DAP AN CAC BAI TOAN BAT PANG THUC, CUC TRI
TRONG PE CHUYEN MON TOAN GIAI POAN 2009-2019

NAM HOC 2019-2020

Cau 1: [TS10 Chuyén KHTN Ha Noi, 2019-2020]
Cho x, y 1a cac s8 thuc duong thoa man: 4x* +4y° +17xy +5x+5y > 1

Tim gia tri nho nhat cta biéu thiee: P=17x" +17y” +16xy
Loi giai
Ta c6: 4x* +4y2 +17xy +5x+5y >1 <::>4(x+y)2 +9xy+5(x+y)2

Dt t=x+y, t >0, theo bat dang thitc AM-GM, ta co:

2

2

xyS(X+y) _ Y Dodé: 42 +2¢ +5t21= 2[ yx+y22ﬁ_2.
4 4 4 5
Ta co: P:17x2+17y2+16xy:17(x+y) ~18xy
2
2 (x+y) 25 2 25(2\2-2

217 (x+y) —183— === (x+y) 4( ] =6-4\2

Ddu “=" xay ra khi x=y=%

Vay gia tri nho nhét ctia P 1a 6-442
Cau2: [TS10 Chuyén Su Pham Ha Noi, 2019-2020]
Cho cac sO thuc x, y thay d6i, hay tim gid tri nho nhéat cua biéu thic:
P =xy(x—=2)(y+6)+13x" +4y” —26x+24y +46
Loi giai
Ta co:
P =xy(x—2)(y+6)+13x" +4y* —26x+24y +46
=(x*=2x)(y* +6y)+13(x* =2x)+4(y* + 6y ) +46
= (x=1 =1 (y+3)" =9 |+13[ (x 1) =1 ] +4| (y+3)' =9 | +46
bat a=x-1,b=y+3 , khi dé:
P=(a’-1)(b*-9)+13(a’ ~1)+4(b* -9)+46
=a’b’-9a’—b* +9+13a’ —~13+4b” -36+46
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=4a*+3b* +a’b* +6
>6

ox=1y=-3

=0 -1=0
Dau “=" xay ra khi {a {X

=
b=0 y+3=0
Vay gia tri nho nhdt caa P 1a 6.
Cau 3: [TS10 Chuyeéen Tin Ha Noi, 2019-2020]
Cho a, b, c dwong thoéa man: ab+bc+ca+abc=4
1 1 1
+ + =
a+2 b+2 c+2
1 1 1

1/2(a2+b2)+4+ 2(b2+c2)+4+ 2((:2 +a2)+4‘

1) Chting minh rang:

2) Tim gia tri nho nhat: P =

Loi giai
1) Ta co:
1 1 1
+ + =
a+2 b+2 c+2
< (b+2)(c+2)+(a+2)(c+2)+(b+2)(a+2)=(a+2)(b+2)(c+2)

<:>ab+bc+ca+4(a+b+c)+12:abc+2(ab+bc+ca)+4(a+b+c)+8

< 4=ab+bc+ca.
Déng thitc cudi cing dung theo gia thiét, cdc phép bién d4i 1a twong duong,
do d6 dang thitc da cho duwoc chitng minh.

2) Véix, y duong ta c6 bat dang thiec:

2(x2 +y2)2 (x+y)2 )

! g(gl} -
x+y 4(x vy

That vay:

(*) = (x —y)2 >0 (luén dung)

(H)C)“_YZ

by Cxay o (x+y) 24xy & (x-y)’ 20 (luén ding)

Céc bat dang thite (*), (**) xay ra dau “=" khix =y.
Lan luot ap dung (*) va (**) ta co:

1 1 1 1( 11 j
< = <— +
\/2(a2+b2)+4 a+b+4 (a+2)+(b+2) 4(a+2 b+2

Twong tu:

1 1 1 1 1 1( 1 1
<— + ; <— + ;
2(b2+c2)+4 4\b+2 c+2 2(c2+a2)+4 4{c+2 a+2
Cong theo vé ta duoc:
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peif t 1 1)1, 1
2la+2 b+2 c+2 2 2

Dau “=” xay rakhia=b=c
Vay gia tri nhé nhat caa P la %
Cau4: [TS10 Chuyén Toan Ha Noi, 2019-2020]
Cho K=ab+4ac—4bc voéi a,b,c>0 vaa+b+2c=1.
1) Chting minh rang: K > %
2) Tim gia tri 1én nhat caa K.
Loi giai
1) St dung bat dang thitc AM-GM ta co:

2 2
gbe<o|Rt2e) ofarbt2e) 1 o 1
2 2 2 2

Mat khac: a,b,c20:>K:ab+4ac—4bc2—4bc2—%

Ddu “=" xay rakhi a=0,b= %,C = 1
Cach khac:
Ta co:

K=ab+4c(a—b)=ab+2(1—a—b)(a—b)
:ab+2(a—b)—2(a2—b2)
=2b” +(a—2)b+2a—2a’
Do d6: 2b*+(a—2)b+2a—2a"-K =0 (¥)
Dé€ ton tai K thi phwong trinh (*) Phai ¢6 2 nghiém:
©A20(a-2) -42(2a-2a>-K)20
< 8K >20a-17a° —4.
Via,b,c20vaa+b+2c=1=0<a<1.Do dé:
2a-17a* =a(20-17a)2a(20-17.1)=3a >0

