(p=a)=b’(p-b)~c'(p—c]]

Ta can chitng minh T >0 <> pabc—a’(p—a)-b’(p-b)-c’(p-c)>0.
That vay, vi vai tro cta a, b, ¢ nhuw nhau nén khong mat tinh tong quat ta giast a>b>c.

Dit P:2[pabc—a3 (p-a)-b’ (p—b)—c3(p—c)]
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Khi d6 ta co
P=(a+b+c)abc—a’(b+c-a)-b’(c+a-b)-c’(a+b-c)
=a’bc+b’ca+c’ab-a’b- a( a)-b’c-b’(a- b) Csa—c3(b—c)
=a’b(c-a)-a’(c-a)+b’c(a-b)-b’(a-b)+ca(b-c)-c’(b-c)
=a’(c-a)(b-a)+b’(a—b)(c—b)+c*(b-c)(
:(c—b)(b—a)(a2—b2)+b2(a—b)2+c2(b—c (a-c)

Dé thdy véi a>b>c thi P>0 nén T>0

a—c)

abc _a’ b’ ¢
Tt &6 suy ra — > ——+—+—, d4u bang x4y ra khi va chi khi tam giac ABC déu.
r o or, 1, oI
Bai 36. bat BC=a; AD=b.QuaM B c

ké duong thang song song v6i AD

cat CQ tai E va cit DK tai F. Ta c6 tw

gidc ADMF la hinh binh hanh va t¢

gidc BCME ciing la hinh binh hanh. P

Do do ta dwoc J A D

DJ =2ME =2a; CK=2MF=2b

D€ diém N nam trong tam giac

AMB thi N phai thu¢c doan PH va

N thuoc doan 1Q.
Hay ta can co bp <1< DH va €Q <1< cl
DN DN CN CN
DN DJ DP _DP DN _1 2a _a+b
0 — =——néntasuyra
NK CK DN DK DK 4 2a+2b 4a

Tir d6 ta duoc DP <1 khi va chi khi a> h Lai c6
DN 3

DH DH DN b 2a _ b(a+b)
DN DK DK 3b-a 2a+2b a(3b-a)

DH “ s .
To d6 ta dwoc DN >1 khi va chi khi ab+b* >3ab-a” <> a”* +b’*—ab >0, diéu nay hién
nhién duang.

Vay dé br <1< DH thitacancé a> b . Hoan toan twong tu thi d€ «Q <1< A ta can
DN 3 CN CN

DN

6 bx2.
3

Nhu vay diém N nam trong tam giac AMB khi va chi khi % < % <3 hay % < D <3
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Bai 37. Dat BC=a;AC=b; AB=c. Ké MH, MI,
MK Tan luot vudng goc voi BC, CA, AB tai H, [,
K. Ké FP, FQ lan luot vudng gdéc voi BC, CA tai
P va Q. Poan théng EP cit MH tai N. Theo dinh

MN EM MI

li Talets ta co = =
FP EF FQ

Vi CF la duong phan gidc ctia goc ACB nén ta B
duwoc FP =FQ nén suy ra MN =MI. T

Tt E ké duwong vuodng géc xudng BC va BA,
chitng minh hoan toan twong tu ta duoc

NH = MK

Tt d6 ta dwoc MI+MK =MN +NH =MH

Ap dung bét dang thic Bunhiacopxki ta duoc

28, +4/25. =B MI+VeMK < /(b+c)(MI+MK) = (b+c)MH
:\/(b+c)M?'a :\/b:c.\/a

T d6 ta duoc \/54_\/53 b+c hay \/g"'\/gg AC+AB
IR a 5,V BC
MI b

Déng thtec xdy ra khi va chi khi ——=— < MLc=MK.b.
MK ¢

Lay diém M’ d6i xting véi M qua duong phan giac AD. Ké M'T" va M'K’ Jam lwot vudng
gbocvoi AB, AC tai I’ va K'. Khi d6 ta duwgc M'I'=MI; M'K'=MK.

1 1 1 1

Syps =—M'T'.c==MLc==MKb=-M'K'b=5,, .
2 2 2 2

Tt d6 ta dwoc “™mas —

Suy ra M’ nam trén duong trung tuyén xuat phat tit dinh A ctia tam gidc ABC.
Vay dang thiic xay ra khi M 1a giao diém ctia EF véi Ax, trong d6 Ax 1a duwong d6i xting
v6i duong trung tuyén ha tit A qua tia phan giac AD.
Bai38.Dit A A, =a; A A, =b; A A, =c.
Do A A, A A, A A A, lathat gidc déu nén trong t giac A, A A A, ta cd
AA,=AA =a;AA =AA =b;AA, =AA_=c
Ap dung dinh li Ptoleme cho tit gidc A|A A, A, noi ti€p ta cd
AAAA =AAAA +AAAA,
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. a a
Hay tacé ab+ac=bc=—+—=1.
c

A A 2
Talaico AA,A,A, » AB B B, nén ta dwoc —/—*=——2 suyra BB, =2
BB, AA b

173 1773

B.B

2
a

Hoan twong tu ta tinh duwgc C,C, =—.
C

Moi that giac déu dong dang véi nhau nén ta dugc
S; Sc (a ’ [a ’ Sy +S¢ [a ’ (a ’
e e B e e e ol B
S, S, (b C S, b C
2 2 2 2 ) )
Dol:l a a) fa) fa)_fa,a} _2a _, 2a 4
2 2{b c b c b c bc bc

S.+S

B

béyla b #c nén ta duoc 1. € <1.Tw do6 suy ra STA<SB+SC<SA.

