CHU PE
PHUONG TRINH NGHIEM NGUYEN

L. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN.
Phuong phép 1. St dung cac tinh chit vé quan hé chia hét.

Khi giai cac phuong trinh nghiém nguyén can van dung linh hoat cac tinh
chat vé chia hét, dong du, tinh chdn 1é,... d&€ tim ra diém d3c biét cua cac an s6 cling
nhu cac bi€u thitc chita an trong phuwong trinh, tit 6 dua phuong trinh vé cac dang
ma ta da biét cach giai hodc dua vé nhitng phuwong trinh don gian hon..

e Xét s0 du hai v€ ctia phuwong trinh d€ chi ra phuong trinh khong c6 nghiém, tinh
ch3n 1é ctia cac vé, ...

e Dua phuwong trinh vé dang phuong trinh wéc s6.

e Phat hién tinh chia hét cta cac an.

e St dung tinh dong du cua cac dai luong nguyén.

Vi du 1. Chttng minh cac phuong trinh sau khong c6 nghiém nguyén:

a) x> -y’ =1998 b) x* +y* =1999

Loi giai
a) Dé dang chiing minh duocx?;y* chia cho 4 chi cé s8 dw 0 hodc 1 nén x> —y* chia
cho 4 c6s6 du 0, 1, 3. Con vé€ phai 1998 chia cho 4 du 2. Vay phuwong trinh da cho
khong c6 nghiém nguyén.
b) Dé dang chiing minh dwoc x*; y* chia cho 4 ¢4 s6 du 0 hodc 1 nén x* +y” chia cho
4 c6 cacs6 du 0, 1, 2. Con v€ phai 1999 chia cho 4 du 3. Vay phuong trinh khong c6

nghiém nguyeén.

Vi du 2. Tim cdc nghiém nguyén ctia phuong trinh: 9x+2 =y’ +y

Loi giai
Bién d6i phuwong trinh: 9x+2=y (y +1)
Ta thdy vé€ trai cia phuong trinh 1a 6 chia hét cho 3 dw 2 nén y(y+1) chia cho 3 dw
2.
Nhu vay chi ¢6 thé y =3k+1 va y+1=3k+2 v6ik la mot s6 nguyén.

219




Khi d6 ta dugc 9x+2=(3k+1)(3k+2) <> 9x=9k(k+1) < x=k(k+1)
Thtr lai ta thay x = k(k + 1) va y =3k+1 théa man phwong trinh da cho.

x=k(k+1)

vdi k 1a s6 nguyén tuy v.
y=3k+1 gy Yy

Vay nghiém cta phuong trinh la {

Vi du 3. Giai phuwong trinh nghiém nguyén x* -5y* =27

Loi giai
Mot s8 nguyén x bat ki chi c6 thé bidu dién dwdi dang x =5k hodc x =5k+1
hodc x=5k+2, trong d6 k la mot s6 nguyén. Khi d6 ta xét cac truong hop sau:
o Néu x =5k, khi d6 tir x> -5y =27 ta dugc (51<)2 ~5y* =27 & 5(51<2 —y2)= 27.
biéu nay vo li vi v€ trai chia hét cho 5 v6i moi k va y la s6 nguyén, con vé phai khong
chia hét cho 5

e Néu x=5k*1, khi do tir x* —5y° =27 ta duoc
(5k+1) -5y =27 < 25k £10k +1-5y* =27 < 5(5k* + 2k —y* ) =26

biéu nay vo li vi v€ trai chia hét cho 5 v6i moi k va y la s6 nguyén, con vé phai khong
chia hét cho 5
Néu x =5k +2, khi d6 tir x> —5y° =27 ta duoc

(51<iz)2 —5y* =27 < 25k* 20k + 4 - 5y® =27 < 5(51<2 i4k—y2) =23
biéu nay vo li vi v€ trai chia hét cho 5 v6i moi k va y la s6 nguyén, con vé phai khong
chia hét cho 5

Vay phuong trinh da cho khong c6 nghiém la s6 nguyén

Vi duy 4. Tim nghiém nguyén duong ctia phwong trinh sau 19x* +28y” =729.

Loi giai
Cach 1. Viét phuong trinh da cho dudi dang (18x +27y* )+ (x* +y?) =729
Tt phwong trinh trén suy ra x° + y” chia hét 3
Chti y 1a mot s8 chinh phwong khi chia cho 3 ¢ s6 dw 1a 0 hodc 1. Nén tir x* +y* chia
hét 3 ta suy ra duoc x va y déu chia hét cho 3.

Dat x=3u;y = 3V(u;v € Z) . Thay vao phwong trinh da cho ta dwoc 19u” +28v* =81
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Tt phuwong trinh 19u” +28v? =81, 1ap ludn tuong tu trén ta suy ra

u=3S;V=3t(S;t€Z)

Thay vao phuong trinh 19u” +28v? =81 ta duwgc 19s” +28t* =9

Tt phueeong trinh 19s +28t* =9 suy ra s, t khong dong thoi bang 0

Do d6 ta duogc 19s® +28t* >19 > 9. Vay phuong trinh 19s” +28t* =9 vd nghiém va do

do6 phuong trinh da cho cling v6 nghiém.

Cach 2. Giad st phuong trinh da cho c6 nghiém

Dé thay 28y chia hét cho 4 va 729 chia 4 dw 1. Tir d6 ta suy ra 19x> chia 4 dw 1.

Mt khac mot s chinh phuong khi chia 4 ¢4 s& dw 1a 0 hodc 1, do d6 19x* chia 4 ¢4 s8
dw 12 0 hodc 3, diéu nay mau thuan véi 19x° chia 4 du 1. Vay phuwong trinh da cho vo

nghiém.

Vi du 5. Xac dinh tat ca cac cdp nguyén duong (x; n) théa man phwong trinh:

x* +3367 =2"

Loi giai
D& st dung duroc hing déng thie a’ —b® =(a- b)(a2 +ab+ bz) ta chtirng minh n chia
hét cho 3.
Nhan thay 3367 chia hét cho 7 nén ttr phwong trinh x* +3367 =2" suy ra x° va 2" cd
cung s6 du khi chia cho 7(hay x> =2" (mod 7)).
Néu n khong chia hét cho 3 thi 2" khi chia cho 7 chi ¢6 thé cho s6 dw 1a 0 hodc 2 hoac
4, trong khi d6 x° khi chia cho 7 chi ¢4 thé cho s6 du 1a 0 hodc 1 hodc 6. Do d6 dé x°
va 2" co6 cung s w khi chia cho 7 thi n phai chia hét cho 3.

bat n= 3m(m eN ) Thay vao phuwong trinh da cho ta duoc x° +3367 =2°"
2
Hay ta dwoc (2‘“ - x)((Zm - x) +3x.2™ ) = 3367
Tt phuong trinh trén ta suy ra 2™ —x la wdc nguyén duong ctia 3367
Hon nira (2“‘ —x)3 < 2% _x*® =3367 nén (Zm — x) € {1; 7;13} . Ta xét cac truong hop sau
o Xét 2™ —x =1, thay vao x’+3367 =2"" tasuy ra 2" (2“‘ - 1) =2.561, phuong trinh

vO nghiém.
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o Xét 2™ —x =7, thay vao x’ +3367 =2°" tasuy ra 2" (2“‘ - 13) =2.15, phuong trinh
vO nghiém.
e Xét 2™ —x =13, thay vao X’ +3367 =2°" tasuy ra 2 (2" -7)=24.32. Tt d6 ta c6

m =4 neén ta suy ra dugc n=12 va x=9.

Vay cdp s0 nguyén duong (x;n) thdéa man yéu cau bai toan la (9;12)

Vi du 6. Tim cdc nghiém nguyén ctia phwong trinh: 2x* +4x =19 -3y’

Loi giai
Bién d6i twong dwong phuong trinh ra duwoc
2x* +4x+2=21-3y’ c:>2(x+1)2 =3(7—y2)
Ta théy 3(7-y*)i2=7-y* 2= ylasdlé
Talai c6 7-y? 2 0nén chi c6 thé y* =1. Khi d6 ta duge 2(x+1)’ =18

Tt d6 ta duwoc x=2 va x=—4

Suy ra cac cdp sO (2;1),(2; —1),(—4;1),(—4; —1) la nghiém ctia phuwong trinh da cho.

Vi du 7. Tim cdc nghiém nguyén ctia phwong trinh: x* —2x-11=y?

Loi giai

Cach 1. Bién d6i twong duwong phwong trinh ta dwoc

x> =2x-11=y* & x* -2x+1-12=y? c>(x—1)2 —y* =12 <:,>(x—1+y)(x—1—y):12
Ta c6 cac nhan xét:

+ Vi phuwong trinh da cho chtta y c6 s8 mii chdn nén c6 thé gia st y > 0. Thé thi
x=1+y>x-1-y

+Ta céd (x—1+y)—(x—1—y)=2y nén x—1+y va x—1-y cling tinh chdn 1é. Tich
ctia chiing bang 12 nén chting cing 1a s8 chén.

Vi cac nhan xét trén ta co hai treong hop

x—1+y:6:>{x=5

e Truong hop 1: Ta c6 { , ) )
X=1=-y= y=
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~l+y=-2 =-3
e Truwong hop 1: Ta c6 {X vy :{X

x=1-y=-6 y=-2

Vay phuong trinh da cho c6 cac nghiém la (x; y) = (5;2),(5; —2),(—3;2),(—3; —2)
Cach 2. Viét thanh phuong trinh bac hai d8i voi x 1a x* —2x—(11+y?) =0
Khiddtaco A =1+11+y’ =12+y’

Diéu kién can d€ bac hai c6 nghiém nguyén A la sd chinh phwong.

T d6 ta ddt 12+y* =k’ (k e N) hay ta duoc k> -y’ =12 = (k+y)(k-y) =12
Giastt y>0 thi k+y>k-y va k+y >0 lai cod (k+y)—(k—y):2y nén k+y va
k -y clng tinh chdn 1é va phai cing chn.

k+y=6

Ttr cac nhan xét trén ta co
k-y=2

Do d¢ ta duogc y =2, khi d6 ta dugc x2—2x—15:0,suy ra x=3 hoac x=5

Vay phuong trinh da cho c6 cac nghiém la (x;y) = (5;2),(5; —2),(—3;2),(—3; —2)

Vi du 8. Chting minh rang phuwong trinh sau khong c6 nghiém nguyén:
x> +y? +2z> =1999

Loi giai
Ta biét rang s6 chinh phuong chan thi chia hét cho 4, con s8 chinh phwong 1é thi chia
cho 4 du 1 va chia cho 8 du 1.
Tong x> +y” +2z” 1a s6 1é nén trong ba s8 x*;y*; z* phai c6 mot s6 1é va hai s6 chdn
hodc ca ba s6 déu lé.
+ Trueong hop trong ba s8 x*;y*;z> c6 mot s8 1é va hai s6 chan thi vé trai cua phuong
trinh da cho chia cho 4 du 1, con vé€ phai 1a 1999 chia cho 4 du 3, truong hop nay
loai.
+ Trueong hop ba sd x*;y?;z* déu Ié thi vé trdi ctia phuong trinh chia cho 8 du 3, con
vé phai la 1999 chia cho 8 du 7, truong hop nay loai.
Vay phuong trinh da cho khong c6 nghiém nguyén.

Vi du 9. Tim cdc nghiém nguyén duong cua phuwong trinh: l+—+ 1.1
X y 6xy 6
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Loi giai
Nhan hai vé cia phuong trinh véi 6xy ta duoc 6y +6x+1=xy
Pua veé phuong trinh uéc s8 ta dugc x(y —6)—6(y—6)=37 < (x—6)(y—6) =37
Do vai tro binh dang ctia x va y nén khong mat tinh tong quét ta gia st x>y >1, thé
thi do x va y nguyén duong nén ta duwoc x-6>y-62>-5.

, —6=37 [x=43
Do d6 chi c6 mt truong hop x4y ra {X {X

=
y—-6=1 y=7

Vay phuong trinh da cho c6 cac nghiém la (x; y) = (43;7),(7; 43)

Vi du 10. Tim c4c s6 tw nhién x va cdc s6 nguyén y sao cho: 2 +3 =y’

Loi giai
Lan lwgt xét cac gid tri tw nhién ctia x nhw sau
+Neéu x=0 thi y*=4 nén y=+2
+Néu x =1 thi y* =5, phuong trinh khong c6 nghiém nguyén
Néu x>2, khi dé 2*+3 lasG lé nény lasolé. Lai c6 2*:4 nén 2* +3 chia cho4 du 3,
con y? chia cho 4 dw 1. Do d6 phuwong trinh khong c6 nghiém.

Vay cac nghiém ctia phwong trinh la (x;y) = (0;2),(0; —2)

Vi du 11. Giai phwong trinh véi nghiém nguyén duong: 2* +57 = y*

Loi giai

Xét hai treong hop:
e Truong hop 1: Néu x 1a s6 nguyén lé. Bat x =2n+ 1(n = N). Khi d6 ta co
2 =2"""'=24"=2(3+1)" =2(3a+1)=6a+2 véiala mot s6 nguyén duong.
Khi d6 vé trai ciia phuwong trinh 1a s6 chia cho 3 du 2, con vé€ phai 1a s6 chinh phuong
chia cho 3 khong du 2. Do d6 truong hop nay loai.
e Trudng hop 1: Néu x 1a s& nguyén chan. Dat x = 2n(n eN ) Khi d6 ta c6

y? =2 =57 < (y+2")(y-2")=3.19
Tathdy y+2" >0 nén y—-2">0 va y+2" >y-2"
Do d6 c6 cac treong hop nhu sau
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y+2" 57 19
y-2" 1 3
2" 28(loai) 8
n 3
y 11
X=2n 6

Thu lai ta thay 2°+57 =117 diing. Vay nghiém ctia phuong trinh 1a (6;11).

Vi du 12. Giai phuong trinh nghiém nguyén: x* +y° =6xy -1

Loi giai
Bién do6i twong duwong phuong trinh ta duoc
X +y’ =6xy—1<::>(x+y)3 —3xy(x+y)=6xy—1
Dat a=x+y;b=xy vdia, bla cac s6 nguyén.
Khi d6 phuong trinh trén tré thanh a’ -3ab=6b-1<a’ +1=3b(a+2)
Tir d6 ta suy ra duoc a’ +1:a+2 hay ta duoc (a3 +8—7)E(a+2) nén 7ia+2

a’+1
Suy ra a+2 lawdccha?, tacling céd b=

, nén ta co bang gia tri nhw sau

3 (a + 2)
a+2 1 -1 7
a -1 -3 5
at+1 Khong Khong
b=2rs 0 6
(a + ) nguyeéen nguyen

Ttr d6 ta co cac nghiém cua phuong trinh a’—3ab=6b-11a (a;b) = (—1;0),(5;6)

+ Vi (370)~(10) e 7Y o0
0 x=-1y=0

e Vi (a;b)=(5;6) ta duoc {x+y=5:{x=2;y:3

Xy =6 x=3y=2

Thu lai ta dwoc cac nghiém ctia phuong trinh 1a (x;y) =(0;-1),(-1;0),(2;3),(3;2).

Vi du 13. Giai phwong trinh nghiém nguyén: 3x* —2y” —=5xy +x—2y -7 =0.
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Loi giai
Phuong trinh teong duong voi i
(8% —6xy ) +(-2y” +xy ) +(x—2y) =7 & 3x(x=2y) +y(x~2y)+(x-2y) =7
o (x=2y)(Bx+y+1)=7=17=71=-1.(-7)=-7.(-1)

Do d6 ta c6 4 treong hop sau:

13
—2y=1 —2y=1 |XT
+Truong hop 1: X~y P it A 7 ,(loai).
3x+y+1=7 3x+y=6 3
y=5
—Jv=7 -2y=7 =1
+Truong hop 2: Ay I T ,(nhan).
3x+y+1=1 3x+y=0 y=-3
. 17
-2y=-1 -2y=-1 T
+treong hop 3: ey S = 7 ,(loai).
3x+y+1=-7 3x+y=-8 5
y="7
. 11
—2y=-7 —2y=-7 Ty
+ Truong hop 4: xTey = xTey = 7 ,(loai).
3x+y+1=-1 3x+y=-2 y_1_9
7

Vay phuong trinh da cho c6 nghiém nguyén la (1; - 3).
Phuong phép 2. Pwa hai vé vé tong cac binh phuwong.
Y teong ctia phuong phap la bién ddi phrong trinh vé dang vé trai la tong cta

cac binh phuong va vé€ phai la tong ctia cac s6 chinh phuong.

Vi du 1. Tim cdc nghiém nguyén ctia phuong trinh x> +y> —x—-y =8

Loi giai
Bién ddi twong dwong phuong trinh ta duoc
X +y? —x-y=84x* +4y’ —4x—4y =32
o (4 —ax+1)+(4y’ 4y +1) =34 & (2x-1) +(2y-1) =34
Déy la 34=3%+5. Do d6 tir phwong trinh trén ta cd cac treong hop sau

2x-1) =3 2x-1) =5
(21 =3 Jxe1) s
(2y-1) =5 (2y-1) =37

. {|2x—1|3 {|2x—1|5
Khi d6 ta dwoc a

2y-1=5 " |]2y-1]=3
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Giai Ian luot cac phwong trinh trén ta thu dwoc cac nghiém nguyén la

(2:3), (3:2), (1-2). (2-1)

Vi du 2. Tim nghiém nguyén ctia phuong trinh x* +xy +y” =3x+y-1

Loi giai
Bién d6i phuwong trinh ta duoc
X+ Xy +y? =3x+y -1 2x* +2xy +2y” =6x+2y -2

= (x+y) +(x-3) +(y-1) =8=0%+22+2?
Khi d6 ta xét cac treong hop sau:
+Voi x+y=0, taduoc(-y-3) +(y-1) =8=y=-1x=1.
+V6i x-3=0, tadugc (~y-3) +(y-1) =8=y=-1,x=1.
+V6i y-1=0, taduoc (x+1) +(x-3) =8 =x=1
Vay phurong trinh cé cac nghiém nguyeén la (1; —1), (3; —1), (1;1)

Vi du 3. Tim nghiém nguyén ctia phwong trinh: 4x* +y* +4x -6y —24=0

Loi giai
Bién do6i twong dwong phuong trinh ta duoc

4C +y* +4x -6y -24=0 & (2x+1) +(y-3) =34
ey o (2x+1) =3 |(2x+1) =5
Chuy la 34 =3" +5° nén ta cd cac treong hop hodc

(y-3) =5 (y-3) =3°

Ta xét bang gia tri trong ting nhu sau

2x+1 3 3 -3 -3 5 5 -5 -5

y-3 | 5| 5|5 | 5|3 | -3]| 3| -3
X 1 1 -2 -2 2 2 -3 -3
y 8 -2 8 -2 6 0 6 0

Ttr d6 ta c6 cac nghiém nguyén cta phuong trinh la

(o) =(1:8).(1:-2),(-2:8),(-2:-2).(2;6).(2:0) (-36) .(-30)

Vi du 4. Giai phuong trinh nghiém nguyén: 2x° —2x’y +y* =128

Loi giai

Bién d6i twong dwong phuong trinh da cho ta duoc

2x° —2x°y +y? =128 C>(X3 _y)z +(x3)2 _g2,48% = (—8)2 482 —g? +(—8)2 _ (—8)2 +(—8)2




Ttr d6 ta c6 cac treong hop sau

3— = :0 =
+ Truong hop 1: {X y 8:{}] :{y 2

x> =8

x> =8

oy =- =16
+ Truong hop 2: {X Y 8:{}, =

3

-y=8 =-16
+ Treong hop 3: {X3 y8 = {y =
X' ==

3— = — :0 =
+Tru’6mgh(_yp4:{x y 8:{}’ :{y 0

x’ =-8 x* =-8
Vay phuong trinh c6 nghiém nguyén la (x; y) :(2; 0), (2; 16), (—2; —16), (—2; 0).
Cach khac 1: D4t t =x’, khi d6 phuong trinh trd thanh

26 ~2yt+y® =128 & 48 —4yt+2y® =256 < (2t —y) +y? =16>+0° =0 +16°
Cach khac 2: D3t t=x’, khi d6 phuong trinh trd thanh
212 —2yt+y? =128 < 2t —2yt+y> —128 =0

Xem phuong trinh trén la phuong trinh an t, ta co A, = —y* +256
Phuong trinh c6 nghiém khi va chi khi A't >0 —y2 +256>20< -16<y<16
bén day xét cac treong hop cua y thé vao phurong trinh ta tim duoc x.