Do dé6 8K2—4:>K2—%

Dau “=" xay rakhi a=0,b= l,c = l
2 4
2) Str dung bat dang thitc AM-GM ta c6:

2
2 4
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Mat khac:

(a+b+2c)2 1
a,b,c20:>K=ab+4ac—4bc2ab+4ac£2ab+4ac=2a(b+2c)£#=§.
Dau “=" xay ra khi:

1

a=b+2c,a+b+2c=1,bc=0,ab=0=a :%,b =0,c= 1
Vay gia tri 1on nhat cua K la %
Cau5: [TS10 Chuyén Thai Binh, 2019-2020]

1
’ A 2 ~ 0<a,b,C<— n .7 N 2 A, B A2
Cho cac soO thuec a, b, ¢ thoa man 2 . Tim gia tri nhé nhat cua biéu

2a+3b+4c=3

2 9 8
a(3b+4c—2) b(4a+8c—3) c(2a+3b-1)

thtc P=

Loi giai

Ta co:

P= 2 + 2 + 8
a(3b+4c-2) b(4a+8c-3) c(2a+3b-1)
2 .9 . 8
a(3-2a-2) b(6-6b-3) c(3-4c-1)
2 3 1

“a(1-2a) b(1-2b)  c(1-2¢)

_ 2a 3b’ L e
a’(1-2a) b*(1-2b) ¢ (1-2c)’

Ap dung bat dang thixc AM-GM ta c6:

2
a2(1—2a)£ at+a+1-2a =i
3 27

1 1
Tuong tu: b2(1—2b)sE ; cz(l—ZC)SE

Suy ra: P>27(2a+3b+4c)=81

Ddu “=" xay rakhi a=b=c =%
Vay gia tri nho nhat cua P 1a 81.
Cau6: [TS10 Chuyén Hoa Binh, 2019-2020]
Cho hai s6 duong a, b théa man: a + b = 4ab. Chting minh rang:
a_ b S 1
4b*+1 4a’+1 2

Loi giai
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Ta co:

a1+b:4ab£(a+b)2 <:>(a+b)[a+b—1]20<:>a+b21(a+b>0)

Lai co:
2 2
? =a- 42b 2a—4ab =a-—ab
4b” +1 4b° +1 4b
2 2
sz - 42b 2b—4ab=a—ab
4a° +1 4a° +1 4a
Do dé: ——

b +b 1 1
47 +1 da’+1 Z(a+b)_2abz(a+b)_a2 =5(arb)=7
Dau “=" xay rakhi a=b :%

Cau 7: [TS10 Chuyén Hung Yeén, 2019-2020]

Cho céc s thiee khdng am x, y, z thoa man: x* +y* +z° <3y

Tim gia tri nhé nhat cta biéu thac:

P= ! >+ 4 >+ 8 >
(x+1) (y+2) (z+3)

Loi giai

Str dung bat dang thitc Cauchy-Schwarz ta c6:

2
1 1 _1(1 1 8
Rt [ *
a’ b’ Z(a bJ O

B (a + b)2
Ap dung bat dang thikc (*) ta duoc:
P 1 N 1 N 8 S 8 8 S 64

(x+1)’ (y

2 2 = 2+ 2 = 2"
~+1 (Z+3) x+2+2 (Z+3) X+Y 4745
2 2 2
Mat khac:

x+zS\I12(x2 +z2) S\/2(3y—y2) Sm.

P> 64 64

= >1
1, ? 1 T
(6+2y—2y ) {S—Z(y—Z) }
Dau “=" xay ra khi (x, y,z) = (1, 2,1).
Vay gia tri nhé nhat cua P 1a 1.

Cau 8: [TS10 Chuyén Ha Nam, 2019-2020]
Cho cac so thyc duong a, b, ¢ thdéa man: 1 + 1 + 1 <1. Tim gia tri nho
a+1l b+1 c+1
3 3 3
nhat ctia biéu thitc: P = a b ¢

+ +
a’+ab+b*> b*+bc+c® c*+ca+a’
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Loi giai
Ta dé dang chiing minh bat dang thic:
1.1 1

—+—+—2
X Yy z X+y+z

(Vvoi x,y,2>0) (*)

That vay: (*)<:>(a+b+c)[l+%+lj29
a c

Ap dung AM - GM ta duoc:

1 1 1
(a+b+C)(g+B+E]Z3\/3abC.%/jbjczg

Vay bat dang thtic (*) dwoc chiing minh, ddu

“u_r

xay rakhix=y=z.
Str dung bat dang thttc (*) ta duoc:
1> 1 + 1 + 1 > ? < a+b+c+3>29<a+b+c>6
a+1l b+1 c+1 a+b+c+3
b3 C3 a3
+

+
a’+ab+b*> b’+bc+c® *+ca+a’

biat Q=

Ta co:
a’-p’ b’ -¢? ¢ -a’
az+ab+b2+b2+bc+c2+cz+ca+a2
— 2 2 _ 2 2 . 2 2
(a bz)(a +ab+b )+(b c)(b +bc+c )+(c a)(c +ca+a )
a’+ab+b? b +bc+c? ¢ +ca+a’
=(a—b)+(b—c)+(c—a)
-0
Do d6:P=Q