A
Vay bai toan dugc chitng minh.

Bai 39. Giastr S, =Min{S, ., Sy Scors Speas Sase |

Khi d6 ta co S, ;e <Spap +Spep +Sapco-

Vi Q ndm trén doan EC, ma lai cé S ape > Sape NN tadwoc S, =S ABO
Hoan toan twong tw ta dugc Sy, =S,

Ttr d6 ta duoc S, =S50 +Spco < Sase +Secp < Sase +Ssep +Sasc

fo dé Suy ra SABCDE < SABC + SABE + SAED + SECD + SBCD

Véy ta duoc SMNPQR < SAMB + SBNC + SCOD + SDQE + SAER

Bai 40. Ta xét hai treong hop sau

+ Truong hop 1: Diém M ndm trén cung BC khong chita diém A. Khi d6 tit gidc ABMC noi
ti€p duong tron.

Ap dung dinh 1i Ptoleme ta dwgoc MA.BC =MB.AC+MC.AB

Tt d6 ta dwoc MA = MB.£+ MC.ﬁ . Suy ra ta duoc
BA BC
MA +MB+MC =MB £+1 +MC ﬁ+1 = MB.ﬂH\/IC.M
BC BC BC BC
2 2
~MB.2E M 2E (MB” +MC?) AP AR
BC BC BC* BC

2 2
_ g2 AF +AE [ p AR R
BC?

MB_MC _ MB_MC
AF  AE ~ AF AE

BC BC

D&u dang thikc x4y ra khi va chi khi
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Khi d6 ta duoc AMBC > AAFE nén ta dugc MBC = AFE

+ Truong hop 2: Diém M nam trén cung BC c6 chita A. Goi M’ 1a diém d6i xting véi M qua
BC, khi d6 ta dwoc MA<M'A va MB=M'B;, MC=M'C

Khi d6 suy ra MA+MB+MC<M'A+M'B+M'C

Hoan toan trong tu nhu treong hop 1 ta chitng minh duoc M'A+M'B+M'C<EF

Tt d6 suy ra MA+MB+MC<EF.

Két luan: Vay ta luén c6 MA + MB+MC < EF . D4u dang thitc xay ra khi va chi khi diém M

nam trén cung BC khong chita diém A sao cho MBC = AFE

Bai 41. Trudc hét ta phat bi€u va chitng minh b6 dé sau: Cho tam giac ABC va mot diém

M b4t ki ndm trong tam giac, khi d6 ta ludn c6 MB+MC < AB+AC

That vay, goi giao diém ctia BM v6i AC la I khi d6 ta ¢
AB+AC=AB+AI+CI>2BI+CI=BM+IM+CI>BM+CM

Bo dé duoc chitng minh.

Goi O 1a giao diém ctia AC véi BD. Vi M nam trong

t giac ABCD nén M thudc mot trong cac tam gidc

OAB, OBC, OCD, OAD. Khong mat tinh tong quat

ta gia st diém M thudc tam giac OAB. Goi N la

giao diém cua tia OM v6i AB. Khi d6 diém M

thudc cac tam giac NAC, NBD.

MA +MC<NA +NC
MB+MD <NB+BD

Ap dung bé dé trén ta duoc {

Tir d6 ta duoc
MA+MB+MC+MD <NA+NB+NC+ND
=AB+NC+ND

Diém N nam trén doan thang AB. Goi D’ 1a diém d6i xting véi diém D qua AB. Vi hai
diém C, D ndm vé mot phia so véi AD nén D’, C’ nam vé hai phia so v6i AB. Suy ra hai
doan théng CD’ va AB cét nhau. Goil la giao diém cua CD’ véi AB. Do M thudc doan AB
nén I thudc tia NA hoac tia NB.

Tt d6 ta dwoc NC+ND < AC+AD hoac NC+ND <BC+BD

Tix d6 ta dwoe NC+ND < Max{AC+AD; BC+BD}

Suy ra MA +MB+MC+MD < Max{AB+AC+AD;BC+BD+BA}

Hay ta duwgc MA +MB+MC+MD < Max {a;b}

Tir 46 ta dwoc MA +MB+MC+MD <Max{a;b;c;d} .
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Bai 42.
Cach 1: Goi AD la duwong phan giac trong cta tam
gidc ABC va AP, A 1a duong phan giac ngoai. Khi
dotaco PR LAD.

bat AB=c;BC=a;CA=b va 2p=a+b+c.

Khong mat tinh tong quat ta c6 thé gia s AC> AB
. Khi d6 vé BE vudng goéc véi CR tai E va BE cat AC
tai F.