Phuong phép 3. St dung cac tinh chét caa s6 chinh phwong.
Mot sO tinh chdt ctia s6 chinh phwong thuong duoc dung trong giai phuwong
trinh nghiém nguyén
e Mot s6 tinh chdt vé chia hét ctia sO chinh phuong
e Néu a’<n<(a+ 1)2 v6i a la s6 nguyén thi n khong thé 1a s6 chinh phuong.
e Néu hai s6 nguyén duwong nguyén t6 cung nhau c6 tich 1a mot sd chinh phwong
thi mbi s6 déu 1a s3 chinh phuwong
e Néu hai s6 nguyén lién tiép co tich la mot sd chinh phwong thi mot trong hai s&

nguyén d6 bang 0.

Vi du 1. Ton tai hay khong sd nguyén dwong x sao cho véi k la sd nguyén thi ta c6

x(x+1):k(k+2).

Loi giai
Gia st ton tai sO nguyén duwong x dé x(x + 1) = k(k + 2) véi k nguyeén.
Tac x> +x=k*+2k =32 +x+1=k +2k+1=(k+1)
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Do x 1a s6 nguyén duong nén x* <x* +x+1= (k+1)2 (1)

Ciling do x 1a s6 nguyén duog nén (k—i—l)2 =x* +x+1<x* +2x+1:(x+1)2
\ , 2 2 2 A N A 17

Tt d6 ta duge x° < (k+1) < (x+1) , diéu nay vo ly

Véy khong ton tai s6 nguyén duong x d€ x(x+ 1) = k(k + 2)

Vi du 2. Tim cac sd nguyén x d€ biéu thitc sau la mot s6 chinh phuong:

P2 +2x% +x+3

Loi giai
Dat x* +2x% +2x* +x+3 =y’ vdi y la mot s6 tu nhién.
Ta thdy yz:(x4+2x3+x2)+(x2+x+3):(x2+x)2+(x2+x+3)
Ta s& ching minh a* <y* <(a+2)" véi a=x>+x
1y 11
That vay, ta c6 yz—a2:x2+x+3:(x+5j +Z>O.Laicc')

(a+2)2—y2=(x2+x+2)2—x4+2x3+2x2+x+3
, 1 1
=3x"+3x+1=3| x+=| +—>0
2 4
Do a’ <y* <(a+2) nén y*=(a+1) hay ta duoc
X=-2

x4+2x3+2x2+x+3:(x2+x+1)2 <:>x2+x—2:O<:{X

Véi x =1 hodc hodc x =2 biéu thikc da cho bang 9 = 32

Vi du 3. Tim cdc nghiém nguyén ctia phuong trinh: x* +xy +y* =x’y’

Loi giai
A \ Do 2 2_ 2.2 2
Thém xy vao hai vé ta duwgc x° +2xy+y” =Xy +xyc>(x+y) =xy(xy+1)
Ta thdy xy va xy +1 la hai s6 nguyén lién tiép, tich ctia la mot s6 chinh phuong nén
ton tai mot sO béng 0.
+Xét xy =0. Khi dé tir X2 +2xy+y2 :x2y2 +xy ta duwoc X +y2 =0nén x=y=0
+Xét xy+1=0.Khi do6 ta duwgc xy =-1 nén (x; y) = (—1;1) hoac (x;y) = (1;—1) (-1;1)

Thtt lai ta dwoc cac nghiém ctia phwong trinh la (0;0),(1; —1),(—1;1) .
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Vi du 4. Tim céc c3p s nguyén (a; b) thoa man (a—l)2 (a2 +9) =4b” +20b +25.

Loi giai
Tacé (a—1) (a®+9)=4b>+20b+25 < (a—1) (a’+9)=(2b+5)
Do d6 a* +9 1a 5§ chinh phuong. Do faf <a®+9< (Ja+ 3)2, nén ta c6 cac truong hop
sau
-Truong hop 1: a®+9=(|a|+3) ©a=0=9=(2b+5) ©b=-1b=—4.
- Trwong hop 2: a” +9=[a|+ 2) & 4la|=5, khong c6 s8 nguyén thoa man.
- Trudong hop 3: a’ +9=(|a|+1) ©la|=4ca=4a=-4.
+V6i a=4 tadugc 925=(2b+5) & b=5;b=-10
+V6i a=—4 taduoc 25.25=(2b+5) < b=10; b=-15

Vay ta co cac cdp sO nguyén thoa man bai toan la

(a; b)=(0; -1), (0; -4), (4 5), (4 —10), (—4; 10), (—4; -15)

Vi du 5. Tim nghiém nguyén cta phwong trinh: x* —2y* =1

Loi giai
Do x va y trong phwong trinh déu 6 s6 mii chan nén khong mét tinh t6ng quat ta
giastt x=0;y>0.
Tt phuwong trinh ta suy ra dwoc x la sd 1é. Do d6 x* chia 4 dw 1 nén ta suy ra 2y®

chia hét cho 4 hay y 1a s6 chan.
bat x=2m+1;y =2n véim, nla cac sd tu nhién. Khi d6 ta dugc
(2m+1)' -2(2n)" =1 (4m® +4m +1) ~1=8n" & (4m’ +4m)(4m* +4m +2)=8n’

Thu gon ta dwogc (m2 +m)(2m2 +2m +1) =n’.

Dat m® +n” =a suy ra 2m” +2m +1=2a+1, khi d6 phwong trinh tré thanh
a(2a+1)=

Ta xét cac treong hop sau:

e Néu m =0, khi d6 ta suy ra duwoc x=1,y=0

e Néu m >1, khi d6 a va 2a+1 la hai s6 nguyén duong va ching nguyén td cuing

nhau.
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Do tich ctia a va 2a+1 1a mot sd chinh phwong nén ca a va 2a+1 cung la s6 chinh
phuong.
Pat a=k?* keN thita dwoc m*+m =k?, ta co

m’ <m®+m<m? +2m+1=(m+1)2 nén m’ <k’ <(m+1)2
Suy ra k* nam gitta hai s6 chinh phuong lién tiép nén k> khong thé'1a s& chinh
phuong.

Vay phuong trinh c6 cac nghiém nguyén la (x; y) = (1; O),(—l; 0)

Vi du 6. Tim cdc nghiém nguyén ctia phuong trinh 9x* —6x =y’

Loi giai
Bién ddi tuong duong phuong trinh ta dugc 9x* —6x =y’ < (3x - 1)2 =y’ +1
Tir d6 ta suy ra dugc y° +120=y’ >-1= y >-1. Ta xét cdc truong hop sau
e Xét y=-1, khi d6 thay vao phuong trinh ta dwoc
(3x-1)' =0 3x—1=0<:>x=%, loai.
e Xét y =0, khi d¢ thay vao phuong trinh ta duoc
9Ix* —6x=0<>3(3x-2)=0<x=0
e Xét y =1, khi d6 thay vao phuwong trinh ta dugc (3x - 1)2 =2, loai.
e Xét y =2, khi d6 tit phuong trinh trén ta duwoc (3x —1)2 = (y + 1)(y2 -y+ 1)

+1:d
Goi d=(y+1y*~y+1),khidétacd |, ,
y —y+1:d

T dd suy ra y* —y+1=y(y+1)-2(y+1)+3id nén 3id.

Mat khac (3x - 1)2 khong chia hét cho 3 nén ta suy ra duwgc d=1.

Do d6 hai sd nguyén duong y+1 va y> —y+1 nguyén td cung nhau, ma tich cta
chting 1a mot s6 chinh phuong. Do d6 mdi s6 1a mot s6 chinh phuong.

Tuy nhién (y - 1)2 <y’—y+1<y® nén y’ -y +1 khong thé 1a mot s6 chinh phuong.
Do d6 trong truong hop nay phuwong trinh khong c6 nghiém nguyén.

Vay phuong trinh c6 cadc nghiém nguyén la (x; y) = (0 ; O) .
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Vi du 7. Tim t4t ca cdc b ba s6 nguyén (x;y; z) thoa man dang thtkc sau:

2xy +6yz+3zx —|x—2y — 2| = X" +4y® + 92" -1

Loi giai
Déng thikc da cho tuong dwong véi
2x* +8y? +18z% —4xy —12yz—6zx = 2(1—|x—2y—z|)
Hay ta duoc (x-2y) +(2y-3z) +(3z-x) =2(1-|x-2y-7)
Do (X—Zy)2 > O;(Zy—Bz)2 > O;(?)z—x)2 >0 nénsuyra 1> |x—2y—z|.
Do x, y, z 1a cac s6 nguyén nén ta suy ra duoc |x -2y - z| =0 hodc |x -2y —z| =1.bén
day ta xét cac treong hop sau:
e Néu [x-2y-2|=1, khi 6 tir (x-2y) +(2y-3z) +(3z-x) =2(1-|x-2y-2|)
Ta dwoc (x — Zy)2 + (Zy - 32)2 + (3Z - x)2 =0 nén (x — 2y)2 = (Zy — 32)2 = (32 — x)2 =0
Suy ra x =2y =3z, thay vao |x -2y — z| =1 ta duoc |z| =1, diéu nay dan dén x, y
khong nhan gia tri nguyén.
e Néu |x—2y—z| =0 thita duwoc x-2y—-z=0.
Khi d6 ta c6 phwong trinh z* + (2y—3z)2 +4(z —y)2 =2.
2 ) 2 A 2
Do z* 20 va (2y—-3z) 20 nén ta dugc 0<4(y-z) <2.
. ~ 2. . 2 ,
Ma ta thay 4(y—z) :4 nén suy ra 4(y—z) =0 dodo y=z.
Thay vao phuong trinh z* + (2y—3z)2 +4(z —y)2 =2 taduoc z° =1 hay z=+1.
+Néu z=1 thita duoc x=3;y=1
+Néu z=-1 thita dugc x=-3;y =-1.
Thtt lai vao phuong trinh ta dwoc cac nghiém la (x; y;z) = (3; 1;1),(—3; -1; —1).
Phuwong phap 4. Phuwong phap danh gia.
Trong khi giai cac phuwong trinh nghiém nguyén rat can danh gia cdc mién
gia tri cta cac dn, néu s gia tri ma bién so ¢ thé nhan khong nhiéu cé thé dung
phuong phap tht tryce ti€p dé kiém tra. D€ danh gia dwgc mién gia tri ctia bién s6

can van dung linh hoat cac tinh chat chia hét, dong du, bat dang thc ...
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e Phuong phap sap thtt tw cac an.
o Xét khoang gia tri ctia cac an.

e Str dung cac bat dang thitc Cauchy, Bunhiacopxki.

Vi du 1. Tim ba s8 nguyén duong sao cho tong ctia chiing bang tich ctia chting

Loi giai
Cach 1. Goi cac sd nguyén duong phai timla x, y, z. Khi d6 ta ¢ x+y+z=x.y.z (1)
Chti y rang cac an X, y, z ¢6 vai tro binh ding trong phwong trinh nén c6 thé sap xép
thit tw gid tri ctia cac dn, chang han 1<x<y<z
Do d¢6 ta dugc xyz=x+y+z<3z
Chia hai v€ ciia bat dang thirc xyz <3z cho s0 duong z ta duwoc xy <3
Ttr dé suy ra xy € {1; 2; 3} . Bén day ta xét cac truong hop sau
e V6i xy =1, khi d6 ta c6 x =y =1. Thay vao phuong trinh ban dau ta duoc
z+2=2z,v0nghiém
e V6i xy =2, khi d6 ta c6 x=1;y =2. Thay vao phuong trinh ban dau ta duoc z=3
e V6i xy =3, khi d6 ta ¢c6 x=1;y =3. Thay vao phuong trinh ban dau ta duoc z=2,
treong hop nay loai vi y<z
Vay ba s6 phai tim 1a 1; 2; 3.
Cach 2. Chia hai v€ cta phuong trinh x+y+z=x.y.zcho xyz#0 ta duoc

1 1 1
—+—+—-=1
yZ XZ Xy

Khong mat tinh tong quat ta gia st x>y >z2>1.Khi do

Suyra 1< %, do d6 ta duoc z> <3 nén z=1.Thay z=1 vao phuong trinh ban dau
z
ta duwoc

x+y+l=xy & xy-x-y=1e(x-1)(y-1)=2
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Tt x>y néntacoé x-1>y-1>0.Do do tir (x—l)(y—l):Z ta duoc

x—1=2 x=3
=
y-1=1 y=2

Vay ba s6 phai tim 1a 1; 2; 3.

Vi du 2. Tim nghiém nguyén dwong cua phuong trinh sau

5(x+y+z+t)+10=2xyzt.

Loi giai
Vivai tro ctia X, y, z, t nhe nhau nén ¢ thé giad st x>y>z>t.
Khi dé ta duoc 2xyzt :5(x+y+z+t)+10 <20x+10
Suy ra ta duoc yzt <15=t’ <15=>t<2. Suy ra ta duoc t € {1;2}
+Véi t=1, khi d6 ta co 2xyz=5(x+y+z)+15£15x+15
Suy ra 2yz<30=2z><30=2z<3.Do dé 26{1;2;3}
e Néu z =1, khi d6 ra duwoc
2xy =5(x+y)+20 < 4xy =10(x+y)+40 < (2x-5)(2y -5) =65
Giai phuong trinh trén ta duwgc x =35; y=3 hodc x=9; y=5.
Do d¢6 truong hop nay ta dwoc hai nghiém la (x; y; z;t) = (35; 3; 1;1),(9; 5;1;1)
e Néu z=2, khi d6 ta duoc 5(x+y)+25:4xy<:>4xy—5x—5y=25

Giai twong tu cho cac truong con lai va treong hop t = 2. Cudi cung ta tim duoc

nghiém nguyén duong cta phuong trinh da cho la va cac hoan vi cta cac b s6 nay.

Vi du 3. Tim cdc nghiém nguyén duwong cua phuong trinh 1 + 1 :%
Xy

Loi giai
Do vai tro binh dang ctia x va y trong phuwong trinh nén khong mat tinh téng quat ta
giast x>vy.

Khi d6 hién nhién ta cé 1 < 1 nén y >3
y

Mat khadcdo x>y >1 nén lSl.Do do ta duoc l:ljtlsl+l:z nén y<6

Xy 3 xXy yvvyy
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Ta xac dinh dwoc khoang gia tri cia y la 4 <y <6. Ta xét cac trueong hop sau

+ Vi y =4, khi d6 ta duoc l=l—l=i,suyra x=12
x 3 4 12
. gy 1 11 2 o ATy oA A
+Voi y =5, khi d6 ta dugc —=——-—=—, loai vi x khong la s6 nguyén
x 3 5 15
+Vdi y =6, khi d6 ta duoc l=l—l=l,suyra xX=6
x 3 6 6

Vay cac nghiém ctia phuong trinh la (4;12),(12;4),(6;6)

Vi du 4. Tim ba s6 nguyén dwong d6i mot khac nhau x, y, z thoa man:

Xty 2 =(x+y+z)

Loi giai
Vi vai tro ctia X, y, z nhw nhau nén c6 thé gia st x<y<z.

x3+ys+z3 X+y+z ’ (X+y+Z)2 X+y+z ’
3 2( 3 jtacc’) 2( 3 j

Ap dung bat dang thtic

Ttr d6 véimoi x;y;z>0 tasuyra x+y+z<9.

Dau bang khong xay ra vi x, y, z d6i mot khac nhau. Do d6 ta duoc x+y+z<8

Mat khéac x, y, z 1a cac s6 nguyén duwong khac nhaunén x+y+z>1+2+3=6

Tir d6 ta duwgc 6 <x+y+2z<8 nén tasuy ra x+y+ze{6;7;8}

Tt day két hgp voi phuong trinh ban dau ta tim duocx, y, z

Vay bo ba s6 nguyén duwong thoa man yéu cau bai toan la (x; y; z) =(1;2;3) va cac hoén

vi cua bd ba sd nay.

Vi du 5. Tim nghiém nguyén ctia phuwong trinh: 7(x2 +Xy + yz) = 39(x + y) .