P-Q=

Mit khiac: x* —xy+y* > %(Xz +XY+Y2) (H)
That vay:
ﬁ-w+f2%@%«wwﬂcﬂﬁ—%rﬂf2f+w+fcﬁ@—ﬂ5”

St dung (**) ta duoc:
a’+b’ b’ +c? c+a’
a’+ab+b®> b?*+bc+c® *+ca+a’

2 _ 2 2 2 2 2
=(a+b)(a ab+b )+(b+c)(b bc+c )+(c+a)(c ca+a )
a’+ab+b? b?* +bc+c? c+ca+a’

P+Q=

1 1 1
2§(a+b)+§(b+c)+§(c+a)

:z(a+b+c)zz.6=4
3 3

Ma P=Q=P>2
Dé&u “=" xdy rakhia=b=c=2
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Vay gia tri nho nhat cua P 1a 2.
Cau9: [TS10 Chuyén Phan Boi Chau, 2019-2020]
Cho cac s6 duong a, b, ¢ dwong thoa man abc=a+b+c+2 . Tim gia tri 16n nhat
1 N 1 N 1
Ja?+b2 \bP+? 2 +a

cua biéu thiec P =

Loi giai.
Twr abc=a+b+c+2
<:>(a+b)(b+1)(c+1):(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)
1 1 1
=N + + =
a+1 b+1 c+1

Dit 1 =&'1=y,1
b+1 c+1

X,y,z>0
=z=
x+y+z=1.

X+y

1-x +z Z+X

X X y z

1 1 1 1

Khi d6: a=

1

Nén P = + + g_[

N3

+
Jab

1 1

Ja? +b?

Jb? +¢2

J +a?

X y

y V4

V4

X

el

y+2z z+X

+J

+J

Z+X X+y

X+y y+z

Z y

X

z

4y

y+Z Z+X

Y\/

Z+X X+y

+J

y

X+y y+z

(5

X z
+
X+y y+zj_

+
y N z N Z N X =3\/§
X+y x+y y+z y+z z+x z+x)| 4

xay rakhi x=y=z hay a=b=c

1

-5

“_rr

Al
[=5+<55)

Dau
Vay gia tri 16n nhat caa biéu thiee P la ¥ khia=b=c=2.

Cau 10: [TS10 Chuyén Vinh Phuc, 2019-2020]

Cho x, y, z 1a cac s6 thuc duong thoa man 5(x2 +y’ +zz)—9x(y+z)—18yz=0.

n 4 . 4 Y 2 A2 ’ 2X - —Z
Tim gia tri lén nhat cua biéu thiec: Q= 2xTy—z
y+z
Loi giai
Ta co:

5(x2 +y’ +zz)—9x(y+z)—18yz£0

< 5x? —9x(y+z)+5(y+z)2 -28yz <0
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<:>5x2—9x(y+z)+5( +Z)2S7.4YZS7(Y+Z)2
< 5x° — (y+z 2( +z) <0

2
[ 90X 5cg
y+z y+z

(t>0) khi do:

bat: t=

y+z
5t —9t-2<0 < (5t+1)(t-2)<0
©t<2  (do 5t+1>0)

= <2

y+z

XZY=Z_5 X 19 1=3
y+Z y+Z

Taco: Q=

Ddu “=" xay rakhi y=z= z

Vay gia tri 16n nhat caa Q la 3.
Cau 11: [TS10 Chuyeén Béc Ninh, 2019-2020]
Cho x, y, z khong am théa man x+y+z=3. Tim GTLN. GTNN cta biéu thtic

M =32 —6x+25 +4Jy? —6y +25 + V2 —62+25
Loi giai
Ta co:

M =X2 —6x+25 +1y* —6y +25 +7z? —62+25

= (B=x) +16+\[(3-y) +16+/(3-2) +16

a+b+c=6
0<a,b,c<3

bat a=3-x,b=3-y,c=3-2z, Khi d¢é: {

M =+a? +16 +\b* +16 ++/c +16
Tim GTNN:
Theo bat dang thitc Minkowski ta cd:

M =+/a% +16 ++/b* +16 ++/c? +16 2\/(a+b+c)2 +(4+4+4)2 —645

Déng thiic xay rakhia=b=c=2
Tim GTLN

Str dung phuong phap UCT véi diéu kién 0<a <3 ta duoc \llem <2 12 (*)

That vay:
(*)=9(a’ +16)<(a+12) < 8a’~24a<0>a(a—3)<0 (dung)
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Hoan toan twong tw va suy ra: M <14
Déng thitc xay ra khi (a,b,c) = (O, 3,3) va cac hoda vi.
Cau 12: [TS10 Chuyén KHTN, 2019-2020]

Cho x, y,z 1a cac s6 dwong thdéa man xy +yz+zx =1 . Chitng minh rang:

3

1 1 1 2 X y z
S+ >+ 2= + + (1)
L+x* 1+y* 142 31+ \/1+y2 J1+22
Loi giai

Ta co: 1+x% =xy +yz+zx+X =(x+y)(x+2z)