Tacd AB=AF va CF=AC-AF=b-c

Theo dinh 1i Pitago ta co

PR* = BE* = BC* —~CE’ > BC* ~CF* =4(p—b)(p-c)

Tir d6 ta duwoc PR 22,/(p—b)(p—c)

Hoan toan tuong tuw ta dwoc MN > 2 (p—a)(p—b); QS>2 (p—c)(p—a)

Do d6 ta duoc MN+PR+QS>2\/ p b +2\/p b c)+2\/(p—c

Ap dung bat dang thirc Cauchy
2\/ p b +2\/p b c +2\/(p—c)(p—a)26%/(p—a)(p—b)(p—c)

Theo cong thirc Heron ta c6 S = \/p (p b)(p c) ta suy ra duoc

2

(p-a)(p-b)(p—c)==

Do dé ta c6 2,/(p—a)(p—b) +2y(p~b)(p—c) +2,/(p~c)(p-a) 26i/§

Laicd S=pr nén ta duoc r = E do d6 ta duwoc
p

2(p=a)(p—b) +2{(p-b)(p~c) +2|(p—c)(p-a) 2 63/5r

Tir d6 suy ra MN +PR +QS > 63/rS . Dau bing x4y ra khi va chi khi tam gidc ABC déu
Cach 2: Vé BH va CK vuong véi duong phan gidc trong AD cua tam giac ABC.

2 2 2
Ta 6 PR= AP+ AR = BH + CK = 2240 , 2aco _ Zac
AD AD AD

Theo cong thirc vé duong phan giac ta duoc AD =

THCS.TOANMATH.com TAI LIEU TOAN HOC




Do d6 ta dwoc PR > L . Hoan toan twong ty ta dwoc
Jp(p-a)
2S

MN>——22 . QR>——=2
p(p-c) p(p-b)
8s? 8s> 88

' (p-a)p-b)p-o) plpp-a)(p-b)p-c P

2
Theo bat dang thitc Cauchy ta c6 MN + PR + QS > 3J/MN.PR.QS > 3.3I£ =63rS
p

Do d6 ta dwoc MN.PR.QS >

Vay bai todn duoc chitng minh.

Bai 43. Ap dung bat dang thitc Bunhiacopxki ta A
duwoc M
2 2
(AB*+AC?) MB_ | MC
AB® AC
2
>[ ABMB AcME) J(MBiMCY s H c
AB AC

Ma ta c6 MB+MC > BC va theo dinh li Pitago
ta duoc AB*+ AC? =BC?

MB* MC?

+

AB*  AC’
MB  MC

AB _ AC MB _ MC
AB AC AB* AC

2
biéu nay tuwong duong véi MB_ ABZ va M thudc doan BC.
MC AC

Goi H 1a hinh chiéu cua A trén BC, Khi d6 ta dwoc

MB*> MC?
+

>1
AB*  AC?

Do d6 ta duoc BCZ( jz BC? hay

D&u bang xay ra khi va chi khi va MB+MC=BC.

BH BHBC AB
CH CHBC AC*’

Tt d6 ta duwoc @ = E .Ma H, M thudc doan théng BC nén suy ra hai diém M va H
MC CH
trung nhau.

Vay dau dang thikc x4y ra khi va chi khi M 1a hinh chiéu ctia A trén BC.
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- Bai 44. Goi K 1a giao diém ctia duong tron (I) véi

| // BC(K khac B). Khi d6 ta c6 BAE = BDK = 90"

Lai co @:5-153 nén ta dwoc ABM = DBC.

Ma ta lai c6 BAM = DBC (cung phu véi ABC )-
Do d6 hai tam gidc ABM va CBD dong dang véi
nhau.

Do do ta duwoc ﬁ =— AM = AB.CD = AM.BC

BC CD
Tam giac ABC vuong tai A c6 duong cao AH nén ta co AB.AC=AH.BC
Ma ta c6 AB=2CD nén ta dwoc AH=2AM suy ra M la trung diém cua AH.

Tt d6 suy ra MD = %HC. Cho nén ta dwgc MA+MD = %(AH+HC).

Goi S la diém thudc ntta drong tron (O) sao cho BOS =45". Tiép tuyén tai S ctia nira
duong tron (0) cat BC tai N. Khi d6 ta c6 cac treong hop sau

+Neéu diém A trung véi diém S thi ta dwgc AH+HC =CN. Khi d6 MA+MD = %CN
khong doi.