Loi giai
Tt phuong trinh ta thay 39 (x + y)§7 , ma 7 va 39 nguyén t6 cung nhau nén x+y:7.
Dt x+y=7m(m e Z) thi ta duoc phuong trinh x* +xy +y* =39m

Tt d6 suy ra (x+ y)2 —(x2 +xy+y2) = (7m)2 —39m hay xy = 49m? —39m.
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Theo bat dang thitc Cauchy ta lai c6 xy < i(x + y)2 nén ta duoc

2

1
49m? —39m < Z(x+y)

Hay ta dwoc 49m” > 4(49m’ —39m)<:>m(52—49m)20<:>0£m£%.
Do m 1a sd nguyén nén ta suy ra dwgc m =0 hodc m =1. Ta xét cac truong hop sau
+Véi m =0 suy ra x+y =0, khi d6 ta duwgc phuong trinh
x2+xy+y2=O<:>(x+y)2—xy=0<:>xy=0c>x=y=0
+Véi m=1 suy ra x+y =7, khi d6 ta dugc phuong trinh
x2+xy+y2=39c>(x+y)2—xy=39c>xy=10

=7 =2,y=5
fodétacéhé{”y :{X y

xy =10 x=5y=2

Vay cac nghiém nguyén ctia phwong trinh la (x;y) = (O;O),(2;5),(5;2)

Vi du 6. Tim tt ca céc b ba s6 nguyén duong (x;y;z) thoa man -+ +2 :%

y z+1 x

Loi giai

Gia st (x Vs z) la mot nghiém ctia phuwong trinh. Khi d6, theo bat déng thic Cauchy
§+l:i+ y +Z+123 Xy _z+1:3
2 x y z+1 x yz+1 x

Suy ra 12% hay x <2. Do x nguyén duong nén ta dugc x=1 va x=2
X

e V&i x =2, khi d6 trong bat dang thtrc trén phai xay ra ddu dang thtrc, ttc 1a

x 'y _z+l

y_z+1_ X

Giai hé diéu kién trén ta thu duwoc (x; y;z) = (2; 2;1)

e V6i x=1, khi d6 phuong trinh da cho tré thanh —+—Y :
y Z+

tz==

Khi do ZS1+L+Z=§:>ZS2
y z+1 2
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+V6i z=1 thay vao phuong trinh trén ta dugc y* -3y +2=0<y=1y=2

+V6i z =2 thay vao phuong trinh trén ta duge 2y -3y +6=0
Phuong trinh nay c6 biét thitc A =-39 <0 nén khong cé nghiém.
Vay nghiém cta phuong trinh la (x; y;z) = (2; 2;1),(1; 1;1),(1; 2;1).

Phuong phap 5. St dung tinh chat ctia phwong trinh bac hai.

Y teong ctia phuong phap la quy phuwong trinh da cho vé dang phuong trinh

bac hai mot an, cac an con lai déng vai tro tham so. Khi d6 cac tinh chat cua phwong

trinh bac hai theong dwoc st dung duwdi cac dang nhw sau:
e St dung diéu kién c6 nghiém A >0 ctua phuwong trinh bac hai.
e Str dung hé thirc Vi - et.

e St dung diéu kién A la s0 chinh phuwong.

Vi du 1. Tim cdc nghiém nguyén ctia phuong trinh x+y +xy =x” +y’

Loi giai

Phuong trinh da cho tuong dudng véi x* —(y +1)x + (y2 — y) =0

Xem phuong trinh trén 1a phueong trinh béac hai dn x va y 1a tham s6. Khi d6 diéu

kién can d€ phuong trinh c6 nghiém la A >0 hay

A=(y+1) -4(y*-y)=-3y* +6y+12 0= 3(y-1) <4

Do d6 ta duoc (y - 1)2 <1.Déy la d& phuong trinh cé nghiém nguyén thi A phai la

s0 chinh phuong.
Do d6 ttr (y—l)2 <1 ta suy ra duogc (y—l)2 =0;1 nén y-1=-1;0;1

bén day ta xét tling truong hop cu thé

+V6i y=0. Khi d6 tir phwong trinh bac hai ta duoc x* —x=0< {X
X

+ Vi y =1. Khi d6 tir phwong trinh bac hai ta dwge x> —2x=0< {X
X

+V6i y =1. Khi d6 tir phwong trinh bac hai ta duwoc x* -3x+2=0 <

1

X
X
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Thtr lai ta dwoc cac nghiém cua phuong trinh da cho la

(0;0),(1,0),(0;1),(2;1),(1;2),(2:2).

Vi du 2. Tim cac s6 nguyén x dé 9x+5 la tich ctia hai s6 nguyén lién tiép

Loi giai
Cach 1. Giai st 9x+5= n(n + 1) voin nguyeén thi:
36x+20 = 4n® +4n = 36x+21=4n* +4n+1= 3(12x+7):(2n+1)2

S8 chinh phwrong (2n + 1)2 chia hét cho 3 nén ciling chia hét cho 9. Ma ta lai c6

12x+7 khong chia hét cho 3 nén 3(12x+7) khong chia hét cho 9. Diéu nay mau
thuan nén khong ton tai s nguyén x thoa man yéu cau bai toan.

Cach 2. Gidi st 9x+5= n(n + 1) vOin nguyén

Khi d6 ta duoc n* +n—-9x-5=0

Dé phuong trinh bac hai d6i véi n ¢ nghiém nguyén, diéu kién can la A 1a s6 chinh
phuong.

Nhung A=1+4(9x+5)=36x+21 chia hét cho 3 nhung khong chia hét cho 9 nén
khong 1a s6 chinh phuong.

Vay khong ton tai s6 nguyén n nao dé 9x+5= n(n + 1), ttec 1a khong ton tai sO

nguyén x d€ 9x +5 la tich cua hai s6 nguyén lién ti€p.

Vi du 3. Tim cdc nghiém nguyén ctia phwong trinh: x* +2y” +3xy —x—y +3=0

Loi giai
Viét thanh phuong trinh bac hai d6i véi x: x* +(3y —1)x+ (Zy2 —y+ 3) =0 (2)
Tac A =(3y-1) -4(2y’ -y +3)=y*-2y-11
biéu kién can va du d€ phuong trinh (2) c6 nghiém nguyén la A la s6 chinh phuwong
Tir d6 ta dat y* —2y-11=k*(keN) (3)
Giai (3) vdi nghiém nguyén ta dwoc y =5 hoac y=-3
+ Vi y =5, thay vao phuong trinh (2) duge x* +14x+48=0< x=-8; x=-6

+V6i y =-3 thay vao phuong trinh (2) duoc x* -10x+24 =0 < x=6;x =4
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Vay phuong trinh c6 cac nghiém nguyén la (x;y) = (—8;5),(—6;5),(6; —3),(4; —3)

Vi du 4. Tim nghiém nguyén ctia phuong trinh: x* +2y” +3xy —x-y+3=0.

Loi giai
Phuong trinh da cho dugc viét lai thanh x* +(3y —1)x+ (2y2 —y+ 3) =0
Xem phuong trinh trén la phuwong trinh béc hai an x ¢6 y la tham s0, khi d6 ta c6
A=(3y-1) -4(2y* -y +3)=y*-2y-11
Dé phuong trinh bac hai ¢6 nghiém nguyén thi A phai la s6 chinh phuwong.
Dit y*—2y—-11=k*(keN). Khi d¢ ta co
y?-2y-11=k* & (y-1) -k* =12 & (y-1-k)(y-1+k) =12
Do dé y—-1-k va y-1+k lacdcwdcctia12. Laico y—-1-k va y—-1+k cung tinh
chan.

Lai thdy y—-1+k>y—-1-k nén cd bang gia tri cua chitng minh sau:

y—-1+k 6 )
y—-1-k 2 -6
y-1 4 —4
y 5 -3

+V6i y =5 thay vao phuong trinh da cho ta dugc x* +14x+48 =0 < x=—6;x =-8.

+Voi y =-3 thay vao phuong trinh da cho ta dwoc x> =10x+24=0<=x=4;x=6

Vi du 5. Tim cac nghiém nguyén ctia phwong trinh: x> + y3 =x>+ 2xy + y2

Loi giai
Bién d6i twong dwong phuong trinh ta duoc

x+y=0

(X+Y)(X2‘Xy+y2):(x+y)2 < x> —xy+y’—x—y=0

+Neéu x+y =0, khi &6 phwong trinh c6 nghiém nguyén (x;y) :(t;—t),t e’
+N&u x* —xy +y’ —x-y =0 ~(y+1)x+y* ~y =0.

Xem phuong trinh trén 1a phueong trinh béac hai an x, khi d6 ta c6
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A=(y+1)2—4(y2 —y)=—3y2+6y+1
D€ phuong trinh trén c6 nghiém thi A>0 < 3y’ -6y -1<0 < 3(y—1)2 <4.
Do y la sd nguyén nén (y—l)2 la s6 chinh phuong nén ta duoc (y —1)2 € {0;1}
Ttr d6 ta suy ra dwoc y—-1e {—1;0;1}, dodo ye {0;1;2}.
e V4i y=0, thay vao phuong trinh x> —xy +y* —x -y =0 ta dwoc
x2=2x=0=>x=0;x=2
e Véi y=1, thay vao phuong trinh x> —xy +y* —x—y =0 ta dwgc
x> -3x+2=0=>x=1;x=2
e V6i y =2, thay vao phuong trinh x* —xy+y* —-x—y =0 ta duoc
x> -x=0=x=0;x=1.
Vay phuong trinh da cho cac nghiém nguyén la
(x;y) = (0;1),(1;2),(2;1),(2;2),(1;0),(t,—t) véi t la mot sO nguyén bat ki.Vay

phuong trinh c6 cac nghiém nguyén la (x;y) = (—8;5),(—6;5),(6; —3),(4; —3)

Vi du 6. Tim cac nghiém nguyén ctia phwong trinh: S(X2 +Xy + yz) = 7(x + Zy) .

Loi giai
Tt phuwong trinh 5(x2 +xy+y2): 7(x+2y) ta co 7(x+2y)§5 = (x+2y)§5
Dt x+2y =5t,t € Z, khi d6 phwong trinh trén tr6 thanh x* +xy +y’ =7t

Tt x+2y =5t = x=5t-2y thay vao x> +xy +y” =7t ta duoc

3y® —15ty +25t* =7t =0

Coi day la phuong trinh bac hai d6i vdiy, ta c6 A =84t—75¢t

D& phuong trinh bac hai ¢6 nghiém thi A>0 < 84t—75t> >0« 0<t < i—g
Vi teZ=1t=0 hodc t=1. Thay vao 3y’ —15ty +25t* -7t =0

+Voi t=0 tadwoc y=0 do do x=0
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+Voi t=1taduwgc y=3=x=-1hodc y=2=x=1

Vay phuong trinh c6 ba nghiém nguyén la (x;y) = (0;0),(—1;3),(1;2)

Vi du 7. Tim nghiém nguyén duong ctia phuong trinh: 2(x+y)+xy =x* +y”.

Loi giai
Phuong trinh da cho tr thanh x* —(y +2)x+y* -2y =0
Xem phuong trinh trén la phuong trinh bac hai an x co y la tham s6. Do d6 dé

phuong trinh c6 nghiém thi ta can c6

A=(y+2) -4(y-2y)=-3y’+12y+420 &

6—43 6443
3

<y< 3
Ma y nguyénnéntaco y e {0; 1,2;3; 4} . Dén day ta xét cac truong hop sau
+V6oi y=0=>x"-2x=0<x=0;x=2.

+Véi y =1= x> -3x—1=0, phwong trinh khong c6 nghiém nguyén
+Véiy=2=>x"-4x=0x=0;x=4.

+V6i y =3 = x* —5x+3 =0, phuong trinh khong c6 nghiém nguyén
+Véi y=4=x"-6x+8=0<x=2;x=4.

Vay céc nghiém ctia phuong trinh 1a (x;y)=(0;0),(2;0),(0;2),(4;2),(2:4),(4:4).

Vi du 8. Tim tat ca cdc s6 nguyén duong k sao cho phwong trinh x* +y? +x+y = kxy

c6 nghiém nguyén duong.

Loi giai
Gia st k la mot gid tri sao cho phuong trinh x* +y” +x+y = kxy ¢6 nghiém nguyén
duong. Khi d6 ton tai nghiém (xo ;Yo ) cua phwong trinh véi x, +y, nho nhat. Khong
mat tinh tong quat, c6 thé gia st x, > y,. Xét phuwong trinh bac hai
x* = (ky, —1)x+y,  +y, =0
Theo gia st ¢ trén thi x, 1a mot nghiém cta x* - (ky, —1)x+y,> +y, =0. Theo dinh
ly Viet thi

2
x, =ky, -1-Xx, :@ cting la mot nghiém ctia x* - (ky, —1)x+y,> +y, =0.

0
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Dé thay x, 1a mot s8 nguyén dwong, vi thé (x1 ;yo) cting la mot nghiém nguyén
duong ctia da cho. Tt gia thiét x, +y, nho nhét ta suy ra x, +y, X, +Y,

2
YO+YO > X

” ., suy ra yo +y, > x.. Ttr day ta c6 bat dang thirc kép

Tiecla
0

2
Ve <x: <yo+y, <(y,+1)

Suy ra x,=y,. Thay vao phuong trinh x* +y” +x+y =kxy ta duoc 2 NN Suy ra
X

0
x, chi cé thé bang 1 hodc 2, tuong ting k bang 4 hodc 3.

Véi k=3 thi phuong trinh c6 nghiém (2 ; 2) va voi k=4 thia phuwong trinh co
nghiém (1;1).

Vay k=3 va k=4 la tat ca cac gia tri can tim.

Nhan xét: Ta cling c6 thé danh gia k khac mot chuat, nhu sau:

Céch 1. Ttr dang thikc X +y? +x, +y, = kx,Y,, chia hai v& cho x,y, ta dwoc

ﬁ+&+l+l:k
Yo X0 Yo %o

Mt khac, cling theo ly luan ¢ trén thi ky, -1-x, > x, nén suy ra ﬁgk—i.
Yo 2 2y,
Tidotaco kK- L Yo L T K 1 % 1 k5
2y, Xy Yo Xo 2 2y, X, X, 2 2

Tl d6 suy ra k <5. Hon nita k chi c6 thé bang 5 khi x, =y, = 1,truong hop nay dan
dén mau thuan. Véi k=3 thi phuong trinh c6 nghiém (2;2) va voi k=4 thia
phuong trinh c6 nghiém (1;1).

Truong hop k<2 ro6 rang la vo nghiém.

2
Yo tY, <y, +1. Nhw Véy Yo +1 nam ngoéli hai

Cach 2. Ly luan nhu trén thi x, <x, =
X
0

nghiém ctia tam thitc f(x)=x*—(ky,—1)x+y; +y,, suy ra f(y,+1)>0.

\ 7 2 (YO + 1) 2 ~ N 7 A
Ttr d6 ta duwgc k< ——+=2+—<4. Dén day ta xét tuong tir nhu trén
Yo Yo
Phuong phép 6. Phuwong phap lui dan vé han.
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Y tuong ctia phuwong phap lui dan vo han cé thé hiéu nhu sau:

Gia st (xo;yo;zo) la nghiém cua f(x; y;z) =0. Nho nhiing bién d6i va suy
luan s6 hoc ta tim duoc mot nghiém khac (x1 iV 21) sao cho cac nghiém quan hé véi
bd nghiém dau tién boi mot ti s6 k nao d6, chang han x, =kx,;y, =ky,;z, =kz,. Lap
luan twong tu ta lai duoc bo s6 nguyén (x2 Y 22) thdéa man
x, =kx,;y, =ky,; z, =kz,. Quéa trinh ct tiép tuc dan dén x,;y,;z, cung chia hét cho
k" v6in la mot sO tu nhién tuy y . Diéu nay xay ra khi va chi khi x=y=2z=0. D€ rd

rang hon ta xét cac vi du sau

Vi du 1. Tim cdc nghiém nguyén ctia phwong trinh: x° +2y° =47’

Loi giai

Tt phwong trinh x° +2y° =47° (1) ta thay
Hién nhién x:2. Ddt x =2x, véi x, nguyén. Thay vao phuwong trinh (1) r6i chia hai
vé cho 2 ta duoc:

4xf +y° =27 (2)
Do d6 y:2.Pat y =2y, véi y, nguyén. Thay vao phuwong trinh (2) r6i chia hai v€
cho 2 ta duoc:

250 +4y° =2° (3)
Do d6 z:2.Pat z=2z, véi z, nguyén. Thay vao phuwong trinh (3) r6i chia hai v€ cho
2 duoc:

X} +2y] =4z @)
Nhu vay néu (x; y; z) la nghiém ctia phuong trinh (1) thi (x1 iV 21) cting la nghiém
cua phuong trinh (1) trong d6 x=2x,,y =2y,,z=2z,.
Lap luan hoan toan twong ti nhuw trén ta dwoc ( X,; Vs z2) cting la nghiém ctia
phuong trinh (1) trong d6 x, =2x,,y, =2y,,z, =2z, .
Ct tiép tuc nhw vay ta di dén x, y, z cing chia hét cho 2* vdi k 1a s8 tw nhién tuy y.
biéu nay chia xay ra khi va chi khi x=y=2z=0.
D¢ la nghiém nguyén duy nhat ctia phuwong trinh da cho.
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Nhan xét: Tir phwong trinh di cho ta phdt hién ra cdc bién x, y, z cung chia hét cho 2, khi dé
thwc hién phép dat x=2x,,y=2y,,z=2z, va thay vao phwong trinh ban diu ta duwoc
XC +2y° =4z}, tir phwong trinh nay lai thiy cdc bién x;y,;z, cing chia hét cho 2. Tir d6 ta
dugc x;y;z ciung chia hét cho 2*. Qud trinh dwoc thwc hign nhw vdy lién tuc thi ta dwoc
X;y;z cing chia hét cho 2% v6i k la s6" nguyén dwong bt ki. Tir ddy ta suy ra duwoc

x=y=z=0.

Vi du 2. Tim nghiém nguyén ctia phwong trinh: x* +y* =72’

Loi giai
Ta biét rang mot s§ chinh phuong khi chia cho 7 ¢6 s8 dw 1a 0; 1; 2; 4.
Do d6 tir phwong trinh trén ta suy ra dwgc x° +y” chia hét cho 7, do d6 x* va y?
cung chia hét cho 7.
Do 7 1a s6 nguyén td nén suy ra x* va y’ cung chia hét cho 49.
Tt d6 ta duge 7z° chia hét cho 49 nén z* chia hét cho 7, suy ra z chia hét cho 7.
Dat x=7x,;y =7y,;z="7z, va thay vao phuong trinh da cho ta thu duwoc
X +yr =7z,
Lap lai cac chitng minh nhu trén ta suy ra dwoc x,;y,;z, chiahét cho 7, do dé x;y; z
chia hét cho 7°.
Tiép tuc cac suy luan ta suy ra dwoc x; y; z chia hét cho 7%,k e N.

Tt d6 suy ra x =y =z=0. Vay phuong trinh c6 nghiém nguyén la (x; y;z) = (0; O;O).