Twong tu: 1+y2 =(x+y)(y+z);1+z2 =(x+z)(y+z)

Do dé:

VT - 1 . 1 . 1 _ 2(x+y+z)
M (x+y)(x+z) (x+y)(y+z) (x+z)(z+y) (x+y)(y+z)(z+x)

Ap dung bat dang thitc Cauchy-Schwarz, ta co:

[Jlixz +\lliy2 +\/1122} S(X+y+Z)(1+XX2 +1+yY2 +1+ZZ2)
=(x+y+z X + Y + z
=(xry ){@+yxy+z)(x+yxy+z)(x+zxz+yﬂ
2(x+y+z)(xy+yz+zx)
(x+y)(y+z)(z+x)
2(x+y+z)

T (x+y)(y+2)(z+x)
Suy ra:

- 4(x+y+z) X 7
VP(l)_3(X+Y)(Y+Z)(Z+X [\/1+x \/1+y \/1+z2}

Nhu thé d& chting minh bat dang thikc da cho ta chi can chiing minh:

X Y z_ 3 2
J1+x2 +\/1+y2 +\/J1+z2 2 )

Str dung bat dang thitc AM-GM ta c6:

X _ X <l( X N X ]
V1+x2 \/(x+y)(x+z)_2 Xty X+z

Tu’cmgtu’:ysly+y;zzlz+z
\/1+y2 2{x+y y+z J1+Z2 2{z+x y+z
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Cong theo v& 3 bat danng thitc trén ta duwoc bat dang thite (2). Bai todn duoc
chiing minh.

Dé’u “u_sr Xéy ra khl X:y:z:i

Na

Cau13: [TS10 Chuyén TP. H6 Chi Minh, 2019-2020]

Cho x, y, z la cac s0 thuc thudc doan [O; 2] thoa man diéu kién: x+y+z=3.

a) Chtng minh réng: x* +y* +2° <6

b) Tim gi4 tri 16n nhat ctia bi¢u thirc: P=x+y° +2° —3xyz
Loi giai
a) Ta co:

(2—x)(2—y)(2—z)20:>8—4(x+y+z)+2(xy+yz+Zx)—xyz20

=Xy +2 S +y +27 +8—4(x+y+2)+2(xy +yz+2zX)—XyzZ
=(X+y+z)2 —4(x+y+z)+8—xyz
=9-43+8-xyz=5-xyz<5<6
b) Ta co:

P:x3+y3+z3—3xyz:(x+y+z)(x2+y2+z2—xy—yz—zx)
= { x* +y* +2° —%(x2+y2+zz+2xy+yz+zx)}

é[ x +y> +2° (x+y+z)2}
2
3

Dau “=" xay ra khi (x, y,z) = (2, 1,0) va cac hoan vi.
Cau 14: [TS10 Chuyén Hoa Binh, 2019-2020]
Cho x, y, z la cac s6 thuc duong thoa man: xy +yz+4zx =32
Tim gia tri nho nhat cta biéu thiee: P=x*+16y” +162°
Loi giai.
Ap dung bat dang thicc AM-GM ta c6:
2
X? +8y” > 4xy

2
X 1872 >4xz
2

8y’ +8z° >16yz
Cong theo vé& ta dugc: P =x" +16y” +16z° 2 4(xy +xz+4yz) =128
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Dau “=" xay ra khi x = 4y = 4z, thay va diéu kién ta dugc: x = # ;5 y=z= %
Cau 15: [TS10 Chuyén Qudc Hoc Hué, 2019-2020]
Cho ba s6 duong X, y, z thdéa man xyz = 2. Chttng minh rang:

X 2y 4z 1
+ + <=
2 +y*+5 6y’ +z°+6 3z +4x*+16 2
Loi giai
Ta co:

+) 2 +y? +5=x"+y* +X* +1+4 > 2xy + 2x+4
X X X
= < =
2 +y* 45 2xy+2x+4  2(xy+x+2)

+) 6y*+2°+6=4y’ +2° +2y* +2+4>4yz+4y+4

Ly 2y Yy
6y’ +z° +6 4yz+dy+4 2(yz+y+1)

Do d6:
X

VT < + y +
2(xy+x+2) 2(yz+y+1) ZX+27+2

_ X N y N yz
2(xy+x+xyz) 2(yz+y+1) Xyz+2yz+2y
1 y yz
- 2(yz+y+1)+2(yz+y+1)+2(yz+y+1)
yz+y+1

2(yz+y+1)

V4

1
2

Ddu “=" xadyrax=y=1,z=2.
Cau 16: [TS10 Chuyén Tin Hoa Binh, 2019-2020]

Cho cac s6 thuc duwong X, y thoa man: x+y <1.

Tim gid tri nho nhat caa biéu thic: P = [l + 1] J1+x%y?