+ Né&u diém A khéc didm S thi tia NA ndm giita hai tia NS va NK. Khi d6 ta c6 ANK < 45°

T d6 ta dwoc NAH >45° nén AH<NH. Ttr d6 suy ra MA+MD < %NC

Nhu vay khi diém A trung véi diém S thi A d&€ MA +MD dat gid tri 1on nhat.
Bai 45. Vé AM la duong kinh ctia dwong trong

A
O).
Ta c6 HBA =CMA va AHB=ACM =90° nén ta
duvoc AHBA «© ACMA 0
Suy ra — Hb _ BA . Twong tu ta duoc He_cA 8 H D ¢
CM MA BM MA
Tt d6 ta duwoc HB = AB .MC . M
HC AC MB
Ta co AADB > ACDM nén suy ra —— DB _ AB
DM CM’
Twong tur ta cling c6 ——= AC . Do do ta duoc DB _ADB . MB .
DM BM DC AC MC
Nhu vay ta duwoc HB + DB = AB [ MC + MB
HC DC AC\MB MC
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Ap dung bat dang thirc Cauchy ta duoc AB[MC MB,,AB JMC MB _,AB
AC{MB MC AC\VMB MC AC

HB DB AB
+ >2

HC DC AC

Bai 46. Vé duong tron (I) ngoai tiép tam giac AMN. Goi E

. D&u bang x4y ra khi va chi khi tam giac ABC can tai A.

Vay ta duoc

la giao diém caa duong tron (I) voi AC(E khéc A).

Khi d6 CBD = CAD va CAD = EMN nén ta duoc
CBD =EMN.
Twong tu ta cling c6 CDB =ENM.

Xét hai tam giac CBD va EMN c6 CBD = EMN va

CDB = ENM nén ta duoc ACBD © AEMN . Tir d6 suy ra

2
Sen _ BD
2
S..n MN
Ta Cé SMCE — SNCE nén ta du’OC SMCE — SMCE +SNCE — SEMN
MAC SNAC MAC SMAC + SNAC SAMN

Xét hai tam giac CMA va CEN c6 CMA =CEN va MCA =ECN nén ta duoc

ACMA » ACEN
Tir d6 ta duoc Mc = AC = MCNC=ACEC. Do vay ta c6
EC NC
o S (BDY xois o
Do dé taluon co —2£-< , dau bang xay ra khi va chi khi C la trung diém ctia MN.
an V2AC
Bai 47. Xét tam giac ABC vudng tai A c6 duwong N
phan gidc AD. Vé duong thang d vudng géc véi A

AD tai A. Goi B/, C’ Ian luot 1a hinh chiéu
vuong goc cta B, C trén AD. Goi M, N lan luot

la hinh chi€u vuéng goc cta B, C trén duong

° D\/
thang d. Vé DH vudng gbc véi AB tai H, DK

vudng goc voi AC tai K. Dé thay tie gidc AHDK
la hinh vudng, do dé ta duogc

V2

DH:DKZTAD.

1

Tam gidc ABC vudng tai Anén S EAB.AC

ABC —
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1 1 1 12

+Sypc =5 ABDH+—ACDK = EDH(AB +AC)= > —AD(AB +AC)

V2

Tir d6 ta dwoc AB.AC = 7AD.(AB +AC) nén suy ra AD =

Laico S5 =S,

J2ABAC
AB+AC

1/\

Tam giac ABB’ vudng tai B" ¢ BAB' = EBAC 45° nén vudng can tai B'.

Do d¢6 ta dugc BB' = %AB . Tuong ty ta cling c6 CC'= %AC

MN _ BB +2 < *f(AB +CD). M3t khac ta lai ¢6 AB.AC%(ABMC)Z.

V2ABAC _ V2(AB+AC) 2

AB+AC = 4(AB+AC) 4

Suy ra

MN

Do d6 ta dugc ~—(AB+AC)=

Suy ra AD< @ . Dau bang xdy ra khi va chi khi AB=AC hay tam giac ABC vuong can

tai A.
Bai 48.
Dét]ﬁza;ﬁ:ﬂ;@:y.Theo c

bai ra thi trong tam gidc ABC c6 AB bé
nhat nén ACB la géc bé nhat. Tir d6 suy
ra ACB <60° hay 7 <60°. Diéu nay dan
dén hai goc con lai ¢é it nhat mot goc

khong nho hon 60°. Khong mat tinh tong

quat ta gia st a > 60°. LAy A’ d6i xting

v6i A qua BC va B’ d6i xting véi B qua

AC.

Khi d6 dé thdy A'M =AM;A'N=AN;A'B=AB

Tt d6 ta duoc A'M+MN+B'N =AM +MN +BN hay d6 dai duong gap khiic AMNB
bang d6 dai duong gap khic A’'MNB'.

Dé thdy do dai duong gdp khiic A'MNB’ 16n hon hodc bang d6 dai A'B’.

Nhu vay bai toan sé dwoc chitng minh xong néu ta chi ra dwgc A'B'>2AB.

bat AB =c khi d6 ta c6 goi K 1a giao di€m cua BB’ v6i AC thi ta duge BK = ABsina
Do d6 suy ra 2BK = 2AB.sina = BB' = 2AB.sina . Ma ta ¢6 a > 60° nén BB'>c/3.
Mait khac ta lai co
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B'BA’'=ABA'-ABB' =24 (90" ~a)=(ar+ )+ - 90’
=180° -y +B-90" =90° +(B-7)

Do >y nén ta dwoc B'BA'>90°.
2
Do d6 trong tam gidc BBA’ tacé A'B'>+A'B*+B'B* >, /¢’ +(\/§c) =2¢

Tt d6 ta suy ra dugc A'M+MN+B'N >2AB= AM+MN+BN >2AB.