Vi du 3. Tim nghiém nguyén ctia phuong trinh: x* +y* =az’, voi a=4k - 1(1( e N*)

Loi giai
Ta viét lai phwong trinh la x* +y* =(4k-1)2* & x* +y* + 2* = 4kz’
Do d6 suy ra x* +y” +z° 1a s8 chdn, khi d6 cé hai truong hop xay ra
e Trudng hop 1: Trong ba sd x, y, z ¢4 hai s8 1é va mot s& chan. Nén trong ba s
x*,y?,z* coa hai s8 1é va mot s6 chén.
Ta biét rang s6 chinh phuong chan thi chia hét cho 4 va s6 chinh phuong 1é thi chia 4
du 1.
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Do d6 x* +y? +z* chia 4 du 2, ma 4kz” chia hét cho 4.

Suy ra truong hop nay phuong trinh khong cé nghiém nguyén.

e Truong hop 2: Caba s x, y, z déu 1a s6 chdn. Khi d6 ta dit x =2x;y =2y ;z=2z,
va thay vao phuong trinh da cho ta duge x; +y? +z; =4kz}

Lap lai cac chitng minh nhuw trén ta suy ra dwoc x,;y,;z, chia hét cho2, dodé x;y; z
chia hét cho 2°.

Tiép tuc cac suy luan ta suy ra duoc x; y; z chia hét cho 2, ke N.

Tir d6 suy ra x =y =z =0. Vay phuong trinh c6 nghiém nguyén la (x,' y;z) = (O; O;O).

Vi du 4. Tim nghiém nguyén cua phuong trinh: X + y2 +7° = xzy2

Loi giai
Ta c6 nhan xét: Mot sd chinh phwong 1é khi chia cho 4 ¢6 s6 dw 1a 1 va mot s6 chinh
phuwong chén thi chia hét cho 4.
Do x*y? 1a s6 chinh phuwong nén khi chia cho 4 ¢6 s& du 1a 0 hodc 1.
e Néu x’y” las61é thi x va y cung la s 1¢, khi d6 x* va y* chia cho 4 c6 s6 duw la 1.
T d6 x* +y” +2° chia cho 4 ¢6 s8 dw la 2 hodc 3, diéu nay vo 1i.
e Néu x’y” 1a s6 chan, khi d6 c6 hai treong hop xdy ra
+ Trueong hop 1: Trong hai s8 x va y c6 modt s& chdn va mot s6 1é. hong mat tinh tong
quat ta gia st x 1a s6 chan va y 1a s8 1é. Khi d6 x* +y” chia 4 dw 1 nén x* +y* +z
chia cho 4 ¢6 s0 du la 1 hodc 1, diéu nay vo 1.
+ Truong hop 2: Ca hai s x va y déu 1a s6 chdn, khi d6 x> +y* va x’y” cting chia hét
cho 4, do d6 z* phai chia hét cho 4 hay z 14 s6 chén.
bdt x=2x,;y=2y,;z=2z, véi x,;y,;2,1a s0 nguyén va thay vao phwong trinh ban
dau ta duwoc

2
1

2

4 +4y: +4z77 =16X]y; © X +y; +z; =4xX]y;
bén day lap luan tuwong ty nhu trén ta duoc x,;y,;z, 1a cac s6 chan. Do d6 béng
phuong phap lui dan v6 han ta chitng minh duoc phwong trinh ¢6 nghiém duy nha

la (x,' y;z) = (O; 0;0).
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Vi du 5. Tim cdc nghiém nguyén ctia phuong trinh x® +15y° =182°

Loi giai
Gia st b ba s8 nguyén (x,; y,; z,) la nghiém ctia phuong trinh.
Dé thdy néu mot trong ba s6 trén bang 0 thi hai s§ con lai ciing bang 0 nén (0 ;0;0) 1a
mot nghiém ctia phuong trinh.
Xét ca ba sO déu khac0, dat d = (xo;yo;zo), khi d6 ta c6 x, =dx;y, =dy,;z, =dz,
voi x,;y,;2, nguyén va (Xl;Y1;Zl):1'
Ta duoc x; +15y° =18z . Tt d6 suy ra x, chia hét cho 3.
Dit x, =3x, va thay vao phuong trinh x} +15y; =18z° ta duoc 9x; +5y° =627, suy
ra y, chia hét cho 3. Bt y, =3y,, ta lai duge 3x] +45y> =2z . Suy ra z, chia hét cho
3.
Suy ra x,;y,;z, c6 wdc chung la 3, mau thuan (xl;yl;zl)
Vay phuong trinh chi c6 mot nghiém nguyén duy nhat la (0 ;0; 0)
111. MOT SO DANG PHUONG TRINH NGHIEM NGUYEN.

Phuong trinh nghiém nguyén rat da dang va phong pht, né c6 thé la phuong
trinh mot an hay nhiéu an. N6 c6 thé la phwong trinh bac nhat hodc bac cao. Clng ¢
nhtng phuong trinh dang da thitc hoac dang liy thtra. Ta c6 thé chia phuong trinh
nghiém nguyén thanh mét s6 dang nhu sau.

1. Phuong trinh nghiém nguyén dang da thitc.

Vi du 1. Tim cdc nghiém nguyén cua phuwong trinh: 6x+15y +10z =3

Loi giai
Dé thay 6x va 15y chia hét cho 3 nén tir phuong trinh ta duoc 10z:3 nén z:3.
bidt z =3k voi k 1a mot s6 nguyén. Khi d6 phuwong trinh da cho tré thanh
6x+15y +10.3k =3 < 2x+ 5y +10k = 1
Pua vé phuong trinh hai an x, y véi cac hé s twong ting 2 va 5 la hai s6 nguyén to
cung nhau

~1-10k-5y

2x+5y =1-10k < x —5k—2y+1_Ty
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Do x, y, k 1a cac s6 nguyén nén L ;y la s6 nguyén. Dat t= 1_Ty véi t nguyén.
y=1-2t

Tir d6 ta dwoc §x =5k —2(1-2t)+t =5t -5k -2
z =3k

Vay nghiém cua phuong trinh la (x; y;z) = (5t -5k —-2;1-2¢t; 3k) voit, kla cac sd

nguyeén tuy y.

Vi du 2. Tim nghiém nguyén ctia phuong trinh: x* +y* —xy =2x -3y -2.

Loi giai
Cach 1. Phuong trinh da cho duoc viét lai thanh y* +(3-x)y + (x2 —2x+ 2) =0
Xem phuong trinh trén la phueong trinh bac hai an x ¢6 y 1a tham s6, khi d6 ta ¢
A= (3—x)2 —4(x2 —2x+2) =-3x" +2x+1
D& phuong trinh y* +(3-x)y +(x2 —2x+ 2) =0 cé nghiém thi A>0 hay ta cé

-3x2+2x+120¢>3x2—2x—1s0<3(x—1x3x+1)g0c>-%3x31

Do x nhan cdc gia tri nguyén nén ta dwoc x=0 hodc x=1

+Véi x =0, thay vao phwong da cho ta dwgc y* +3y+2=0<y=-1,y=-2
+Véi x =1, thay vao phuwong da cho ta duge y> +2y+1=0< y=-1

Vay phuong trinh c6 cac nghiém nguyén la (x;y) = (0; —1),(0; —2),(1,' —1).

Cach 2. Phurong trinh da cho duoc viét lai thanh (x - y)2 + (x - 2)2 + (y + 3)2 =9

Ta thdy 9 c6 hai cach viét thanh tong ctia ba s6 chinh phwong d61a 9=0+0+9 hodc

9=1+4+4.
Khi d6 ta xét cac gid trj ctia [x - y|;|x - 2|;|y + 3| bang bang sau:
x=y| | [x=2| | [y+3] Nhan xét
3 0 0 |x=2y=-3valx-y|=3
0 3 0 |x=y=-3valx-2/=3
0 0 3 | x=y=2va[3+3=3
1 2 2 | xe{0:4},ye{-1;,-5} va [x—y|=1
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Khi d6 chi c6 x=0;y =-1 théa man

xe{1;34},ye{—1;—5} va |x—y|:2

Khi d6 chi c6 x=1;y =-1 thoa man

xe{0;4},ye{—2;—4} va |X—y|:2

Khi d6 chi c6 x=0;y=-2 thoa man

Tir bang trén ta dugc cac nghiém ctia phwrong trinh la (x;y) = (O; —1),(0; —2),(1; —1).

Vi du 3. Tim cac nghiém nguyén ctia phwong trinh: (2x -y- 2)2 =7 (x -2y—y*— 1)

Loi giai
Bién do6i twong dwong phuong trinh ta duoc
(2x-y-2)" =7(x-2y-y*-1) = 2(2x-y-2) -7(2x-y-2)+7(2y* +3y) =0
bat t =2x-y -2 voi t nguyeén, khi d6 phrong trinh trén tré thanh
2 -7t+7(2y” +3y)=0.
Dén day ta c6 thé giai quyét phuong trinh theo hai cach sau:
Cach 1. Tiép bién doéi twong dwong phuong trinh ta duoc
2t =7t+7(2y” +3y) =0 < 16t* =56t +49+7 (16y” + 24y +9) =112
Hay ta duoc (4t-7) +7(4y+3) =112. Do t nguyén nén (4t-7) >0.
Suy ra ta duoc 7(4y+3)2 <112 nén 4<4y+3<4 < -7<4y<1
Do y nhan gia tri nguyén nén ta duoc y € {—1,' 0} .
e V6i y =-1, thay vao phuong trinh 2(2x-y - 2)2 -7(2x-y-2) +7(2y2 + 3y) =0 ta
dwoc phuong trinh (Zx —1)2 =7x,suyra x>0 va (2x —1)2 X
Dé thay (x,2x—1) =1 nén tir (2x—1)2 :x ta duwoc x=1.

Thay (x; y) = (1; 1) vao phuong trinh ban dau ta thdy khéng thoa man.

e Véi y =0, thay vao phuong trinh 2(2x—y—2)2 —7(2x—y—2)+7(2y2 +3y) =0 ta
dwoc phuong trinh 4(x—1)2 —7(x—1) =0 (x—l)(4x—11) =0. Tk day ta duwoc x=1
Thay (x; y) = (1; O) vao phuong trinh ban dau ta thdy thoa man.

Vay phuong trinh ¢6 nghiém nguyén duy nhat la (x; y) = (1; O) .

Cach 2. Ta xét cac treong hop sau:
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e V6i y=-1, thay vao phuong trinh 2(2x—y-2) -7(2x-y-2)+7(2y* +3y)=0 ta
dwoc phuong trinh (Zx—l)2 =7x,suyra x>0 va (2x—1)2 X
Dé thay (x,2x—1) =1 nén tr (2x—1)2 :x tadwoc x=1.

Thay (x;y)=(1;-1) vao phuong trinh ban dau ta thdy khong thoa man.

e V6i y<-2 hodc y >0, khi d6 ta dugc 2y* +3y =y(2y+3)20

Do d6 tir phwong trinh 2t* -7t + 7(2y2 + 3y) =0 ta suy ra dugc 2t* -7t <0 hay
t(2t-7)<0.

Ttr @6 ta duwoc 0<t<3.

M3t khéc cling tr phwong trinh 2t* -7t + 7(2y2 - Sy) =0 ta suy ra dugc t*i7 nén
t:7.

Do d6 ta suy ra duoc t=0, suy ra 7(2y2 +3y)=0:>y(2y+3)=0:> y=0.

Tt d6 ta tim duwoc x =1. Thay (x; y) = (1; O) vao phuong trinh ban dau ta thdy thoa
man.

Vay phuong trinh c¢6 nghiém nguyén duy nhat la (x; y) = (1; O) .

Vi du 4. Tim nghiém nguyén duong ctia phuong trinh: 2xyz=x+y+z+16

Loi giai
Do vai tro ctia X, y, z trong phuwong trinh nhw nhau nén khong mat tinh tong quat ta
giast 1<x<y<z.

Khi dé6 ta duoc 2xyz<3z+16.

Do z nhan gia tri nguyén duwong nén ta c6 2xyz<3z+16 < 2xy <3 +% <19

Tt d6 ta duwge xy <9.Laido 1<x<y nénsuy ra xy >x’

Twr d6 ta dwoc x* <9. Do x nguyén duong nén ta duoc x € {1; 2; 3} .

+V6i x =1 thay vao phuwong trinh ban dau ta dwoc 2yz=y+2z+17 hay ta duoc
2yz—y-z=17 < (2y-1)(2z-1)=35

Chuyla 1<y <z nén ta cé cac truong hop sau

2yv—-1=1 =1 2v—-1= =
y = Y hoac Y 5:> y=3
2z—-1=35 z=18 2z-1=7 z=4
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+V6i x =2 thay vao phwong trinh ban dau ta dwoc 4yz =y +2z+18 hay ta duoc
dyz-y—-z=18 c>(4y—1)(4z—1)=73

4y-1=1

47 -1=73" hé¢ khong c6 nghiem nguyén duwong.

Chuylal<y<z néntacc’){

+V6i x =3 thay vao phuong trinh ban dau ta duoc 6yz =y +z+19 hay ta duoc
6yz—y-z=19 < (6y—1)(6z—1)=115

by-1=1 6y—-1=5
Chuyla 1<y <z nén ta cé cac treong hop sau { y hoéc{ y

6z—-1=115 6z-1=23
. |oy—1=1 R N . 6y—-1=5 y=1 .

Ta th kh 5 ngh d : |
a thay {62—1:115 ong co nghiem nguyén duwong va {62—1:233{224 oai

do x<y.
Vay phuong trinh da cho c6 cac nghiém nguyén la (x; y;z) = (1; 1;18),(1; 3;4) va cac

hoan vi cuia chung.

Vi du 5. Tim nghiém nguyén dwong nho nhat cua phwong trinh: 7y2 —6x* =x— y,

voi x>y >0

Loi giai
Bién dodi twong dwong phuong trinh ta duoc
7y' —6x" =x—y &y =6x -6y’ +x-y <y’ =(x-y)(6x+6y+1)
Goi d = (x,y), khi d6 ta duoc x=dm;y=dnvéi m,neN’ va (m,n) =1.

Tt d6 suy ra x—y:d(m—n).Dét m-n=k,dox>y>0nén k=m-n>0.
Thay x—y =dk vao phuong trinh y* =(x—y)(6x+6y +1) ta duoc

(dn)’ =dk.(6dm +6dn+1) hay dn® =k(6dm +6dn+1) < dn® = 6dmk + 6dnk + k
Ta co (m,n):l nén (n,m—n):l hay (n,k):l. Lai c6 dn”k nén suy ra dk.
Mit khéc ttr dn® = 6dmk + 6dnk + k suy ra 6dmk +6dnk +k chia hét cho d nén ta
duoc k chia hét cho d. Nhu vay ta suy ra dugc k=d hay d=m-n.
Do d6 ta suy ra dugc x—y=d*> = x=d’*+y=d’+dn. Suy ra dm =dn +d’
Do d =k nén tir dn® =6dmk +6dnk +kta c6 n* =6dm +6dn+1.
Tir d6 ta duge n* =6(dn+d’)+6nd +1=6d”+12nd +1 hay n’~12nd —(6d* +1)=0.
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Xem phuong trinh trén la phuong trinh béac hai an n thi giai ra ta duoc

n=6d++42d” +1.

Tt nghiém trén ta suy ra dugc d nho nhat thi n nho nhat, tir 6 dan dén x va y nho
nhat.

+Khi d =1 ta dwoc n=6+\/E, loai.

+Khi d=2 taduoc n=6.2+42.4+1=12+13=25

Twr d6 ta dwoc x=dn+d*=2.25+2?=54 va y=dn=2.25=50.

Véy nghiém nguyén dwong nho nhat ciia phuong trinh la (x;y) =(54;50).

Vi du 6. Tim cdc nghiém nguyén duong cua phuwong trinh: 4xyz =x+2y+4z+3.

Loi giai
Do x, y, z la cac gia tri nguyén duong nén ta xét cac truong hop sau

e V6i x =1 thi tit phuwong trinh da cho ta c6 phwong trinh 4yz =2y +4z+4
Hay ta dwoc 2yz—y—2z:2<:>(y—1)(22—1):3.

T désuyra y—1 va 2z-1 la cadc wdc ctia 3. Chu y la y, z nguyén duong nén ta cé

-1=1 =2 -1= =4
Y = y hoac y 3 = y
2z—-1=3 z=2 2z-1=1 z=1

e Vi6i x =2 thi phuwong trinh da cho ta duoc

cac treong hop sau

2y +4z+3=x(4yz—1)>2(4yz—1)=8yz-2

Hay ta dugc 8yz -2y -4z<5< (2y—1)(4z-1)<6.

Doy vaznguyén duongnén 4z-1>3 nén 2y -1<2=2y<3=y=1.
Thay vao phuong trinh ban dau ta duoc

dxz=x+4z+5 dxz—x—4z=5(x-1)(4z-1)=6

Do d6 x—1va 4z-1 lacidcuwdccua 6. Chuyla 4z—-1lasdléva 4z-1>3 nén ta

47-1=3 z=1
=
x—-1=2 x=3

Vay phuong trinh c6 cac ngiém nguyén duong la (x; y;z) = (1; 2,'2),(1; 4;1),(3; 1;1).

duoc
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Vi du 7. Tim cdc nghiém nguyén duong cua phuong trinh: xyz = 2(x +y+ z) .

Loi giai
Cach 1. Khong mat tinh tong quat ta gia st x<y<z.
Khi d6 ttr phuong trinh xyz = 2(x+ y+ z) ta duwoc xyz<3.2z=xy <6.
Do x, y nguyén duong nén ta suy ra dugc xy {1; 2;3;4;5; 6} . Ta xét cac truong hop
sau:
+Véixy =1, ta c6 x=y =1. Thay vao phuong trinh ban dau ta duoc z=-4, loai.
+Véixy =2, ta cd x=1,y =2. Thay vao phuong trinh ban dau ta duwoc 2z=2z+6,
loai.
+Véixy =3, tacd x=1;y =3. Thay vao phuong trinh ban dau ta duwoc z=8, nhan.
+Véixy =4, tacd x=1,y =4 hodc x =y =2. Thay vao phuong trinh ban dau ta duoc
Khi x=1,y=4 thi z=5 vakhi x=y=2 thi z=4.
+Véixy =5, tacd x=1,y =5. Thay vao phuong trinh ban dau ta duoc z=4, loai do
khong thoa man diéu kién y<z.
+Voixy =6, tacd x=1,y=6 hodc x=2;y =3. Thay vao phuwong trinh ban dau ta
duoc
Khi x=1,y =6 thi 2z =7 (loai) va khi x=2;y =3 thi 2z =7 (loai).
Véy bd ba s6 can tim 1a (1;3;8),(1,4;5),(2;2;4).