Xy
Loi giai
Theo AM-GM ta co:
1 1 1
1=2x+ 22,/x :>,\/x S—=xys<—=>—24
y y ys5=Xy=yg Xy
Do do:
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:(—+—}/1+x2y2>—«/1+x =2 /—+xy

Suy ra:

P>2 i+xy=2 L +Xy + 15 =212 L Xy + 15
Xy l6xy l6xy l6xy 16xy
:Pzz,/%JrEzL 17

Dau “=" xay rakhi x=y = %

Vay gia tri nhé nhat caa P la J17
Ciau 17: [TS10 Chuyén Tién Giang, 2019-2020]

Cho hai s6 duong x, y théa man 2(x3 +y3)+6xy(x+ y—2)=(x+ y)2 (xy+4)

Tim gia tri nhé nhat cta biéu thiee: T = %[5 + Xy 1}
y X

Loi giai
Ta co:
2(x3+y3)+6xy(x+y—2):(x+y)2(xy+4)
=2(x+y) ~12xy =(x+y) (xy +4)
Dat a=x+y,b=xy(a,b>0) khi do:
22’ ~12b=a’(b+4) < b(a’ +12)=2a’ —4a’
Do VT >0nén 2a° -4a’ >0« 2a*(a—2)>0<a>2

Ta co:

T— X, ¥, X4y +xy |1 i—l ~a’ 1 _a'+12a® 1
y <72 Xy 20 b 2b 2 4a’-8a* 2

Ta sé chitng minh:ng

4 2 AN
That vay: Tzégﬂz:;@(a 6) a
2 4a’-8a’ 4a2(a—2)

Dau “=" xay rakhia=6,b=6

hay x:3+\E,y:3—\E hoac x:3—ﬁ,y:3+ﬁ

Vay gia tri nho nhét caa T 1a g

>0 (lubn ding Va>2)

Cau 18: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]
Cho cac s6 thuc duong x, y. Tim gia tri nho nhat ctia biéu thic:
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2 2 ’
P= X—2+y—2+2+i
y X X+y
Loi giai
Ta co:
X y? Wy eyt eyt Xy
P= [—F+=5+2+ = 5 +
y* X X+y x’y X+y
2, 22 2, 2
x> +y +«/xy _ Xty +ny
Xy X+y Xy X+y
2
24 y? X+
:P:(uu}_dw_z:( )y,
Xy X+y Xy X+y
it t= VY Theo AM-GM thi: x+y22ky = Y <1 1155
X+y x+y 2 t
Khi dé:
P=lz+t—2= i+£+ 12 + 152—
t 2 2 16t 16t
233/1.3. L Dy,
2 2 16t 16
:3.1+E—2
4 4
_>
2

Ddu “=" xay rakhix =y

Vay gia tri nhé nhat caa P la g

Cau 19: [TS10 Chuyén KHTN Ha N¢i, 2019-2020]
Vi x, y 1a cac s6 thuc théa man 1<y <2 va xy+222y . Tim gia tri nho nhat cua

x> +4
2

y +1

biéu thitc M =

Loi giai.
Theo giai thiét ta c6: 4xy +8>8y.

Str dung bat dang thitc AM — GM ta c6: 4x* +y” > 4xy.

Suy ra: 4x* +y* +8>4xy +8>8y.

Do do: 4(x2 +4)28+8y—y2 =4(y2 +1)+(5y+2)(2—y)24(y2+1).

2
X +4>1

Suyra: X*+4>v*+1=>M-= >
y y y2+1

Dé&u “=" xay rakhix=2,y=1.

2
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Vay gia tri nhé nhat cua M la 1.

Cau 20: [TS10 Chuyén Hung Yeén, 2019-2020]

Vi x, y la ca s6 thuc thoa man (2+x)(y—1) = % Tim gia tri nho nhat cta biéu

thite: A=vx* +4x +6x +4x+2 +1y* —8y’ +24y* ~32y +17.
Loi giai

Ta co:

A =X +4C +6XF +4x+2 +4Jy" —8y° +24y* —32y +17

:\/1+(x+1)4+\/1+(y—2)4

Dit a=x+1,b=y-2, taduoc A=+1+a* +y1+b*

Twr gia thiét ta duoc: (a+1)(b+1)=%<:>a+b+ab=%

Theo AM — GM ta cé:

{4a2+124a

—a’+b’>a+b- (1)
4b> +1>4b 2

1
a2+b222ab:>E(a2+b2)2ab (2)

Cong theo vé€ (1) va (2) ta duoc:
E( 2+b2)2a+b+a1b—1:§—l:§:>a2+b22l
2 2 4 2 4 2

Ap dung bt dang thitc Minicopski ta dugc:
A=+1+a* +41+b* > \/(1+1)2 +(a2 erz)2 = \/(aZ +b2)2 +4

. (zj%ﬁ

2 2
D&u “=" xay ra khi azb:l(:)x:—l,y:E :
2 2 2

J17

Vay gia tri nho nhat cua A la —

Cau 21: [TS10 Chuyén Binh Thuan, 2019-2020]

Cho cac s6 duong x, y, z thoa xyz = l Chitng minh rang:

z zx X
yz__ Ly

xz(y+z) yz(z+x) zz(x+y)

Dau “=" xay ra khi nao:

2 Xy +Yyz+zX.

Loi giai

Ta co:
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zX X
Xy

*(z+x) zz(x+y)