Bai 49.
Ta co E
DBC = DOC = OAC + OCA =180° —2ABC ;

Tuong t ta ciing c6 DCB =180° —2ACB .
Nhu vay tam giac DBC ¢ cac goc

DBC =180° - 2ABC va DCB =180° -2ACB
Ap dung twong tu cho cac tam gidc AEC va
ABF. D
Khi d6 ta suy ra duogc
ABDC @ AABF «> AEAC.
bat BC=x; DC=y; DB=z.
s BF_AF_AB  EC_AC_EA

X 'y z X 'y oz

Ap dung dinh li Ptoleme cho ti gidc OBDC ni ti€p ta c6 OD.BC = OB.CD + OC.BD

Ta

+
Tir d6 ta dwoc OD=R.Z"Z
X

Z+X
y

Ap dung dinh li Ptoleme cho t gidc OAEC noi tiép ta tinh duoc OE =R.

X+y

Hoan toan tuong tu ta cling c6 OF =R.
z

(x+y)(y+z)(z+x)

Xyz

Tt d6 ta dwoc OD.OE.OF =R>. > 8R®. Bai toan dwgc chimg minh.

Bai 50.
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Ta c6 tam gidc ABC vuong can tai A nén AD A
la phéan giac goc A va AD L BC. Do d6 D v
thudc duong tron tam O duong kinh AB. Ta o
c6 ANMP la hinh vudng (hinh ch nhat c6 w/ "
AM la phan giac) B

Suy ra ti gidc ANMP néi tiép duong tron
duwong kinh NP

ma NHP =90° = H thudc duong tron duong E

kinh NP nén AHN = AMN = 45° (1)

Ké Bx L AB cat duong thang PD tai E suy ra

t& giac BNHE noi ti€p duong tron duong

kinh NE

Mat khac ABED = ACDP nén BE =PCma PC =BN = BN =BE do d6 ABNE vuong can tai
B

Suy ra NEB =45 ma NHB = NEB (cing chan cung BN) nén NHB = 45 ()

Tir (1) va (2) suy ra AHB =90°, do d@6 H thudc duong tron tam O dudng kinh AB
Goi H' 1a hinh chiéu ctia H trén AB, khi d6 ta dwoc

HH'.AB
= =S

AHB AHB
2

S 16n nhat < HH' 16n nhat

1
Ma HH'<OD = EAB (do H; D cuing thuoc duong tron duong kinh AB va OD L AB)

D&u bang xdy ra < H=D < M=D.
Vay tam giac AHB c6 dién tich 16n nhat khi M trung véi D.
Bai 51. a) V& duong thang BB, L AM,CC, L AM.

Xét S, s+ Sancu = lAM.BB1 + lAM.CC1 BEUNY (BB, +CC, )< 1 amBC
2 2 2 2

AABM AACM

D&u bang xay ra khi AM L BC

Twong tu ta co

S, sent +Sanpy < %BM.AC . D&u bang xay ra khi BM 1 AC

ABCM AABM —

S +S

ABCM AACM =

%CM.AB . Dau br?mg xay ra khi CM L AB

Cong ting v& ctia 3 bat dang thiic
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Ta 62 (S pm + Sancn + Sasent ) < ; (MA.BC+MB.AC+MC.AB)

< MA.BC+MB.AC+MC.AB =4S

AABC

DAau béng xay ra khi AM L BC,MB L AC,MC L BC hay M la tryc tdm ctia tam giac ABC

b) Goi S, ;s =S,, Sauc =S, Spue =S, - Khi do ta cé Spaw _ RM va Stue _ RM
AMB BM SBMC BM
DO d(’) ta duOC RM — SRAM — SRMC — SR +S SAMC — SZ
SAMB SBMC SAMB + SBMC SAMB + SBMC Sl + S3

MQ S, MP S

Chirng minh twong tw ta duoc = ; =
MC S,+S," MA S +§,

Lai co SRMQ — SRMQ .SRMC _ S,S,
e Srue Seuc (82 +5, )(Sl +S,
S,S8.5 S.S. S S S
Suyra S - 12293 < .S,.S, _ S8,
y RMQ (82 +S3)(81 +S3) 2@.2 S,.5, 4
4 S2'S3 51.53
Twong tu ta cé Sy, = P T

Do d6 ta duoc SPQR =S, +S

PQR

Vay gid tri lon nhat caa S, 1a SZBC . D&u bang x4y ra khi M la trong tdm tam giac ABC.

Bai 52. Ta xét cac treong hop sau day
+ Truong hop 1: Tam giac ABC khong tu, khi d6 trong ba gdc cua tam giac ABC c6 it nhat
mot goc 16n 16n hon hogc bang 60° .