Cach 2. Do X, y, z nguyén duong nén ta bién doi twong dwong phuong trinh thanh
1 1 1 1

Xy yz zX 2
Khong mat tinh tong quat ta gid st 1<x<y<z.

.y , 1
Khldotaco—:—+—+—g—2+
Xy yz zx x° x° X

x2 e{l;4}:>xe{1;2}

Ta xét cac treong hop sau:

1 1 1 1 %4.%:% suy ra x? <6 nén

+Vdi x =1, thay vao phueong trinh xyz = 2(x +y+ z) ta duoc

2(1+y+z) yz<:>(y 2)(2 2 =6

-2= 1 = =4
Chuyla y-2<z-2 nén ta duoc y hoac y
z—2:6 z
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+ Vi x =2, thay vao phuwong trinh xyz = 2(x +y+ z) ta duoc

2(2+y+z) 2yz<:> y— 1)

1=1 2

Chity la y-1<z-1 nén ta duoc {y = Y= )
Z Z =

Véy bd ba s6 can tim la (1; 3;8),(1;4;5),(2; 2;4).

Vi du 8. Tim céc nghiém nguyén ctia phuong trinh: 6x° —xy (11x+3y )+ 2y’ =6.

Loi giai
Bién d6i twong dwong phuong trinh nhu sau:
6x° —xy (11x+3y)+2y’ =6 < 6x> 12Xy +x’y = 2xy” + 2y’ =
& (x—2y)(6x2 +xy—y2): 6=(x-2y)(2x+y)(3x-y)=
Tt d6 ta dugc x—2y;2x+y;3x—y la cdc wdc so cta 6.

Mt khac ta lai thdy x—2y +2x+y =3x—-y nén chi xdy ra cac truong hgp sau:

3x-y=3 _1

+ Truong hop 1: {x-2y=1 @{X:O
oxt+y=2 VT
3x-y=3

+ Treong hop 2: {x—2y =2, hé phuwong trinh v6 nghiém.
2x+y=1
3x-y=-1

+ Truong hop 3: {x—2y =-3, hé phuong trinh vo nghiém.
2x+y=2
3x-y=-1

+ Truong hop 4: {x—2y =2 , hé phuong trinh vd nghiém.
2x+y=-3
3x—y=-2

+ Truong hop 5: {x—-2y =-3, hé phuong trinh vo nghiém.
2x+y=1

3x—y=-2 _ 1
+ Truong hop 6: {x—2y =2 @{X_ ;
y=-

2x+y=-3
Vay phuong trinh da cho c6 cac nghiém la (x; y) = (1;1),(—1;—1)

Vi du 9. Tim cdc nghiém nguyén cta phuwong trinh: x° —y® = xy +8

Loi giai
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Cach 1. Bién d6i twong duong ta duge x° -y’ =xy +8 < (x—y)(x2 - xy+y2) =8+xy
Tt d6 ta duoc |x—y|.|x2 +xy+y2| = |xy+8|
Dé thay x #y, vinéu x =y thi phuong trinh da cho tré thanh 0 = x* +8, loai.
Do x, y 1a cac s8 nguyén nén |x—y|>1. Tir d6 suy ra |x2 + xy+y2| <|xy +8|
Hay ta dwoc x* +xy +y* < |xy +8|. Xét hai truong hop:
+Néu xy+8<0.Khid6 x* +xy+y’ <|xy+8§| tro thanh

x* +xy +y’ S—xy—8<:>(x+y)2 <-8
Truong hop nay loai
+Néu xy+82>0.Khi d6 x* +xy+y” <|xy+8§| tro thanh

X +xy+y’ <xy+8< x> +y> <8

T d6 tasuy ra x*; y* € {0; 1;4}
e Néu x =0 thi tir phuong trinh ban dau ta dugc y’ =-8=y=-2
e Néu y=0 thi tr phwong trinh ban dau ta duwge x> =8 = x=2
e Néu x va y khac 0, khi d6 thi x*; y* € {1;4}.

2=1 2=4
Do x #y nén chi c6 cac kha nang la X2 hoac *
y =4 y =1

Ttr d6 ta thay trong hai s& x va y ¢ mot s& chdn va mot s6 1é. Khi d6 vé tréi ctia
phuwong trinh da cho 1é con vé& phai cia phuwong trinh da cho chan, do d6 cac kha
nang trénkhong xay ra.

Vay cac nghiém ctia phwong trinh 1a (x;y) = (0; —2),(2;0) .

Cach 2. Bién d6i twong duwong phung trinh ta duoc

X —y® —xy =8 < 27x° —27y® —27xy =216 < 27x° —27y° —1-27xy =215

Hay ta duoc (3x)3 +(—3y)3 +(—1)3 - 3.3x.(—3y)(—1) =215. Ap dung hang déng thtic:
1
a’+b’ +c’ —3abc :E(a+b+c).[(a—b)2 +(b—c)2 +(C—a)1

Vi a=3x;b=-3y,c=-1, ta bién d6i phwong trinh trén thanh
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(3x+3y) +(1-3y) +(3x+1)
2

(3x—3y-1). =215

Dst A - (3x+3y)" +(1-3y) +(3x+1)’
' 2

nén ta duoc (3x—3y —1).A =215

Dé thdy A >0 nén A va 3x—3y -1 la wdc tw nhién ctia 215. Phan tich ra thita s§
nguyén td thi 215 ¢é bdn wdc tw nhién la 1; 5; 43; 215.
Do 3x—-3y -1 chicho3 du2nén 3x-3y-1e {5;215} . Ttr d6 ta xét hai treong hop:

3x-3y-1=5
A =43 )

e Truwong hop 1: Vc’ri{

Khi d6 tir 3x-3y-1=5 x-y=2.Thay y=x-2vao A =43 ta duoc
[3x+3(x-2)] +[1-3(x~2)] +(3x+1)" =86

Rut gon ta duoc x(x—2)=0 < x=0; x=2. Tt d6 tim dugc cadc nghiém la

(0:-2),(20)

. .. |3x=3y-1=215
e Truong hop 2: Voi

Khi d6 ta duoc (3x+3y) +(1-3y) +(3x+1) =2
Nhan thdy tong ctia ba s chinh phuong bang 2 nén c6é mot s6 bang 0, hai s8 bang s&

1. S8 bang 0 khong thé'1a 1-3y hoéc 1+3x, do d6 ta c6 3x+3y =0.

3x+3y =0
=0
Tir d6 ta co hé (1—3y)2 =le {X 0’ nghiém bén khong thoa man 3x-3y-1=215.
y =
(3x+1)" =1
Vay cac nghiém cta phuong trinh la (x;y) = (0; —2),(2;0) .
Cach 3. Bién d6i twong dwong phuong trinh ta duoc

x’ -y’ :xy+8<:>(x—y)3+3xy(x—y):xy+8
bat a =x-y;b=xy, khi d6 tir phwong trinh trén ta duoc

a’+3ab=b+8<a’-8=-b(3a-1)
T d6 suy ra (a3 —8)5(3a—1) nén 27(&13 —8)5(3a—1) hay (27&13 —1—215)5(3a—1)

Do (27a’~1)i(3a—1) nén ta duoc 215i(3a—1) hay 3a—1 la wéc cta 215
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Do d6 ta dwoc 3a—1e {J_rl; +5; +43; J_r215}

Do 3a—-1 chiacho3duw2nén 3a-1¢ {—1; 5; —43;215} . Ttr 46 ta c6 bang sau

3a-1 ~1 5 _43 215
a 0 2 _14 72
3_

p=2 -8 8 0 —64 | —1736
1-3a

Cht y rang (x - y)2 +4xy >0 nén a’ +4b >0, do d6 trong bdn truong hop trén chi cd
a=2;b=0 théa man. Do d6 ta duoc x-y=2; xy=0

Ttr d6 ta co cac nghiém cua phwong trinh la (x;y) = (0; —2),(2;0) .

Vi du 10. Tim nghiém nguyén ctia phwong trinh: ?)(x2 — Xy + yz) =7(x+y)

Loi giai
Cach 1. Tk phurong trinh ta duoc 7(x+y):3, ma (3,7)=1 nén suy ra x+y:3.
Diat x+y =3m, m e Z, khi d6 phuong trinh trd thanh x* +y* —xy =7m.
Tir d6 suy ra (x+ y)2 —(x2 —xy+y2) = (3m)2 —7m hay 3xy =9m’-7m.
Theo bat dang thizc Cauchy ta lai c6 xy < i(x + y)2 nén ta duoc

3
9m*-7m < Z(x+y)2

Hay ta dugc 3.9m” >4(9m’ -7m )< m(28-9m)>0 < 0<m 329—8.

Do m la sd nguyén nén ta suy ra duwgc m = {O; 1;2; 3} . Ta xét cac treong hop sau
+Vo6i m =0 suy ra x+y =0, khi d6 ta dugc phueong trinh
x> =xy+y’ =0c>(x+y)2—3xy=0c>3xy=0c>x=y=0
+Véi m=1 suy ra x+y =3, khi d6 ta dugc phuong trinh
x> —xy+y> =7 c:>(x+y)2 -3xy=7 < 3xy =2
Truong hop nay phuong trinh khong cé nghiém nguyén
+Vdéi m =2 suy ra x+y =6, khi d6 ta duoc phuong trinh
x> —xy+y’ =14 < (x+y)2 -3xy =7 < 3xy =22
Truong hop nay phuong trinh khong cé nghiém nguyén
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+ Vi m =3 suy ra x+y =9, khi do6 ta dugc phuong trinh
x> =xy+y’ =21<:>(x+y)2—3xy=21©3xy=60©xy=20

Tir d6 ta c6 hé {”y :{X y

xy =20 x=5y=4

Vay cac nghiém nguyén ctia phuong trinh la (x;y) = (0;0),(4;5),(5;4)

Cach 2. Tt phurong trinh ta duoc 7(x+y):3, ma (3,7)=1 nén suy ra x+y:3.

Diat x+y =3m, m e Z, khi d6 phuwong trinh trd thanh x* +y* —xy =7m.
X+y=3m

Tt d6 ta co _9m*—7m-

Xy 3

Theo dinh If Viet thi x va y la nghiém ctia phuong trinh 3X* —9mX+(9m* -7m) =0
Ta cé A=-27m’ +84m . D€ phuong tinh ¢4 nghiém thi

A:—27m2+84m20<:>0£m£29—8

Do m la sd nguyén nén ta suy ra duwgc m = {0; 1;2; 3} . Ta xét cac treong hop sau
+Voi m=0 suy ra x+y =0, khi do6 ta dugc phuong trinh
x> =xy+y’ =0c>(x+y)2—3xy=0<:>3xy=0c>x=y=0
+Voi m=1 suy ra x+y =3, khi d6 ta dugc phuong trinh
x> —xy+y’ =7 c:>(x+y)2 -3xy=7 < 3xy =2
Truong hop nay phuong trinh khong cé nghiém nguyén
+ Vi m =2 suy ra x+y =6, khi do6 ta dugc phuong trinh
x> —xy+y’ =14 < (x+y)2 —3xy =7 < 3xy =22
Truong hop nay phuong trinh khong cé nghiém nguyén
+Voi m =3 suy ra x+y =9, khi d6 ta dugc phuong trinh

X —xy +y? =216 (x+y) ~3xy =216 3xy =60 < xy =20

xy =20 x=5y=4

Ttr d6 ta c6 hé {X+Y:9:{X=4;Y=5
Vay cdc nghiém nguyén ctia phuong trinh la (x; y) - (0; 0),( 4 5)’ ( 5, 4)
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Vi du 11. Tim c4c s& nguyén duwong m d€ phuong trinh x> —mxy +y* +1=0 c6

nghiém nguyén duong.

Loi giai
Trong tat ca cac nghiém nguyén duong (x; y) thoa man phwong trinh, gia st
(x0 ; yo) la mot nghiém thoa man x, +y, nho nhat.
Do vai tro ctia x va y nhu nhau nén khdng mat tinh tong quat ta c6 thé gia sw
Xy 2Y,-
Xét phuong trinh bac hai co any la y* —mx,y +x; +1=0 (*).
La c6 y, la mot nghiém cta phwong trinh (¥). Ta goi nghiém conlaila vy, .

Yo Ty, =mX,

Khi @6 theo hé thirc Viet ta co { ) .
VoY1 =% +1
Dé dang nhan thay y, c6 gi tri nguyén va tir cach chon (XO ; yo) ta suy ra duoc

¥, <y,. Dén day ta xét cac truong hop sau

e Truong hop 1: Néu x, =y, thi tt phuong trinh ban dau ta dwgc m =2 +i2. Nén
XO

dé€ mva x, c6 gia tri nguyén thi x,=1 va m=3.

V6i m =3 ta thay (x; y) = (1; 1) la mot nghiém nguyén dwong ctia phuong trinh da
cho.

0

e Truong hop 2: Néu y =y, thitkr y,.y, =x; +1 hay ta duoc (y, —x,)(y, +x,)=1.

Twr d6 ta suy ra duoc Yo% =1 St ! Truong hop nay loai vi (x,;y, ) nguyén
Ty, tx, =1 " |x, =0 ' ' 0770

duwong.

e Truong hop 3: Néu x, <y, <y, khidé ta duoc y,2x,+1; y, 2x,+2.

Két hop vdi y,.y, =x; +1 ta duge x2 +12x; +3x, +2 = 3x,+1<0, diéu nay vo li vi
X, >0.

Nhu vay dé€ phuwong trinh da cho c6 nghiém nguyén duong thi m =3 va khi dé

phuong trinh c6 nghiém nguyén duong la (x; y) = (1; 1) .

Vi du 12. Tim cac s0 nguyén duong X, y, z sao cho 2xy —1= z(x—l)(y —1).

NEQ
£ZJ0




Loi giai
Cach 1. Véi cac so nguyén duong x, y, z thi ta cé 2xy—1 la s6 1é, do dé
z(x—1)(y-1) ciing 1a s& 1é. Tix d6 ta duoc x, y 1a s8 chdn va z 1a s§ 1é. Do vai trd cua
x va y nhw nhau nén khong mat tinh tong quat ta c6 thé gia st x>y .

bdt a=x-1;b=y-1 néna, bla cac s6 nguyén lé va a>b. Khi d6 phuwong trinh da
cho tro thanh

2(a+1)(b+1)—1=zab<:>2(ab+a+b+1)—1=zab<:>z+g+i=z
a b ab
2 2 1 . A . (b ok \
Do do _+B+_b la s0 ty nhién khac 0. Ta xét cac truong hop sau
a a

e« Néu a=b, khido 2+24 L _4atl
a b ab a2

la s6 tw nhién khac 0 hay

—a(4:2+ 1) eN = 4+§ eN’

Ttr d6 ta duwgc a=b=1.Suy ra y=z=2. Thay vao phuong trinh da cho ta dugc
z=7.

Thtt vao phuwong trinh ta duoc (x,' y; z) = (2; 2;7) thoa man.

e Néu a>b=>1, khi d6 ta xét cac kha nang sau

+Voi b>4 thi a>5 khido 0<3+3+i32+3+i22 nén z+E+i khong la
a b ab 5 4 20 20 a b ab

s6 tu nhién khéac. Do d6 kha ndng nay loai. Ttr d6 suy ra b <4, ma b 1a s61é nén

b=3 hoac b=1.

+Véi b=1, khi d6 tir 3+%+ib 4 58 tu nhién khac 0 ta duwoc S e N’ va a>1 ta
a a a

duoc a=3.

Tt d6 suy ra x =4;y =2, thay vao phuong trinh da cho ta dwoc z=5

Thtr vao phuong trinh ta duoc (x,' y; z) = (4; 2; 5) thoa man.

+V6i b=3, khi do tw z+£+i 1a sO tw nhién ta duoc z+leN* va a >3 ta duoc
a b ab 3 3a

a="7.

Ttr d6 suy ra x =8;y =4, thay vao phuong trinh da cho ta dwoc z=3

Thtr vao phuwong trinh ta dugc (x; y; z) = (8; 4; 3) thoa man.
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Xét dén vai tro ctia x va y ta dwgc cac nghiém ctia phuwong trinh la
(x;y;z) = (2;2;7),(2;4;5),(4;2;5),(4;8;3),(8;4;3)

Cach 2. Véi cac sd nguyén duong X, y, z thi ta ¢ 2xy —1 la s6 1¢, do dé
z(x—l)(y —1) cling 14 58 1é. Tir d6 ta dwoc x, y 1a 58 chdn va z 1a sd 1é. Do vai tro cua
x va y nhw nhau nén khong mat tinh tong quat ta ¢ thé gia st x>y >2.
Bién do6i twong dwong phuong trinh ta duoc

2xy—1=z(x—l)(y—l)@[(Z—Z)X—Z][(Z—Z)y—z] =z+2
Néu z =1, khi d6 tir phwrong trinh trén ta dwoc (x+ 1)(y + 1) =3. Diéu nay mau
thuan véi x2y22.Do d6 ta dwoc z>3. Khi d6 talai co
(z—2)x—zZ(Z—Z)y—222(2—2)—z:z—4 >0
Két hop v6i phuwong trinh trén ta dwgc z+2 > (z —4)2 = (z —2)(2—7) <0=2<z<7.
Ttr d6 ta dwoc 3<z<7, ma zla s6 lé nén ta xét cac truong hop sau

e Néu z =3, khi d¢ tir phuong trinh da cho ta duoc (x — 3)(y—3) =5. Két hop véi

x-3=5 |x=8
=
y-3=1 y=4

X 2y =2 tasuy ra duoc {
e Néu z =5, khi d6 tir phuong trinh da cho ta duoc (3x-5)(3y —5)=7 . Két hop vdi

3x-5=7 [x=4
X 2y =2 tasuy ra duoc

=
3y-5=1 |y=2
e Néu z =7, khi d¢6 tir phuong trinh da cho ta duoc (5x —7)(5y —7) =9.Két hop voi

5x—-7=9
3y-7=1

2
5

x2y=2 tasuyradu’oc{

5x-7=3
(vo nghiém) hoac { X {X

=
3y-7=3 y
Xét dén vai tro ciia x va y ta dugc cac nghiém ctia phueong trinh la

(x; y;z) = (2; 2;7),(2; 4;5),(4; 2;5),(4; 8;3),(8; 4;3)

Vi du 13. Tim nghiém nguyén ctia phuong trinh: (x2 -y’ )2 =10y +9.