+Z2 le+l+l
1 1 1 2({x y z

2 Xy +yz+zX

Khi d6 ta can chtrng minh:

a>  b* & _atb+c
+ + >
b+c a+c a+b 2
That vay, sk dung bat dang thitc Cauchy-Schwarz ta duoc:
2
a> b & _(a+b+c) _at+b+c

VT = + + > = =VP (dpcm)
b+c a+c a+b 2(a+b+c) 2

Dau “=" xay rakhix =y = z.
Cau 22: [TS10 Chuyeén Hai Phong, 2019-2020]
Cho x;y;z la ba s thuc duong thoa man x(x—z)+y(y—z)=0. Tim gid tri nho

3 3 2 2
o o , X" +vy +4
nhat cta biéu thiec P = ZX >+ 2}’ >+ y
X +z° y +z X+y
Loi giai
Ap dung bat dang thikc Cosi 3 =X- Xz’ >x—22 _x_Z2
p ung & x> + 77 xX>+z2 2xz 2
3 2 2
X +vy +4
Tuwong tw 2}’ 2Zy—E.SuyraP2x+y—z+L.
y tz 2 X+y
2 2
+
Theogtz=X Y =>P2x+y+ >4.
X+y X+y

Vay P =4 x=y=z=1.
Cau 23: [TS10 Chuyén Quang Nam, 2019-2020]
Cho ba sd thuc duong a, b, ¢ thoa man abc = 1. Tim gia tri nho nhét cta biéu

(1+a)2+b2+5 (1+b)2+c2+5 (1+c)2+a2+5

thtc: P=
ab+a+4 bc+b+4 catc+4
Loi giai
Ta co:
(1+a) +b*+5 _a’+b?+2a+6 _2ab+2a+6_2(abra+d)-2 2
ab+a+4  ab+a+4  ab+a+4  ab+a+d  ab+a+d
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Twong tu:

(1+b)2+c2+5>2 ) (1+c)2+az+522

1 1 1
+ +
ab+a+4 bc+4+4 ca+c+4

Do d6: P26—2(

Véix, y duong ta co:

(x=y)' 20 (x+y) 2dxy & —— <XV o 1

Dau “=" xay ra khix =y.

bc+b+4 _bc+b+4; ca+c+4

j=6—2Q

|

1
< <-—
x+y 4xy x+y 4

1

. 1 1 1
Apd *) ta duoc: = <—
p dung (*) ta duoc ab+a+4 (ab+a+1)+3 4(

1

1
_+_
Xy

ca+c+4

1

1 1 1 1 1 1
Tuong tg: ———<—| ———+— |; <=
bc+b+4 4\ bc+b+1 3) ca+c+4 4

Do d6:

1

ca+c+1 5

j (*)

+1].
ab+a+1 3)

Qsi( 1 + 1 1 +1j:>2Q:l(

+
ab+a+1 bc+b+1 ca+c+1 2

:>P26—1[ L L L +1)

+ +
2\lab+a+1 bc+b+1 ca+c+1
1

C ac 1
= + + +1
2(abc+ac+c bcac+abc+1 ca+c+1 j

1 C ac 1
=6—— + + +1
2\ca+c+1 ca+c+1 ca+c+1
—6-12

2

=5
Ddu “=" xady rakhia=b=c=1.
Vay gia tri nho nhat cua P 1a 5.
Cédu 24: [TS10 Chuyeén Lai Chau, 2019-2020]

Cho cac s8 thuc dwong a, b, c. Chiing minh rang;:

ab bc ca 1
+ + <—(a+b+c)
a+b+2c b+c+2a c+a+2b 4
Loi giai

Véix, y duong ta co:

(x—y)220<:>(x+y)224xy<:> L < XY o LIy

x+y 4xy  x+y 4
D&u “=" xay rakhix =y.

St dung (*) ta duogc:

a
a+b+2c : (a+c)+(b+c) 4
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bc bc( 1 1 ca cal 1 1
Tuwong ty: ———<— + <= 4 -
b+c+2a b+a a+c c+a+2b 4\(c+b b+a

Cong 3 bat dang thic trén theo vé ta duoc:

ab N bc N ca
a+b+2c b+c+2a c+a+2b

ab( 1 1 be( 1 1 cal 1 1
<= —+ +— +—+— +
4 \a+c b+c 4\b+a a+c 4\ c+b b+a

_(ab+bc+ab+ca+bc+caJ

c+a b+c a+b

[ a+c b+c)+c(a+b)}
a+c b+c a+b

(a +b+ c) (dpcm)

Dang thitc xay rakhia=b=c
Cau 25: [TS10 Chuyén Vinh Phtc, 2019-2020]

Cho cac s6 duong a, b, ¢ thoa man: abc >1. Chiing minh rfémg:

a b C 3
+ + > —
\/b+\/e; \/c+\/£ \/a+\/E V2
Loi giai
Ta co:

b+\/;<b+a+c a+2b+c \/IT fa+2b+c
B 2
1 2 g 42a

\lb+\/; \/a+2b+c \/’bﬂ/; \/a+2b+c \/4(a+2b+c)_a+2b+c+4
Mait khac:

42a g 1242a

a+2b+c+4 7a+10b+7c

VTZle/E( a + b + ¢ j

7a+10b+7c 7b+10c+7a 10a+7b+7c

a+b+c>33abc 23:%(a+b+c)24:>

Do d6:

2
212\/5 (a+b+c)

7(a2 +b? +c2)+17(ab+bc+ca)
Mat khac:
a’+b2+c? 2ab+bc+ca:>7(a2 +b? +c2)+17(ab+bc+ca)s8(a+b+c)2

12«/§(a+b+c)2 >12«/§(a+b+c)2 3

> - (d
7(a2+b2+c2)+17(ab+bc+ca) 8(a+b+c)2 \/E( pcm)

D4u “=" xay rakhia=b=c=

2
|
Il
|
|
—_
)
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Cau 26: [TS10 Chuyén Tuyén Quang, 2019-2020]
Cho cac s6 duong a, b, ¢ théa man a+b+c=4 .Tim gia tri nhé nhat cta biéu
ava by/b e
\/a_+3\f_ \/E+3\/_ Je+3ya |

thitc: P=

Loi giai
Ta co:

a\/_ b\/_ c\/z
\/_+3\/_ \/_+3\f_ \/5+3\/_

a+3\/_ b+3x/};; c+3«/z;

Ap dung bat dang thitc Cauchy-Schwarz ta duoc:

a’ b? c?
= + +
a+3vab b+3ybc c+3vac
(a +b+ c)2

:a+b+c+3(\/£+ bc +\/a)

Mat khac theo AM-GM: \/5+\/1;+ ca < a-|2—b+b+c+c-;a =a+b+c

2
2
a+b+c
Do dé: P> ( ) _atb+c_,
a+b+c+3(a+b+c) 4
AN a1 2 . 4
Dau “=" xay ra khi a:b:c:g
Vay gia tri nho nhat caa P la 1.
Cau 27: [TS10 Chuyén Ha Nam, 2019-2020]
a b c a+b+c
Cho cac s6 duong a, b, c. Chttng minh: —
b ca \/_\/a +b2+c

Loi giai
Ap dung bat dang thtic Cauchy-Schwarz ta duoc:

2
a> b* ¢ a+b+c (a+b+c)  Jab+bc+ca
—+—+ > +

VI =—+ >
ab bc ca [3.a24b2+c? ab+bctca  \fa2 4p2 42

a’+b* +c /ab+bc+ca
=+ 24,
ab+bc+ca a’+b’>+¢’
| a’+b*+c? +1\/ab+bc+ca 1\/ab+bc+ca a’+b’+c?
2(ab+bc+ca) 2Va’+b’+c> 2\a’+b*+c® | 2(ab+bc+ca)

+2
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Ap dung bat dang thixc AM-GM cho 3 s8 ta dugc:

2 2 2
VT233\/2a +b” +c 1\/ab+bc+ca l\/ab+bc+ca +%+2

(ab+bc+ca) 2Va*+b*+c* 2V a>+b* +¢°
= %+%+2 =4 (dpcm)
Déng thitc xdy rakhia=b=c.
Cau 28: [TS10 Chuyén Phu Yén, 2019-2020]
Cho a, b, ¢ 1a cac s8 thue dwong théa man ab+bc+ca=1. Chitng minh rang:
avb? +1+byc? +1+cya2 +1>2

Ddu “=" xay ra khi nao?

Loi giai

St dung bat dang thirc Minicopski ta duoc:

avb? +1+byc? +1+cya?+1= \/(ab)2 +a’+ \/(bc)2 +b2 + \/(ca)2 +c?
> \/(ab+bc+ca)2 +(a+b+c)2 > \/(ab+bc+ca)2 +3(ab+bc+ca)

= \/14-_3 =2 (dpcm)

Dau “=” xayrakhi a=b=c= %
3
Cau 29: [TS10 Chuyén Cao Béng, 2019-2020]

Cho a, b, ¢ la cac s6 duong thdéa man diéu kién a+ b + ¢ = 3. Tim gia tri nho nhat
a b c

ctia biéu thire: R = —+ —+ ~
1+b° 1+c 1+a

Loi giai
Ap dung bt dang thitcc AM-GM ta duoc:
a ab’ ab’ ab
=a- >a-——=a-——
1+b° 1+b? 2b 2
Twong tu: Zzb—E P
1+c 2 1+a 2
Cong theo vé& 3 bat dang trén ta duoc:
a b ab+bc+ca

C
= + + >(a+b+c)—
1+b* 1+c* 1+a? ( )

(a+b+c)2 _3_2=3

2

>(a+bic) 2P*Y 5 83
6 6 2

D&u “=" xay ra khi a:b:c:%

A L et TR 1N .3

Vay gia tri nhoé nhat caa R la 5

Cau 30: [TS10 Chuyén Nam Dinh, 2019-2020]
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Cho x, y, z la s6 thuc khong am thoa man diéu kién x+y+z :g . Chting minh

rang: X +2xy +4xyz <2
Loi giai
St dung bat dang thixc AM-GM ta dugc:

X+2Xy +4xyz = x+x.4y(z+%j

1Y 3 1Y)
<SX+X. y+z+5 =X+X E_X+E

=x+x(2—x)2 =x—2+x(2—x)2+2
=(x=2)(1+x* =2x)+2
=(x-2)(x~1) +2

Do x+y+z=%:>0<x<2:>x—2<0.Vithé’:
x+2xy +4xyz < (x—2)(x~1)" +2 <2 (dpem)

Dau “=" xay ra khi x=1,y=%,z=0

Cau 31: [TS10 Chuyén Binh Dinh, 2019-2020]

Cho a, b, c la cac s0 thye duong théa man (a+b)(b+c)(c+a) =8. Tim gia tri

1 1 1 1
+ + +
Jabc a+2b b+2c c+2a

nho nhat cua biéu thire: P =
Loi giai.