Khong mét tinh téng quét, gia st A>B>C= A > 60°

Ké cac duong cao BD va CE, khi d6 ta dwoc S, ;. = %BD.AC

ABC

Ma BD <BB, <1 nén ta duoc S

ABC

~1gpac<lmp.acs<lac
2 2 2

Chttng minh twong tw ta duoc S, ;- < ; AB.Do détacd S}, < i AB.AC.
Laicd S,,. = %.AB.AC. sinA > %.AB.AC sin60° = %
Do d6 ta duoc S, > \/_ AB AC > /3. 3.8% 5 = S < %

+ Truong hop 2: Tam giac ABC tu, khong mat tinh tong quat ta gia sw A >90°
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- Khi dé néu 90° < A <120°, chting minh twong ty trirong hop tam giac ABC khong

te.
- Khi A>120°, trong tam giac ABB, co A>90° > 531\]3 nén ta dugc AB<BB, <1.

Trong tam gidc ACC, c6 A>90° > A/CI? nén ta dugc AC<CC, <1.

1 1 J3

Tacd S E.AB.CK:E.AB.AC.sinI(AE<%.1.1.sin60° =T<

ABC —

tol

Vay ta ludn co

Bai 53.

a) Dat BC=a, CA=b, AB=c. Goi Hla hinh chiéu ctua A trén BC. Ta c6

3a’ +2b” +2¢* =3a’ +2(HC* + HA? )+ 2(HA” + HB? )

=3a’ +2(HC’ +HB? |+ 4HA’
>3a’ +(HC+HB) +4HA” =3a” + BC? +4AH? =4(a’ + AH?)
>8a.AH =165

Vay ta c6 3a’ +2b” +2c” > 168S.

HB = HC
D&u bing xdy ra khi va chi khi {He BC <> AABC cin tai A va AH=a < 3= 2 €
AH=a 2 Jg \/g

b) Trwdc hét ta chitng minh xy +yz+2zx >0
That vay, néu x, y, z la cac s6 dwong thi xy +yz+zx >0
Néu trong ba s6 X, y, z ¢6 mot s& dm, khong mat tinh tong quat ta gia st s6 d6 la x.

khidoétaco y=2-x>0; z>-x>0.

Do \/x+y, \/y+z, Jz+x 1a do dai ba canh cia mot tam gidc nén ta co

\/x+y+\/z+x >\/y+z<:>2x+y+z+2 (x+y)(x+z)>y+z
<:>W>—x@x2+xy+yz+zx>xz<:>xy+yz+zx>0
Vi x+y>0; y+z>0; z+x >0 nén trong ba sd x, y, z khong thé c6 hai s6 khong duong. Do
d6 khong mat tinh tong quat ta gia st y >0; z>0 va y+z=Max{x+y,y+Z,z+x}.
Goi H 1a hinh chiéu cta A trén BC, ta c6 HB+HC >BC. Ta ¢6
xa’ +yb® +zc? = xa’ er(HC2 +HA2)+Z<HA2 +HBZ) =xa’ +(yHC2 +ZHB2>+(Y+Z)HA2

ey
Ap dung bat dang thiic Bunhiacopxki ta c6
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e (1] () (e i

> Y% (CH+BH) =2~ BC?
y+z yt+z

Thay vao hé thtxc (1) ta co

Xy +YyYZ+2zX

xa’ +yb’ +zc? Z[x+ yz JBC2 +(y+z)HA® = BC? +(y+z)HA’

y+z y+z
>2,/xy+yz+2zx. BCHA =4,/xy + yz+zx.S

Vay ta dugc xa’ +yb® +zc” > 4,/xy +yz+2x.S.

Déng thikc x4y ra khi va chi khi

Z
yHC = zHB HE=01 8¢

\/@,Ec: y+z.AH o |HB=—Y_BC
y+z y+z
HeBC
€ \/@_BC: y+z.AH
yt+z

X+z

HC? +HA? = BC?

+
Suy ra yre
HB? +HA? = XY 2

y+Z

Do y+z:Max{x+y,y+z,z+x} nén ttit hé trén ta dwoc HC < BC; BH <BC suy raH

thuoc doan BC, do @6 ta dwoc BH+HC=BC.

AC? =X"Zpc2 )
Vay déng thiic xdy ra khi va chi khi yree o2 -
AB2=X+—yBC2 \/y+z Jz+x \/x+y
y+Z
Bai 54. Truedce hét ta chitng minh AM _AE + AL .
MD EC FB

That vay, qua diém A ke dwong thang song song véi
BC cit BM va CM Ian luot tai P va Q. Khi d6 ta 6
AM AQ AP

MD DC BD

AM AQ+AP AQ+AP

MD CD+DB BC

Do d6 ta duoc
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Cling theo dinh li Talét ta c6 —— AQ E £ AE

BC FB' BC EC

AQ+ QP AQ AP AF AE R AM AE AF
+ . Do vay ta duwoc
BC BC BC FB EC MD EC FB

Ké ba duong trung tuyén Al, BK, CH cat nhau tai G. Khi d6 ba duong trung tuyén chia
tam gidc ABC thanh 6 tam giac gom BGI, CGI, CGK, AGK, AGH, BGH. Do d¢6 diém M sé
nam ¢ mot trong 6 tam giac ké trén. Khong mat tinh tdng quat ta gia st M nam trén tam

giac AGK.