Loi giai

Ta thdy 10y+920<:>y2—%, do y nguyén nén ta duoc y >0.
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Chti y 1a khi thay x bang —x thia phrtong trinh da cho khong d6i, do d6 ta c6 thé gia
st x>0

Ta xét cac treong hop sau:

+Né&u y =0 thi phuong trinh da cho trd thanh x* =9, treong hop nay phwong trinh
khong cé nghiém nguyeén.

+Né&u x =0 thi phuong trinh da cho trd thanh y* =10y +9 < y(y3 —10) =9.5uyra9
chia hét cho y, két hop véi y >0 ta duoc y €{1;3;9}. Thay Ian luot cac gia tri d6 vao
y(y3 - 10) =9 ta thdy khong ¢ gid tri nao thoa man.

+Néu x>1 va y 21, khi d6 ta dugc x+y>2.
10y +9
X+y

Phuong trinh da cho dugc viét lai thanh (x+y)(x— y)2 =

2

Do x+y >2 nén ta duoc (X+y)(><—y)2 >2(x~y)

10y +9 < 10y +10x B
X+y X+y a

Do x>1 nén ta duwoc 10x>10>9, do d6 suy ra 10.

Tir cac két qua trén ta suy ra dwoc 2(x —y)2 <10=(x —y)2 <5

Talaico (x—y) laudeciia 10y+9 nén (x—y) lasslé.

Tt d6 ta duoc (x - y)2 =1, thay vao phuong trinh da cho ta dwoc (x + y)2 =10y +9.

Clng tr (x—y)2 =1 ta dwoc x—y =1 hoac x—y=-1

e V6i x—y =1 tadugc x=y+1 thay vao phrong trinh (x + y)2 =10y +9 ta duoc
(2y+1) =10y +9 = 2y* ~3y-4=0

Phwong trinh trén khong c6 nghiém nguyén.

e Véi x—y=-1 ta duoc x=y -1 thay vao phuong trinh (x + y)2 =10y +9 ta duoc
(2y-1) =10y +9 & 2y* ~7y -4=0

Giai phuong trinh trén ta dugc nghiém nguyén la y =4, tir do6 ta dugc x=3.

Vay phuong trinh da cho c6 cac nghiém nguyén la (x,' y) = (3; 4),(—3; 4) .

Vi du 14. Tim c4c nghiém nguyén ctia phuong trinh: x* +x° +x* +x =y’ +y

Loi giai

Bién ddi twong dwong phuong trinh ta duoc
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x4+x3+X2+x:y2+y<:>4x4+4x3+4x2+4x+1=4y2+4y+1

= (2x2 +x)2 +3x% +4x+1 =(2y+1)2
e Vi6i x =-1, thay vao phuong trinh ta dwoc y=-1.
e Xét x # -1, ta sé chting minh (2x2 +x)2 < (ZX2 +x)2 +3x% +4x+1< (2x2 +x+2)2
That vay, dé thay 3x* +4x+1= (3x+1)(x+1) do dé
+Khi x> - thita duoc (3x+1)(x+1)>0

3
+Khi x<-1 thi (3x+1)(x+1)>0
Te do6 ta du’oc(sz +x)2 < (2x2 +x)2 +3x° +4x+1
Mat khac ta co

(2x2 +x+2)2 —[(ZXZ +x)2 +3x° +4x+1}

= (22 +x) +4(2x2 +x)+4— (2 +x) -3x* ~dx~1=5x* +3 >0
Nhuw vay ta c6 (2x2 +x)2 < (2x2 +x)2 +3x° +4x+1< (2x2 +x+2)2
Do (2x2 + x)2 +3x% +4x+1 la s chinh phwong nén ta suy ra duoc

(2x2 +x)2 +3x° +4tx+1:(2x2 +x+1)2
<:>(sz +x)2 +3x7 +4:x+1:(2x2 +x)2 +2(2x2 +x)+1

2 2 2 x=0

& 3x +4x+1=2(2" +x)+1 < X* ~2x=0 <
x=2

+Véi x =0, thay vao phwong trinh ban dau ta duwoc y> +y=0=y=0;y =-1

+Véi x =2, thay vao phwong trinh ban dau ta dwoc y> +y=30=y=5y=-6

Thtt lai ta dwoc cac nghiém nguyén cua phrong trinh la

() =(0:0),(0:-1).(2:5),(2:-6).(-1:0),(-1:-1)

Vi du 15. Tim c4c s& nguyén duong x, y thoa man diéu kién (x2 -9y? )2 =33y +16.

Loi giai
Do y la s6 nguyén duong nén 33y +16 > 0. Khi d6 ta duoc

(x* —9y?) =33y +16 & x> ~(3y)" =+,/33y +16 & x> =(3y) + 33y + 16

Ta xét cac treong hop sau:
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2-16 X =14 ,
e Xét y=1, khi d¢ ta duoc {XZ ) = { N3 Do x 1a s0 nguyén duong nén suy
X = X = +

ra x=4.
o Xét y>2.Khid6 dé thdy 6y +1>6y—1>./33y+16
That vay, ta co 6y —1>0 khi do
(6y—1) >33y +16 < 36y 12y +1> 33y +16 < 9y(4y ~5)~15> 0
Bat dang thitc cudi cing dung do y > 2.
Tur d6 ta c6 (3y) —4/33y +16 > (3y) —(6y-1)=(3y -1)
Do d6 (3y-1) <(3y) -/33y+16 <(3y)" va
(3y) +4/33y+16 <(3y) +6y+1=(3y+1)".
Suy ra ta duoc (?ay)2 < (3}7)2 +4/33y +16 < (3y+1)2.
Nhuw Vay 3y +,/33y +16 bikép gitra hai s6 chinh phuong lién tiép nén
S /33y +16 khong thé'la s6 chinh phuong. Do d6 phuong trinh

x* = 3y * /33y +16 khong c6 nghiém nguyén.
Do d6é khi y 22 thi phrong trinh da cho khong cé nghiém nguyén duwong.

Vay phuong trinh ¢ mot cap s6 nguyén duong thoa man bai toan la (x; y) = (4,' 1) .
Nhdn xét: Ngoai cich gidi nhw trén ta cé thé gidi bai todn theo cdc cdach sau:

Cdch 1. Xdc dinh Qidi han gid tri ciia x v0i xét tirng gid tri dé'tim y

Dé thiyy x—~3y #0 do o (x—3y) 21

Tir d6 suy ra (x2 -9y° )2 =(x- 3y) (x+ 3y) > (x+ 3y)

Lgi théy v6i x> 6 thi (x+3y)2 > (6+3y) =9y +36y+36 >33y +16

Do dé v6i x> 6 thi (x2 -9y? )2 >33y +16. Dén diy ta suy ra diegc x <6 nén
x=1;2;3;4;5.

Xét tieng gid tri cuia x dé’tim y tirong 1tng.

Cdch 2. Xdc dinh gi6i han gid tri cua y v6i xét tirng gid tri dé’tim x.

Ciing tir (x2 —9y? )2 =(x- Sy) (x+ 3y) >(x+ 3y) >(1+ 3y)2 > 9y’ + 6y

Suy ra ta dugc 33y +16 > 9y* +6y < 9y* —27y-16 <0< (y+1)(y-4)<0=>y <4
Tir 4o ta dwoc y =1;2;3. Dén ddy xét cdc gid tri cua y dé’kiém tra 33y +16 o phdi la s6

chinh phwong khong.
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Vi du 16. Tim t4t ca céc cap s6 nguyén (x;y) thoa man phuong trinh:

x4+y3 :xy3+1.

Loi giai
Bién d6i twong dwong phuong trinh ta duoc
X +y’=xy’+1ex! —1+(y3 —xy3):0<:>(x—1)(x3 +x° +x+1)+y3 (1—X):0
x-1=0

<:>(x—1)(><3Jr><2+’<+1_5'3):()<:> XX +x+1-y> =0

e V6i x—1=0 <> x =1, khi d6 thay vao phuong trinh ban dau ta duoc 1+y° =y° +1,
phuong trinh nay cé nghiém véi moi y nguyén. Do d6 phuong trinh c6 cac nghiém
(x;y)z(l;t) voi teZ.
e V&i X’ + X +x+1-y’ =0 X’ +xX* +x+1=y".
2

Tacd xX* +x+1= (x +%j +% >0 nén tr phuong trinh trén ta suy ra duoc x° <y’.
Lai c6 v6i moi x nguyén ta luon co x(x + 1) >0.Do d6 ta duwoc

X X1 0 4 x+ 14 2x(x+1) = (x + 1)
T dosuyra y® < (x+1)3. Két hop lai ta duoc x° <y® < (x+1)3 nén ta suy ra
y3 = (x+1)3.

Do d6 ta duoc x(x+1)=0©[

=
x+1=0 x=-1

x=0 [x =0
+Khi x =0, thay vao phuong trinh ban dau ta duwoc y=1.

+Khi x =-1, thay vao phwong trinh ban dau ta dwgc y=0.

Vay céc cdp s6 nguyén thoa man phuong trinh la (x;y) = (0;1), (—1;0), (1;’[) voi

teZ.

Vi du 17. Tim céc s8 nguyén duong X, y thoa man x* +y* +13y +1<(y —2)x* +8xy

Loi giai
Cach 1. Biét doi twrong duong bat phwong trinh trén ta duoc
x'+y? +18y +1< (y —2)x +8xy < (X' +2 +1) =X’y +y* +13y -8xy <0

& (x'+2x7 +1) =2y (X* +1)+y’ +xy —8xy +13y <0 < (X7 —y+1)2 +y(x* -8x+13)<0

Dé thay (x2 ~y+ 1)2 >0 nén tir bat phueong trinh trén ta duoc y(x2 —8x+ 13) <0.
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Ma ta c6 y 1a s6 nguyén duong nén tir y(x2 —8x+13)£0 ta duoc x* —8x+13<0.
Tacod x* —8x+13<0 < (x-3)(x-5)<0<3<x<5.

Ma ta lai c6 x la s6 nguyén duong nén xe{3;4;5}, dén day ta xét cac treong hop cu
thé

e V6i x =3, thay vao (xz—y+1)2+y(x2—8x+13 0 tadugc (10-y) <0=y=10.

)<
e V&i x =4, thay vao (XZ—y+1)2 +y(x2 —8x+13) 0 ta duoc

35 <69 35— \/_< _35+469
2 4 2 I 2
Do y la sd nguyén duong nén suy ra y € {14;15;16;17;17;18;19; 20;21} .

(17—y) —y<0ey 35y+289<0c>(y

e Véi x =5, thay vao (x2 —y+1)2 er(x2 —8x+13)£0 ta duoc (26- "<0=y=26.
Vay céc cap (x; y) thoa man bat phwong trinh la
(3;10),(4;14),(4:15),(4:16),(4,17),(4;18),(4;19),(4;20),(4;21),(5; 26)
Cach 2. Bién d6i twong duong bat phwong trinh trén ta duoc
x'+y? +13y +1<(y-2)x +8xy<:>(x2 +1)2 +y? +13y <x’y +8xy
Ap dung bat dang thikc Cauchy cho hai s6 khong am ta dugc
(x2 +1)2 +y’ > 2y(x2 +1)
Kéthop v6i (x* +1) +y* +13y > x’y +8xy ta duoc 2y(x* +1)+13y <x’y +8xy
Hay ta dwoc yx® +15y —8xy <0 < y(x2 —8x+13) <0
Do y la s6 nguyén dwong nén ta c§ x> —8x+13£0<:>(x—3)(x—5)£0<:> 3<x<5.
Ma ta lai c6 x la s6 nguyén duwong nén x € {3; 4; 5} , dén day ta xét cac truong hop cu

thé nhu trén ta dwgc cac gia tri y twong tng.

Vi du 18. Giai phuong trinh nghiém nguyén: x’ -y’ —xy =32.

Loi giai
Tt phuong trinh x° —y° —xy =32 ta suy ra duoc x va y déu la s& chan.
Bién dodi twong dwong phuong trinh ta duoc
X’ -y’ -xy=32& (x—y)(x4 +X°y +x°y* +xy° +y4) =32+Xxy

265




Lai co
X+ Xy +x°y? +xy° +y* =(x+y)(x3 +y3)+x2y2 =(x+y)2 (x2 —xy+y2)+x2y2 >0
Do d6 tir (x— y)(x4 +xXy +xX°y? +xy° + y4) =32+xy ta suy ra dugc

|x—y|(x4 +X°y +x°y? +xy° + y4) = |32+xy|
Dé thdy néu x =y thi tir phuong trinh trén ta duoc 32+x* =0 vo nghiém. Do d6 suy
ra X#£y.
Tt d6 suy ra |x - y| >1, nén tir phwong trinh trén ta dugc
X'+ Xy +xy? +xy’ +yt < |32+xy|.
Néu 32+xy <0 thi tir bat dang thiic trén ta dugc x* +x°y +x°y? +xy° +y* < -32 —xy
Hay ta duoc (x2 -xy+y’ )(x + y)2 + (xzy2 +Xy + 32) <0, tuy nhién bat dang thitc nay
khong dung.
Do vay ta suy ra dwoc 32+xy >0. Tit bat dang thitc trén ta suy ra duoc

X'+ Xy +x°y? +xy’ +y* <32+xy

Hay ta duoc (x2 -xy+y’ )(x + y)2 + (xzy2 — xy) <32.
Do (x2 —Xy+y’ )(x + y)2 >0 nén tir bat ding thirc trén ta suy ra duoc xy (xy—1)<32.
Ttr day ta suy ra dwge —6 < xy <7.Ma x vay 1a cac s& chdn khac nhau nén ta dwoc
xy =0 hodc xy=—4.
+Véi xy =0, khi d6 ta suy ra duoc x=0 hodc y=0.Dén day ta tim dwoc cac
nghiém cta phuong trinh la (x;y) = (0;—2) hoac (x; y) = (2;0)
+ Vi xy =-2, khi do¢ ta suy ra duoc x =2;y =-2 hodc x=-2;y =2. Thay vao
phuong trinh da cho ta thay khong thoa man.

Vay phuong trinh da cho c6 cac nghiém nguyén la (x; y) = (O; - 2), (2;0) .

Vi du 19. Tim su s6 nguyén duong sao cho tong ctia sdu s6 d6 bang tich ctua ching.

Loi giai
Goi cac s6 nguyén duong can tim la a,b,c,d,e,g.
Theobairatacéd a+b+c+d+e+g=abcdeg.
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Khong mat tinh tong quat ta gia st a<b<c<d<e<g.

Khidé tlr a+b+c+d+e+g=abcdeg ta duoc abcdeg=a+b+c+d+e+g=6g
Suy ra abcde<6. Do a,b,c,d,e,g nguyén duwong nén abcde € {1; 2:;3; 4;5} . Ta xét cac
treong hop sau:

e Véi abcde=1,taco a=b=c=d=e=1, thay vao a+b+c+d+e+g=abcdegta
duwoc 5+g =g, phrong trinh khong c6 g thoa man.

e Vbi abcde=2,tacé a=b=c=d=1e=2, thay vao a+b+c+d+e+g=abcdeg ta
duoc 6+g =2g =g =6, phrong trinh khong c6 g nguyén duwong thoa man.

e Véi abcde=3,taco a=b=c=d=1e=3, thay vao a+b+c+d+e+g=abcdegta
dwoc 7 +g =3g = 2g =7, phuwong trinh khong c6 g nguyén duong thoa man.

e VOi abcde=4,tacd a=b=c=d=1,e=4 hoaca=b=c=1,d=e=2.

+Khi a=b=c=d=1e=4 thay vao a+b+c+d+e+g=abcdeg ta duoc

8+g =4g = 3g =8, phuong trinh khong c6 g nguyén duong théa man.

+Khi a=b=c=1,d=e=2 thay vao a+b+c+d+e+g=abcdeg ta duoc

7+g=4g = 3g =7, phuong trinh khong c6 g nguyén duong théa man.

e Vbi abcde=5,tacé a=b=c=d=1e=5, thay vao a+b+c+d+e+g=abcdegta
duwoc 9+g =5g = 4g =9, phuong trinh khong c6 g nguyén duong thoa man.

e VOi abcde=6,tacd a=b=c=d=1,e=6 hodaca=b=c=1,d=2;e=3.

+Khi a=b=c=d=1e=6 thay vao a+b+c+d+e+g=abcdeg ta duoc

10+g=6g =g =2, loai do khong thoa man g=>e.

+Khi a=b=c=1,d=2;e=3 thay vao a+b+c+d+e+g=abcdeg ta duwoc 5g =8,
phuong trinh khong c6 g nguyén duwong théa man.

Vay cac s6 nguyén duong can timla 1;1; 1; 1; 2; 6.

2. Phuong trinh nghiém nguyén dang phan thitc.

Vi du 1. Tim nghiém nguyén ctia phuong trinh: Xy 2003 .
x+y 2004
Loi giai
Cach 1. Tt phuwong trinh Xy 2003 ta suy ra duoc x va 'y khac 0.
x+y 2004
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1
2003

x+y 2004
xy 2003

Do do ta duwoc

1 1
J— + J—
Xy
Khong mat tinh tong quat ta gia st x <y, khi d6 ta xét cac treong hgp sau

e Truong hop 1: Néu x =1, khi d6 phuong trinh tro thanh

1+l:1+ L =y =2003
y 03
e Truwong hop 2: Néu x> 2, khi d6 ta ¢ l+lsl+l:1.Dodé l+l<1+ 1
x y 2 2 x y 2003

Suy ra truong hop nay phuong trinh khong cé nghiém nguyén.

e Truwong hop 3: Néu x<-1, khi d6 ta ¢ 1 <0 nén tit phrong trinh ta suy ra duoc

X
l>0.
y

. A1l 1 N 1 1
Do d6 y >0 nén lai suy ra dwoc —<1. Ttr d6 ta dugc —+—<1

y Xy
Dodél+l<1+ L
X 'y 2003

Suy ra truong hop nay phuong trinh khong cé nghiém nguyén.
Vay phuong trinh c6 cac nghiém nguyén la (x; y) = (1; 2003),(2003; 1) .
Cach 2. Dé thdy x+y #0, khi d6

Xy _ 2003

x+y 2004
& 2004° xy —2004.2003x — 2004.2003y + 2003" = 2003
<> (2004x—2003)(2004y — 2003 ) = 2003

<> 2004x =2003(x +y ) <> 2004x—2003x — 2003y =0

e Néu x =y, khi d6 tit phwong trinh ban dau ta duwgc x=y = %, loai.

e Néu x >y, khi d6 2004x—2003 > 2004y —2003 nén ta duwgc 2004x —2003 = 2003?
hoac 2004x —2003 = -1

Vi 2004x —2003 = -1 suy ra x khong nhan gia tri nguyén.