Neén ta duoc

Khldotacoﬂ=£+£<£+£<2
MD EC FB FB KC

Hoan toan tuong tu ta chitng minh dwoc EM _BE BD BE BD =2
ME FA DC FA IC

Vay véi diém G ta da chi ra duoc AM <2 va M 22.
MD MD

Dau bang xdy ra khi va chi khi M va G triing nhau.
Bai 55. Theo bai ra ta can chitng minh

S <2S

AB,CA,BC,
Ta c6 BA//MN, CA//MP, BC//NP, diéu nay chiing
to MA, NB, CP dong quy tai mot diém, ta goi

MNP

diém dé 1a D.
DC
bat op - =k, Do CA//MP va BC//NP nén theo
dinh 1i Talets ta co bM = DA = DC =k.Do
DN DM DP
AC//MP nén ta c6
SAB1C =S pc SUY ta SAB ¢ +Sapc =Sapc +Sanc
S S
Do d6 ta dugc S, ., =S ,pp- SUY ra ta c6 —o 2 = ZAMD — AD _ k.
' SMDP SMDP MD
Chttng minh tuong tw ta dugc
SB CD SDBA C SAB CD SB CD + SDBA C SAB CD
1 — - 1 k=2 1 =k
SMND SDNP SDMP SMND + SDPN + SDMP
S S S
Do d6 ta duwgc —=25% — k. Lai c6 AC//MP nén S,sc =S,pc Suyra anc _ Sare _ PC
MNP 1 apc Sapc  DC

Tung tu ta suy ra
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Sace _AM _NB _ Sgic  PC  Supe

S,.,, AD DB S, . DC S,
_ SAclB + SBAIC + SABIC _ SACIB + SBA1C + SABIC <1
SABD + SBCD + SACD SABC
Tir d6 ta duoc A—M<1:>AM;AD<2:>%<2:>k:£>l
AD AD MD 2
S
Suy ra M >% hay SMNP < 28ABlCAlBC1

MNP
Bai 56. Ta xét hai truong hop sau:

+ Trueong hop 1: Puong thing A khong cét canh BC.
Goi M la trung diém ctaa BC va goi D, N, E lan luot
1a chan duwong cao hai tir B, M, C xudng duong thang

A, khi d6 ta dwgc Mn la duong trung binh ctia hinh

thang BDEC.
. 1 1
Ta c6 MN :E(BD+EC) :E(dB/A +dC/A)

Trong tam gidc AMN vuong tai N nén ta co Q
MN<MA.

Do d6 ta dwoc d;,, +d 2AM . D&u bang xdy ra

C/A <
khi va chi khi A L AM

+ Trueong hop 2: Puong thing A cat canh BC tai P.

Goi K va ITan luot 1a chan duong vudng géc ha tir B va C xudng duong thang A.
Khi d6 cac tam giac BKP va CIP [an luot vudng goc tai K va I nén ta dugc

BK <BP; CI<CP

Do d6 ta duoc d,, +d,, =BK+CI<BP+CP=BC. Ddu bang x4y ra khi va chi khi

B/a
A LBC

D&y 1a BAC <90° nén ta sé ching minh 2AM > BC.

That vay, 18y Q ddi xting véi A qua M. Xét cac tam giac ABC va ACQ c6 AB=CQ va canh
AC chung

Lai c6 ACQ=180"—~BAC > 90" > BAC. Do d6 ta duoc BC < AQ=2AM.

Nhu vay ta dwoc Max(d,, +d,, ) =2AM. Dau bing xdy ra khi va chi khi A L AM.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Bai 57. Qua B va C ké cdc duong thang song song véi A
MN cdt AG Ian luot tai E va F.
AB AF AC AE

Theo dinh li Talet ta c = ; =
AM AG AN AG .
N
Do do ta dwoc AB AC _AE+AF =3
AM AN AG o
B C
Tacs Sme _ ABAC _1(AB ACY _9 A
S... AMAN 4\ AM AN) 4

Do 6 ta duoc 2AMN > ‘9* Déu bing x4y ra khi va chi khi MN//BC.

ABC

Mt khdc do M va N ndm trén cic doan thfmg AB, AC va Mn di qua trong tam cua tam

gidc ABC nén ta duwoc £>1 va £<2.E);§’cx:A—M;y=ﬁ nén ta duwoc l<x y<1
AM AN AB AC 2
Ttr hé thtre ﬁ+£—3’c duoc l+l—3<:>x+y 3xy
AM AN Xy

Tt diéu kién %<x; y<1 tacéd (1—x)(1—y)>0<:>1—(x+y)+xy>0

1. AM AN 1 .
Do d6 ta dwoc 1— 2xy>0:>xy<—hay__N ~.Suy ra SABc:ABAC <l
AB AC 2 San  AMAN 2
Vay ta duoc égSAﬂ<l_
ABC 2
Bai 58. Goi I 1a trung diém ctia doan thang BC. L&y A

diém A bat ki. Khi d6

+Neéu A trung v6i B hodc véi C thi ta dwoc
Al = l(AB +AC)
2

+ Néu A khong trung véi B va C, goi K la trung diém

caa AC, khi d6 IK la dwong trung binh ctia tam giac
ABC nén KI = %AB .