Véi 2004x —2003 = 2003% ta dwoc x =2003, suyra y=1

e Néu x <y, hoan toan twong tu ta dwoc x=1;y =2003.

Véy phurong trinh c6 cac nghiém nguyén 1a (x;y)=(1;2003),(2003;1).
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Vi du 2. Tim nghiém nguyén cua phuong trinh: iz + iz = %
Xy

Loi giai

2

T phuwong trinh ta dugc x = 0;y =0, khi d6 ta duogc i2+i2:;<::>7(x2 +y2):x2y
Xy

Do d6 tir phwong trinh trén ta suy ra duoc x’y” chia hét cho 7, do d4 ta suy ra duoc
x va y cung chia hét cho 7. Chu y la x va y la cac s6 nguyén khac 0 nén ta duoc
x* > 49; y2 >49

1 1 1 1 2 1
Suyra —+—<—+4+—=—"<=. Do d6 phuong trinh khong cé nghiém nguvyén.

Vi du 3. Tim cac sd nguyén duong X, y, z khac nhau ting d6i mot dé biu thie sau la
mot sd nguyén duong;:
1 1 1 1 1

l+—+—+—+—+—
X y 2z Xy yz zZX

Loi giai

o1 111 1 1 1N A A A
Gid st —+—+—+—+—+—=m vdi m la mot s6 nguyén duong.
X Yy z Xy yz zX

N 1 1.1 1 1 1
Tt do ta duwgc —+—+—+—+—+—=m & X+ y+Z2+Xy+yZ+2X =mXyZ
X Yy z Xy yz zX

e Xét x 1 6 chdn, khi d6 tir phwong trinh trén ta suy ra y +z+yz 1a s6 chan.

Do d6 yz+y+z+1 lasd1é hay (y+1)(z+1) lasglé.Suyra y+1 va z+1 cung la s&
lé nény vaz cung la sd chin.

Hoan toan twong tw ta dwoc néu y 1a s6 chan thi x va z cling 1a s& chdn, néu z 1a s6
chdn thi x va y cting 1a s8 chan.

o Xét x 1a 56 1¢, khi d6 theo nhu trén thi y khong thé 1a s§ chan va do d6 z khong thé
12 s6 chén.

Hoan toan tuong tur cho cac treong hop con lai.

Vay X, y, z c6 cing tinh chan 1é.

Khong mat tinh tong quat ta gia st x <y <z, khi d6 ta xét cac truong hop sau:

+ Vi x> 3, khi d6 do cting tinh chdn 1é nén ta duoc y>5;2>7.
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Khidétacéd m<~+sststr oL o1 i véiyeu chu m>1
577 15 35 21

+V6i x=2,khidotacd y>4;226,Dodétaduge msrssqpiply L 1.7
24768 24 12 6

Do m la s6 nguyén duong nén ta duwoc m =1. Khi d6 ta duoc
2+y+z+2y+22+yz=2yz<:>(y—3)(x—3):11

Cht y rang y < z nén tit phuong trinh trén ta dwoc y=4;z=14.

Do m la s6 nguyén duong va m >1 nén ta dugc m =2 . Khi d6 ta duoc
1+y+z+y+z+yz:2yz<:>(y—2)(x—2):5
Chti y rdng y <z nén tir phrong trinh trén ta dugc y=3;z="7.

Vay cac bo sd nguyén dwong thdéa man bai toan la (x; y;z) = (1; 3;7),(2; 4;14) va cac

hoan vi.
Vi du 4. Tim cac sd nguyén x, y théa man X;L 2}72 = l
x“+y- 20
Loi giai
Gia st cac s6 nguyén x,y thoa man X;L 2}72 = 27—0 Khi d6 do x* +y* >0 nén ta dugc
X" +y
x+2y>0.
., X+2y 7 2
Ta co =—20(x+2y)=7(x"+y ).
x> +y*> 20 ( y) ( y )

x+2y =7k

., ,keN
X" +y” =20k

x> +y?

Ma ta lai c6 (7,20) =1 nén tir 22 =10 ta duoc{
Ta c6 5(x2er2)=x2+4xy+y2Jrélxz—élx§7+y2 =(x+2y)2+(2x—y)2
Suy ra 5.20k =(7k)" +(2x~y)’ < (2x—y)’ =k(100-49k).

5.20.(x+2y)

SN 2, 2\ _ 2 ) 2 2\ =
Lai ttr 5(x +y )—(x+2y) +(2x y) ta duoc (x+2y)£5(x +y) 7

Do do ta dugc 0 <x+2y <15. Matalai c6 x+2y =7k nénsuyra k=1 hoac k=2.
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e V&i k=1, khi do tir (2x—y)2 = k(100—49k) ta duoc (2x—y)2 =51, phuong trinh
khong cé nghiém nguyeén.
e V6i k=2, khi dé tir (2x—y)’ =k(100-49k) ta dugc (2x—y) =4
Tt d6 ta duge 2x -y =2 hodc 2x—-y=-2.
Két hop v6i x+2y =14 ta dugc x=2;y =6. Thir lai ta thay thoa man.
Vay cdp s6 nguyén thdéa man yéu cau bai toan la (x; y) =(2; 6) .
Cach khac. Ta c6 thé dung bat dang thitc Bunhiacopxki d€ danh gia
(x+2y) £(1+22)(x2 +yz):5(x2 +y2)
Ttr d6 suy ra duwoc 0 <x+2y <15.

X+2y=7 {x+2y=14
va

Twr 46 ta di giai cac heé phuwong trinh § | 7,
X +y =20

X2+y2 =40

3. Phuong trinh nghiém nguyén c6 chita can.

Vi du 1. Tim cdc nghiém nguyén cua phwong trinh: y = \/ X+2vx—1+ \/ x—2vx~-1

Loi giai
biéu kién xac dinh ctia phuong trinh la x>1
y=y(x=1)+1+2¢x 1+ J(x~1)+1-2vx1
:‘\/x—1 +1‘+‘x/x—1—1‘:\/x—1 +1+‘\/x—1—1‘

Xét hai truong hop

+Vdi x=1 thi ta thu duwgc y=2.
+Voi x> 2 thitathu duoc y=vx-1+1+vx-1-1=2vx-1

Do d6 y* =4(x—1). Do x22 nén c6 thé dit x—1=t> v6i t nguyén duong.
Cx=tET s
Ta co o (t e’ ) la nghiém ctia phuwong trinh da cho
y =

Vay cac nghiém cta phuong trinh la (x; y) = (1; 2),(t2 +1; 2t) voi t la sd nguyén

duong tuy y.

Vi du 2. Tim cdc nghiém nguyén cua phueong trinh: \/ X+ x+yx+/x = y

271




Loi giai

biéu kién xac dinh cta phuong trinhla x>0,y >0
Binh phuong hai v€ ctia phwong trinh rdi chuyén vé ta dwgc \x+4/x + Jx = y’ —x
bat y* —x= k(k € N) thi ta duoc phurong trinh \/x+\/x+\/_ =k

Binh phuong hai vé cua phwong trinh roi chuyén vé ta dwoc vx + Ix =K% = x
Dt k* —x =m(m e N) thi ta dwoc phuong trinh Vx++4/x =m

Binh phuong hai vé€ cua phwong trinh ta dwgc x + Jx =m?

Ta biét rang véi x nguyén thi Jx hodcla s6 nguyén hodc la sd vo ti. Do
x+vx =m*(meN) nén +x khong 12 s3 v6 ti. Do d6 /x 1a s§ tu nhién.

Ta cod x+\/;=m2©\/;(\/;+1)=m2

Hai sO tu nhién lién tiép Jx va +/x+1 c6 tich 1a s8 chinh phuwong nén mbi s& phai la
mot s§ chinh phirong. Do d6 s8 nho bang 0 hay ta duoc Jx=0=x=0.Tir d6 suy ra
x =0; y = 0thoa man phuong trinh da cho.

Vay nghiém cta phuong trinh la (x; y) = (0;0) .

Vi du 3. Tim cdc nghiém nguyén cua phueong trinh: x + \/§ =4/1980 (1)

Loi giai

biéu kién xac dinh cta phuong trinh la 0 < x;y <1980. Khi d6 phwong trinh tuong
duwong véi

Jx =4/1980 - \Jy < x = 1980 +y —2,/1980y <> x =1980+y ~12,/55y
Do x, y la cac s& nguyén nén 12\/% cling phai la s6 nguyén. Ta biét rang véi y
nguyeén thi \/% hodc la s6 nguyén hoac la sd vo ti. Do do \/% la s6 nguyén, tiec
la 55y la s6 chinh phuong
Tix d6 ta dit 55y =k’ < 5.11.y =k* (ke N). Do 5 va 11 1a cac s6 nguyén t& nén tix
5.11.y =k* ta suy ra duoc y =11.5.a° =55a° (a€ N).

Hoan toan twong tu ta cing duoc x = 55b (b € N)
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Thay vao phuong trinh ba dau ta duoc av/55+bv/55 =64/55 <> a+b =6

Khong mat tinh tong quat ta gid st y <x thi a<b. Ta c6 cac truong hop sau

a b x =55a’ y =55b*
0 6 0 1980
1 5 55 1375
2 4 220 880
3 3 495 495

Vay phuong trinh da cho cac cac nghiém la

(xy)=(0;1980),(1980;0),(55;1375),(1375;55),(220;880),(880;220),( 495;495)

Vi du 5. Giai phuong trinh nghién nguyeén: (x + y\/g )Z =1+ \/g .

Loi giai
e Nhan thdy véi z=0 phuong trinh trén khong c6 nghiém.

e Néu z la moét s6 nguyén duong thi ton tai cac sO nguyén dwong a, b dé€
(x+y\/g)z =a+by5
Khi d6 ta duoc a+by/5 =y1++/5 < a? +5b* +2aby/5 = 1++/5.

Do a, b la cac sd nguyén duwong va J5 1as6vo ty.

a’+5b*=1

2aby/5 =45

Nén ta duoc a® +5b* +2ab/5 =1++/5 = { hé phuong trinh khong c6

nghiém nguyén.

e Néu z la mét s6 nguyén am thi ton tai cac s6 nguyén duong a, b dé

.t \/’Z: 1 _ 1
( y 5) (x+y\/g)_z a+by5

Khi @6 ta duoc

a+b\/_

Do a, b 1a cac s6 nguyén duong va J5 126 vo ty.

\/1+I@(a +5b2+2abf)(1+f) 1<:>4(a2+4b2+2ab\/§)=x/g—1.
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4a® +20b* = -1

8ab+/5 =+/5

Nén ta duoc 4(a’+4b*+2aby/5 =5 -1= { , hé phuong trinh khong

c6 nghiém nguyén.

Vay phuong trinh da cho khong c6 nghiém nguyén.

Vi du 6. Tim tat ca cac cdp s6 nguyeén p, q thoa man diéu kién

Jp-2+4q-3=\/pg-2p—q+1

Loi giai
Diéu kién xéac dinh ctia dang thitcla p—2>0;q-3>0;pq-2p-q+1>0. (p, qla cac

sO nguyén)

Binh phuong hai vé cua \/p—2 +\/q—3 :\/pq—2p—q+1 va thu gon ta duoc
2Jp-2-Jq-3=pq-3p-2q+6 = 2/(p-2)(q-3) =(p-2)(q-3)
Ti€p tuc binh phuong hai v€ thi ta duoc 4(p—2)(q—3) = (p—Z)2 (q—E’a)2 . Ta xét cac

treong hop sau

e Néu p=2, khi dé \/p—Z +\/q—3 :\/pq—Zp—q+1 tro thanh /q-3 =,/q-3,

dting véi moi s6 nguyén t6 q >3 tuy y.

e Néu q=3 thi \/p—Z +\/q—3:\/pq—2p—q+1 tro thanh \[p-2 =./p—2, dung vdi

moi s6 nguyén té p>2 tuyy.

e Xét p>2 va q>3.Khidé tir 4(p-2)(q-3)=(p-2) (q-3) tacod
4=(p-2)(q-3) v6ip, qla cdc s8 nguyén. Chi xay ra cac treong hop :

+Véi p-2=1;q-3=4 taduwoc p=3;q="7

+Véi p-2=2; q-3=2 tadwoc p=4;q=>5

+Véi p-2=4; q-3=1 tadugc p=6;q=4

Vay tét ca cac cap s nguyén p, q thoa man (2;q),(p;3)(3;7),(4;5),(6:4) voi cac s6

nguyén té p>2 va q>3.

Vi du 7. Tim nghiém nguyén duong ctia phuong trinh x+ 2\/5 = \/; + \/; .

Loi giai

274




Ta 6 yx+24/3 :\/§+\/;<:>x+2\/§:y+z+2\/;
Hay ta duwoc (x—y—z)+2\/§:2 yz :>(x—y—z)2+4\/§(x—y—z)+12:4yz.
Ta xét cac treong hop sau:

e Truong hop 1: Néu x—y -z #0, khi d6 t (x—y—z)2+4\/§(x—y—z)+12:4yz

Ta o6 \/7= 4yz—(x—y—z)2 -12
4(x—y—z)

e Truong hop 1: Néu x—y—z=0, khi d6 tir (x— —z2+4\/§ X—-y—z)+12=4yz
g hop y (x-y-z) y y

, diéu nay vo ly do x, y, z la cac sd nguyén duong.

. Thit lai ta thay thda man.

-y-z=0 =4;y=1,z=3
Ta dwoc {X y~z c{x y z

yz=3 x=4,y=3;z=1
Vay cac nghiém nguyén duong ctia phwrong trinh la (x; y; z) = (4; 3; 1),(4; 1; 3)

4. Phuong trinh nghiém nguyén dang liy thtra.

Vi du 1. Giai phuwong trinh véi nghiém tu nhién: 2 +2% +2* =1024

Loi giai
Do vai tro cta X, y, z trong phuong trinh nhue nhau nén khong mat tinh tong quat ta
giast 0<x<y<z
Chia hai v€ ctia phuong trinh 2* +27 +2* =1024 cho 2* >0 ta dugc
14277 4277 =210
Do 2" >1 nén 2" 1a boi caa 2.
Ta lai thdy néu x =z thi x =y =z khi d6 phuong trinh trén tro thanh
1+2°+2° =2""" & 3=2""%, phuong trinh nay khong ¢ nghiém. Ttr d6 suy ra x<z
nén 2“7 la bodi ctia 2.
Suy ra 1+2" 7 labdictia2. Dodd 2 =1 nén x=y.
Thay vao phuong trinh 1+2°™ +2°* =2 ta duoc

141425 =210 (5,2 4 22X 10X ) (1 LI ) =010 oy 1 4 0Fx 1 9

Do 2°7*>1 nén 2° ™ la bdi caa 2. Ttr d6 ta dwoc Do d6
27"'=1 [x=8 [x=y=8
= =
29X =2 z=9 z=9
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Vay nghiém cta phuong trinh trén la (x; y; z) = (8; 8; 9) va cac hoan vi.

Vi du 2. Tim cdc s8 ty nhién x, y thoa man 2~ +57 = y?

Loi giai
Do x, y la cac s0 ty nhién nén ta xét cac truong hop sau:
e Truong hop 1: Xét x 1a 56 1¢, khi d6 ta dit x=2n+1(neN)
Tt phuwong trinh da cho ta dwgc 2*"' +57 = y°.
Ta c6 57 chia hét cho 3. Lai c6 2°"' =2.2°" =24" =2(3+1) =2(3k+1)=6k+2(keN)

Twr d6 ta dwoc 2*"' +57 chia 3 dw 2. Ma y” 1a s chinh phuong nén chia 3 dw 0 hodc
du 1.

Do d6 trong triong hop x lé thi phuong trinh khong cé nghiém tu nhién.

o Truong hop 1: Xét x 12 s8 chan, khi d6 ta dat x = Zn(n = N)

T phuong trinh da cho ta dwoc 2°" +57 = y* hay ta duoc

y? =2 =57 < (y-2")(y+2")=57.

Doy, nla cac s6 tu nhién nén ta thdy y+2" >0 nén y-2">0 va y+2" >y—-2">0.

Ttr d6 ta co bang gid tri nhw sau:

y+2" 51 19
y-2" 1 3
2" 28(loai) 8
n 3
y 11
X=2n 6

Tht lai ta thdy 2°+57 =11° dung.

Do d6 cap s6 ty nhién can tim la (x;y) = (6;11) .

Vi du 3. Tim cdc s6 nguyén dwong x va s6 nguyén y théa man 7* +24* = y°.

Loi giai
Nhan thay néu (x; y) la nghiém cta phuwong trinh da cho thi (x; - y) cting la nghiém

ctua phwong trinh, do d6 ta chi xét vdi y 1a moét sd ty nhién.
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Ta xét cac treong hop sau:

e Truong hop 1: V6i x< -1, khido taco 0<7* £%<%; 0<24” Si<%.

Ttr d6 ta dwge 7* +24* =y* <1, diéu nay vo 1i vi y 1a s6 tw nhién.

e Trudng hop 2: V6i x =0, khi d6 ta duge y* =2, truong hop nay loai vi y* 1a sd
chinh phuong.

e Truong hop 2: V4i x e N, khi d6 tir phwong trinh 7* +24* = y* ta suy ra dwoc y°
la s6 chinh phuong 1é. Ma ta biét mot s6 chinh phuong 1é khi chia 8 thi ¢6 s6 dwla 1
nén y’ chia 8 du 1.

Ma ta lai c6 24* chia hét cho 8 nén tir phuong trinh da cho ta suy ra dwgc 7* chia 8

du 1. Tir d6 ta suy ra dwoc x 1a mot s§ tw nhién chdn hay x =2k(keN’).
Khi d6 phurong trinh da cho tr6 thanh 77 + 247 = y* & (y - 24 ) (y +24* ) = 7°*.

y-24<=7"

, vOi
y+24F =72

Do 7 1a s6 nguyén t& nén tir phuwong trinh trén ta suy ra dwoc {

meN,m<k.

Tt d6 ta dwge 724" 7™ =224 < 77 (757" 1) = 2.24".

Do 2.24" khong chia hét cho 7 nén tir phuong trinh trén ta suy ra dwgc
7" =1=>m=0.

Ttr d6 ta dwgc y =24* +1, thay vao phwong trinh ban dau ta duoc

7% £ 247 = (24k +1) ©2.24% +1=7 = 49* > 48
Néu k>2 thi 48" —2.24" =24 (2" ~1) > 1 nén phuong trinh trén khong thoa man.
Tir d6 ta suy ra dugc k=1.Nén ta duwoc x=2 va y=24+1=25.