Trong tam giac AKI co
AI<KI+KA:>AI<%(AB+AC)

Nhu vay ta luén cé Al< %(AB + AC). Ap dung két qua trén cho cac diém A ;A ;..; A, ta

duoc
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Al s%(AlBJrAlC) ; Al s%(AZBJrAZC) ;eg ALl s%(AnBJrAnC)

Do céc bat dang thikc trén khong dong thoi xay ra ddu bang nén ta dwoc

1 1 1
AT+A T+, +A 1 <E(AlB+AIC)+E(AZB+A2C)+...+E(AHB+AHC)

Hay A11+A21+...+An1<%(AlB+AZB+...+AnB)+%(A1C+A2C+...+AnC)=t

Nhu vay ta duwoc AI+A I+..+A I<t.

Dbén day chon M trung véi di€ém I thi ta dwoc A M+ A M+...+ A M <t. Vay bai toan duoc

chttng minh.

Bai 59.

a) Ta cod

bd, +cd_=2S,,, +2S,,s =2S ;puc < BCMA =a.MA

Vay ta duoc aMA >bd, +cd_, ddu bang xdy ra khi
va chi khi BC L AH hodc M=A
b) Néu M nam bén trong tam gidc ABC hogc trén

canh cta tam giac ABC thi M thudc canh hodc mién

trong ctia ca ba goc B/A\C,' X]i; XC\B . Khi d6 teong

te nhu trén ta duoc
aMA>bd, +cd_; bMB=>cd_ +ad ; cMC=>ad, +bd,
Nhan theo vé& cic bat dang thitc trén ta duoc

abc MAMBMC > (bd, +cd_)(cd_+ad,)(ad, +bd, )>8abcd d,d,
Hay ta dwoc MA.MB.MC >8d_d,d_. Ddu bang xdy néu M trling véi mot dinh cua tam gidc
ABC hodc néu M khong tring véi dinh nao ctia tam gidc ABC thi ddu bang xdy ra khi
ad, =bd, =cd_ va M la truc tam tam gidc ABC
biéu nay tuwong duwong véi S S Syas hay M la trong tam tam gidc ABC vaM la

MBC ~ PMcA ~ ©MaB
triec tam tam gidc ABC.

Vay néu M khong trung véi dinh cua tam giac ABC thi M vira la trong tam vira la truc tam
cua tam giac ABC, diéu nay twong duong voi tam gidc ABC la tam giac déu.

Tém lai ta luén c6 MAMBMC >8d d,d_, ddu bang xay ra khi M tring v6i mot dinh ctia

tam giac ABC hodc tam giac ABC déu va M la trong tam.
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c) Ldy diém M’ d6i xtitng véi M qua duong phan giac ctia goc BAC. Goi khoang cach ttr
M’ dén AC, AB tuong tng la d,;d_. Khi d6 ta duge d,=d_;d_=d,

Chmg minh nhu trén ta duoc aMA —aM'A >bd, +cd. =>MA>2d +8d4 =g 4+&q
a a a a

D&u bang xay ra khi va chi khi M'=M=A hoidc AM' L BC

Chttng minh twong tw ta dwoc MB > %dc +%da, d4u bang x4y ra khi M =B hoac

M"B L AC (Trong d6 M” d6i xttng véi M qua duong phan giac ctia goc @E) va

MC 2 idb +Bda , d&u bang xay ra khi M =C hogc M"'B L AC (Trong d6 M”’ d8i xting
c c

vOi M qua dwong phan giac cua goc 1?(1\]3)
Cong theo vé& cac bat dang thitc trén ta duoc

MA+MB+MCZEdC +5d, +2d_+5d +24, +Eda
a a b b C C

:(3+3Jd +(3+£Jdb+(h+£}i >2(d, +d, +d,)
b C b a a C

c a c
Vay ta duoc MA+MB+MC>2(d, +d, +d_).

Ta xét diéu kién d&€ ddu bang xay ra:

+ Né&u M trung véi mot dinh ctia tam gidc ABC, khi d6 chi ¢ mot trong ba bat dang thiic
trén xay ra ddu bang. Do d6 bat dang thitc cudi khong x4y ra ddu bang.

+ Néu M khong triing véi dinh nao ctia tam giac ABC thi bat dang thitc cudi xay ra dau
bang khi

AM'1BCM"BLACM"B LAC ., S . R
{ < tam gidc ABC déu va M la truc tam

a=b=c
Nguoc lai néu tam giac ABC déu va M 1a tryc tam thi ta ludn cé
MA+MB+MC=2(d, +d, +d_).
Vay véi moi tam gidc ABC ta luén c6 MA +MB+MC > 2 (da +d, +d, ), d&u bang xay ra

khi va chi khi tam gidc ABC déu va M la tryec tam.
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