Nhu vy cac cap s6 nguyén (x;y) thoa man yéu cau bai toan la (2;25),(2;-25).

Vi du 4. Tim tat ca cac nghiém nguyén duong ctia phuong trinh

x'+y° +z* =2(x+y+z)

Loi giai

Ta xét cac treong hop sau
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e Treong hop 1: Xét x>2;y>2;z>2, khi dé ta co
X +y" +z2° =x*+y’ +2° 22(x+y+z)
Déng thitc x4y ra khi va chikhi x=y=z=2.

e Truong hop 2: Xét truong hop trong ba sd X, y, z ¢ it nhat mot s6 nho hon 2,
chéang han z <2, khi d6 z=1(Néu x=1 hodc y =1 ta c6 cac nghiém khac).
Khi do tir x¥ +y” + 2" :2(x+y+z) ta duoc x¥ =2x+y+1.
+Neéu y <4, khi d6 ta dwoc y =2 hodc y=3
Véi y=2,khi do tir x¥ =2x+y+1 taduge x* =2x+2+1=>x=3
Véi y =3, khi do tir X’ =2x+y+1 ta duoc X’ =2x+3+1=>x=2
+Néu x <4, khi d6 ta dwoc x=2 hodc x=3
Véi x=2,khi do tir x’ =2x+y+1 tadwoc 2" =22+y+1=2" =y+5=y=3
Véi x=3,khi do tir x’ =2x+y+1 taduwoc 3" =23+y+1=3" =y+7=>y=2
+Né&u x> 4;y >4, khi &6 bang phrong phép quy nap ta sé chttng minh x* > xy .
That vay, véi y =4 ta duoc x* =xx> > 4x.
Gia st bat dang thitc dting vé6i k > 4, thi ta dwoc x* > kx
Khi d6 ta duge x.x* > koo > 4kx = x*" > x(k+3k) > (k+1)x, diéu nay c6 nghi 1a bat
dang thttc dtn véi y =k +1.
Nhu vay theo nguyén li quy nap thi voi y >4 thi x* >xy.
Talaico x>4;y>4 nén (x—4)(y—4)20, ttr do ta duwoc
Xy 2 2x+2y+2(x+y—8)>2x+2y >2x+y+1

Tt désuy ra x” >2x+y+1.
biéu nay cd nghia la véi x>4;y >4 thi X’ =2x+y+1 khong c6 nghiém nguyén
duwong.
Vay phuong trinh da cho c6 cac nghiém nguyén duong la

(xyiz)=(2:22),(12:3),(1:3;2),(2:1;3),(2:3;1),(3;1,2),(3;2:1)
Chii vj: Trong phwong trinh trén ba dn x, y, z c6 vai tro khong binh ding ma la hodn vi vong
quanh, do d6 khong thé'sip thir tw cdc dn kiéu x>y > z.
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Vi du 5. Ton tai hay khong cac s6 nguyén x, y, z thoa man dang thic sau:

[x—2005y|+|y —20072| +|z - 2009x| = 2011* +2013" +2015"

Loi giai

Dit A = |x—2005y|+|y —20072|+|z - 2009x|; B = 2011* +2013” +2015".

Ta c6 nhan xét a +|a| € {O; 2a} vi moi s6 nguyeén a. Do d6 a +|a| ludn 1a s chan.
Do d6 |x —2005y|+ |y —20072| +|z - 2009x| + (x — 2005y ) + (y — 2007z) + (z - 2009x) la

mot s chan.

Tix d6 ta duge A—(2008x +2004y +2006z ) 1a s6 chdn nén A la s8 chan.

Ta xét cac treong hop sau:
e Néu cabasox, y, zdéu la s6 nguyén am.

1 1 1 1.1

+ + +l
2011 20137 2015° 3 3 3

Khi d6 ta dwoc B=2011"+2013” +2015" = =1.

Do d6 0<B <1 nén B khong thé la s6 nguyén. Nhu vay khong c6 s6 tw nhién x, y, z
théa man dang thc.

¢ Né&u trong ba s8 X, y, z cé dung hai s8 nguyén am, chang han hai s8 d61a x, y.
Khi do ta duwoc

1 N 1
2011 20137

B=2011"+2013" +2015" = +2015" < %+ % +2015* =1+2015".

Do d6 ta dugc 2015* < B <1+2015” nén B khong thé la sd nguyén. Nhu vay khong
6 sO ty nhién x, y, z thoa man déng thitc.

o Né&u trong ba s x, y, z c6 dung mot s6 nguyén am, chang han hai s6 d6 1a x.

Khi d6 hoan toan twong ty ta suy ra duoc B khong phai la s6 nguyén. Nhu vay
khong c6 s6 twe nhién x, y, z thdéa man dang thtc.

e Néu cabasOx,y, zdéula s6 tw nhién, khi d6 B=2011" +2013" +2015” 1a s6 1é. Ma
A lai 1a s6 chén. Nhu vay khong c6 s6 tu nhién x, y, z thoa man dang thikc.

Vay khong ton tai cac sd nguyén thoa man yéu cau bai toan.

Vi du 6. Tim nghiém nguyén duong ctia phuwong trinh: 3* 32 =y’

Loi giai

Ta xét cac treong hop sau
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e Truwong hop 1: Néu x la s6 1¢, khi d6 x=2k+1,keN.

Phuong trinh da cho tré thanh 3°"' -32=y? hay 3.9 -32=y’.

Ta thay 9 chia 8 du 1 nén 3.9* chia 8 duw 3. Ttr d6 suy ra 3.9 —32 chia 8 du 3.

Ma mot sO chinh phwong khi chia cho 8 khong c6 s6 duw la 3.

Nhu vay vdi x la sd nguyén 1é thi phuong trinh da cho khong c6 nghiém nguyén
duwong.

e Trudng hop 2: Néu x la s6 chan, khi d6 x =2k, ke N.

Phuong trinh da cho tré thanh 3* —32 = y* hay ta duoc (3" -y)(3* +y)=32.

Dé thdy 3" +y >3-y >0 va 3" +y;3" -y cung 14 s8 chdn. Do d¢ ti phuong trinh

trén ta dwoc cac kha nang sau:
3k— =2 k: k=2 =4:
+Voi Y = 3 9:> =
F+y=16 |y=7 y=7 |y=7

3 -y=4 k=
+ Voi . y = 3 =6 , hé khong c6 nghiém nguyén.
3 +y=8 y=2

Vay phuong trinh cé nghiém nguyén duong la (x; y) = (4; 7) .

Vi du 7. Tim nghiém nguyén duong cta phuwong trinh: 3* +171=y>.

Loi giai
Nhén thay véi x =1 khong thoa man phwong trinh. Do d6 x> 2
Viét phuong trinh da cho vé dang 9.(3X 24 19) =y’. D€y la s6 nguyén thi diéu kién
can va du la
x*? +19 = z’1a s6 chinh phwong vdi z 1a s6 nguyén duong.
Néu x-2=2k+1(keN') 1a s& 1é thi 3™ +19=(3*"+1)+18=4.B+18 chia hét cho
2 nhung khong chia hét cho 4 nén khong thé'1a sd chinh phueong.
Do d6 x-2=2k(ke N’} las8 chdn. Ta cé 37 +19=7" & (2-3")(2+3")=19.

=
3k=9

-3=1 z=10 =10
Vi 19 1a s8 nguyén t6 va z—3" <z+3" nén - = -
z+3“=19 k=2

Vay nghiém nguyén duwong cua phuwong trinh la (x ; y) = (6 ; 30) .

Vi du 8. Tim x, y nguyén duwong thoa man 3" +111= (y—3)(y—5) .

QN
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Loi giai
bdt y—4=a vdialasdnguyén va a>-3, Khi d6 tir phwong trinh da cho ta dwoc.
3 +111=(a+1)(a-1) =3 +112=a°
Néu x 1a s6 1é, ta dat x =2k +1, voi k 1a s6 nguyén khong am. Twr d6 ta co

3 +112=3""+112=3(9" =1)+3+112=3.(9-1)(9* " +9"7 +...+1)+3+112
=24q+3+112=4(8q+28)+3

Do d6 3* +112chia cho 4 du 3 nén a’chia cho 4 du 3, diéu nay vo ly vi s6 chinh
phwong chia cho 4 chi dw 0 hodc 1. Vay x phai chdn hay x =2k véi k nguyén duong
Nhu vy ta c6 3% +112=a’ < (a+3")(a—3")=112. Do d6 ta duoc 112ia+3*
Viaz-3=a+3"20 vaa+3 >a-3"=(a+3") >112=a+3">10

Do dé suy ra a+3" e {14; 28; 56;112} . Ta xét cac treong hop sau

e Néua+3"=14=a-3"=8=2a=2=a=11=x=2y=15

e Néu a+3"=28=a-3"=4=2a=32=a=16= 3" =144 (loai)

e Néu a+3"=56=>a-3"=2=2a=58=>a=29=x=6;y=33

e Néu a+3"=112=a-3" =1:>2a=113:>a=£ (loai)

Vay cdp s6 nguyén dwong thoa man yéu cau bai todn 1a (x;y)=(2;15),(6;33).

Vi du 9. Tim cdc s tw nhién x, y théa man diéu kién x*> —5x+7=3".

Loi giai
Ta xét cac treong hop sau
e Trudng hop 1: Néu y =0, khi d6 phuong trinh da cho trd thanh x> -5x+6=0.
Giai phuwong trinh trén ta duoc x =2;x =3 nén phuong trinh da cho c6 nghiém
(2;0),(3;0).
e Trudng hop 2: Néu y =1, khi d6 phuong trinh da cho trd thanh x* —5x+4=0.

Giai phuong trinh trén ta duwgc x =1;x =4 nén phuong trinh da cho c6 nghiém

(1,1),(41).
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e Truong hop 2: Néu y =2, khi d6 3” chia hét cho 9. Ta xét cac treong hop s6 du
cua x khi chia cho 3.

+Néu x =3k, ke N, khi d6 x* —5x+7 khong chia hét cho 3, do d6 khong chia hét
cho 9. Suy ra phwong trinh da cho khong c6 nghiém.

+Néu x=3k+1,keN, khi d6 x* -5x+7 =9k” -9k + 3 khong chia hét cho 9. Suy ra
phuong trinh da cho khong cé nghiém.

+Neéu x =3k, ke N, khi d6 x* —5x+7 =9k”> -3k +1 khong chia hét cho 3, do d6
khong chia hét cho 9. Suy ra phuong trinh da cho khong c6 nghiém.

Do d6 khi y > 2 thi phwong trinh da cho khong c6 nghiém nguyén.

Vay céc cdp s0 ty nhién thoa man yéu cau bai toan la (x; y) = (2;0),(3;0),(1;1),(4;1).

Vi du 10. Tim tat ca cac b ba s6 nguyén duong (a ;b; c) thoa man

(a5 +b)(a+b5)=2c.

Loi giai
Do vai tro ctia hai s6 nguyén duong a va b nhu nhau nén khdng mat tinh tong quat
tagiast axb>1.
Khiddtacd a®+b>a+b’>2.

Ttr diéu kién cta bai todn ta suy ra duoc a va b 1a cac s6 chdn hodc ciing 1é. Khi d6
ton tai cac s6 nguyén duwong m va n thdéa man {
Cong theo v& hai dang thitc trén ta dwgc a’ +b° +a+b=2"+2"

Hay ta duoc (a + b)(a4 —a’b+a’b*—ab’ +b* + 1) =2" (2‘“’“ + 1) )

Néu a va b cling 1a s& chdn, khi d6 a* —a’b+a’b* —ab’ +b* +1 1a 56 Ié.

Khi d6 tr (aer)(a4 —a’b+a’b*—ab’ +b* +1) =2" (2“““ +1) suy ra (a+b)i2".
Matacd 2+2<a+b<a+b’=2" nénsuyra a+b=2"va b=b’ nén b=1, diéu nay
mau thuan véi b 1a s6 chan.

Ttr d6 suy ra a va b phai la sd 1¢, khi d6 a* —a’b+a’b”* —ab’ +b* +1 chia 4 dw 2.

Do do tur (aer)(a4 —a’b+a’b’ —ab’ +b* +1) =2" (2"““ +1) suy ra (a+b)i2"".
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Ma 1+1<a+b<a+b’=2" nénsuyra a+b=2" hodc a+b=2"".Ta xét cic truong
hop sau

e Xét a+b=2"", khi d6 két hop vdi a+b’ =2" ta suy ra dugc b’ —b=2"-2"".
Do d6 ta duoc b(b4 —1)=2“‘1 nén 2"'b, mablasdlénén b=1.Do d6 suy ra

21 20, dieu nay vo li.

e Xét a+b=2", khi d6 két hgp véi a+b’ =2" ta suy ra dugc b’ -b=2"-2"=0.
Do d6 ta dugc b°=b=b=1.

a’+b=2"
b=

Thay vao hé {

Tt @6 ta dwoc a* —a’ +a* —a+1=2"".

Doalas6lénén a*—a’+a’~a+1las6lénén 2™ lasflé.Suyra 2" "=1=m=n.
T d6 taduwoc a®+1=a+1=a’=a=a=1.

Tathay a=b=1 vao (a5+b)(a+b5):2C thi tim duoc c=2.

Vay b s nguyén duong (a; b;c) thoa man yéu cau bai toén 1a (1;1;2).

5. Hé phwong trinh nghiém nguyén.

X+y+z=3

3

Vi du 1. Tim cdc nghiém nguyén cua hé phwong trinh: s s
X" +y +z" =3

Loi giai
Ta c6 hang dang thtic (x+y+z)3 —(x3 +y° +z3) =3(x+y)(y+z)(z+x)
Do d6 tir hé phuwong trinh trén ta duoc
27—3=3(x+y)(y+z)(z+x)<:>8:(x+y)(y+z)(z+x)
Dat x+y=cy+z=a,z+x=b.Khi do6 ta dugc abc=8.
Do a, b, cnguyén nén a, b, c la cadc wdc cua 8. Suy ra ta duoc a;b;ce {il;iZ;i4;i8}
Do vai tro ctia X, y, z nhw nhau nén ta c6 thé gid st x<y<z,khidé a>b>c.

Ta co a+b+c=2(x+y+z):6:>a22.1<hi do ta xét cac treong hop sau:

.. , |b+c=4 b=2
+Voia=2 taco =
bc=4 X=2

Tt d6 ta duwge x=y=z=1
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b+c=2

been hé nay khong c6 nghiém nguyén.
C=

+V6ia=4 tacé{

. , |Ib+c=-2 b=-1
+Voi a=8 tacod =

bc=1 c=-1
Ttr d6 ta tinh duwoc x=y=4;z=-5

Vay hé trén c6 cac nghiém la (x; y;z) = (1; 1;1),(4; 4;5),(4; 5;4),(5; 4,'4) .

Vi du 2. Chttng minh khong ton tai cac s6 nguyén X, y, z thdéa man hé sau:

x2—3xy+3y2—z2 =31
x> +xy +8z* =100

Loi giai
Gia st ton tai cac sO nguyén x, y, z thoa man hé phwong trinh
x* =3xy +3y’ —z* =31
{xz +xy +8z” =100
Khi d6 ttr hé phuwong trinh trén ta duoc
9x? —23xy +24y? =348 < 5(2x* —5xy +5y? ) =(x—y) +348

D& thiy 5(2x* ~5xy +5y”) chia hét cho 5. Ma (x—y)’chia 5 du 0 hosc dur 1
hodc du 4 va 348 chia 5 du 3, do do (x - y)2 + 348 chia 4 du 3 hoac sw 4 hoac du 2.

Nhu vay khong ton tai cac sO nguyén X, y, z thda man hé phuong trinh trén.

—+ =
Vi du 3. Giai hé phuong trinh nghiém nguyén: {X3 y s - )
X' +y =z

Loi giai
Néu z =0 thi hé phuong trinh ¢6 nghiém (x;-x; 0) véi xe Z.
Néu z =0 thi tir hé phwrong trinh ta €6 x* -xy +y* =x+y < x> —(y+1)x+y* -y =0

Xem phuong trinh trén 1a phueong trinh béac hai dn x nén ta duoc

3-12 34412

Ay—(y+1) 4(y y)20c> 3 <y< 3
DoyeZnéntadu’ocye{O;l;Z}.
~ . 14 /4 P . X=Z
- Neuy:0,l<h1do’cacohephu’ongtrlnh{3 ,ox=z=1
X =z

; Néuyzl,khidétaduocx2—2x=0c>[x :[X z

X =

- Néu y =2, khi d6 ta dugc x*-3x+2=0<

1
X
I
N

x=1 [x:l;z:3
=
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Vay hé phuong trinh c6 cac nghiém nguyén la

(x-x0),(1;0;1),(0;1;1),(21;3),(1; 2; 3), (25 2; 4)

Xy +yz+zx=38

Vi du 4. Tim nghiém nguyén ctia hé phiong trinh: {
X+y+z=5

Phan tich va loi giai
bay la hé phuong trinhcd ciu truc ddc biét. Do sd dn nhiéu hon s6 phuong
trinh nén thong thuong ta nghi dén phuong phap danh gia. Do vai tro binh dang
cua cac an nén ta co thé danh gia mot an nao do, chéng han 13 4n z.
Chti ¥ rang néu xem z 1a tham s6 va x, y 1a 4n s8 thi hé phuong trinh trén 1a hé doi
xtng hai an dang 1. Ta viét lai hé:
{xy+(y+x)z =8 - {xy+(5—z)z =8 - {xy =8—(5—z)z
X+y=5-z X+y=5-z X+y=5-z
Nhu vay theo dinh li Vi - et thi x va y la hai nghiém ctia phuong trinh bac hai
t* —(5-z)t+8—(5-2)z=0
Trong phuong trinh bac hai trén thi z déng vai tro tham s6, khi d6 néu xac dinh
duoc gia tri cua z thi xem nhu bai toan duoc giai quyét.

Ta biét rang d€ phuong trinh c6 nghiém thi A >0 hay ta dugc

32 -10z+7 <0 < 1£z£§. Do z nhan gia tri nguyén nén z=1 hodc z=2.

e V4i z=1, khi d6 phuong trinh trd thanh t* —4t+4 =0, dén day ta tim duoc
x =y =2 thoa man.

e V6i z =2 khi d6 phuong trinh trd thanh t* —3t+2 =0, dén day ta tim duoc

x=2;y=1hodac x=1;y =2 thoa man.

Vay hé phuong trinh c6 cac nghiém nguyén la (x; y;z) = (2; 2;1),(1; 2;2),(2; 1;2).
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