Trudc hét ta chitng minh bat dang thitc phu sau:
(a+b)(b+c)(c+a) > g(a+b+c)(ab+bc+ca)

That vay: (a +b)(b+c)(c+a) = (a+b+c)(ab+bc+ca)—abc
Lai theo BDT AM-GM ta co:

abe = \/ab /b, Cag(a;b)'(b+c)-(c+a) (a+b)(b+c)(c+a)

2 2 8
Suy ra: (a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc

(a+b)(b+c)(c+a)
8

2(a+b+c)(ab+bc+ca)—

Suy ra dpem: (a+b)(b+c)(c+a)2 (a+b+c)(ab+bc+ca)

O | ®©

=ab+bc+ca<
a+b+c

Ap dung bét dang thicc AM-GM dang cong mau s ta co:
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1 1 1 9 3 ab+bc+ca
+ + > = 2
a+2b b+2c c+2a 3(a+b+c) a+b+c 3

Lai cé: (ab +bc+ ca)2 > 3(ab2c +a’bc +abc? ) =3abc (a +b+ c)

2
39—2223abc(a+b+c)<:> 1 Z(a+b+c) P 1 2a+b+c
(a+b+c) abc 27 3fabe 3

Suyra: P= 1 + 1 + 1 + 1 2a+b+c+ 3 >2
Jabc a+2b b+2c c+2a 3 a+b+c

(a+b)(b+c)(c+a)=8

Dau “=" xay ra khi: a=b=c <a=b=c=1
3 a+b+c

atb+c 3

Vay gia trinho nhdtcataPla2khia=b=c=1.

Cau 32: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]

)4 A 2 ~ 1 ]- 1 N .7 . 2 A, 2 o« A?
Cho cac s6 duong a, b, c théa man —+—+—-<3 . Tim gia tri nho nhat cua biéu

a b c
thiee: P = 1 + 1 + 1
Ja?—ab+3b>+1 b*—bc+3c2+1 2 —ca+3a’+1
Loi giai
Ta co:

az—ab+3b2+1:(az—2ab+b2)+ab+(b2+1)+b2
=(a=b) +ab+(b?+1)+b*>b*+ab+2b=b(a+b+2)

1 1
<
Ja?—ab+3b?+1 \/b(a+b+1)
1 .1 1 _ 1
Jb2—bc+3c2+1 \/c(b+c+2) "J—ac+3ai 41 \/a(c+a+2)

Va’-ab+3b*+1> [b(a+b+1) =

Twong tu:

Véix, y duong ta co:

(x—y)220<:>(x+y)224xy<:> 1 Sx+y<:> 1 31[14_1) *)
x+y 4xy x+y 4({x y

Ddu “=" xay rakhix=y.
Cong theo vé& va st dung bat dang thitc AM-GM ta duoc:
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1 N 1 N 1
\/b(a+b+2) \/c(b+c+2) \/a(c+a+2)
B 2 N 2 . 2
_\/4b(a+b+2) \/4c(b+c+2) \/4a(c+a+2)

AM-GM (1 1 1 1 1 1
< | —+ +| —+ +| —+
4b a+b+2 4c b+c+2 4a c+a+2

1 1 1 1 1 1 1
=—| —+—+— |+ + +
4 a b c a+b+2 b+c+2 c+a+2

St dung bat dang thirc (*) ta duoc:
1(1 1 1 1( 1 1y 1 1 1) 1( 1 1
P<=|—4+—+—|+|= +o [+ — = [+ —+=
4[a b CJ [(a+b 2) 4(b+c 2) 4(c+a ZH
1 1 1 1(1 1 1(1 1) 1(1 1
S+ =+=+—+—| —+— +—|—+= |+ +
[8 3 16[a i)l
s, Ayt t.1
b c
E
8

1
E
3
2
Dau “=" xay rakhia=b=c=1.

P<

3
4
3
ra
<3,
T4

3
8

Vay gid tri nho 13 P 14 %

Cau 33: [TS10 Chuyén Tay Ninh, 2019-2020]
Chtng minh (a +b+ c)3 +9abc > 4(a +b+ c)(ab +bc+ ca) voi X, y, z la cac sO thuec
khong am. Déang thitc xay ra khi nao?
Loi giai
Theo bat dang thitc Schur véi a, b, c 1a s8 thuec khong am thi:
a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b) >0
Bién d6i ta dugc hé qua:
a’+b’+c’+3abc>a’ (b+c)+b2 (c+a)+c2 (a+b)
Mat khac ta c6 dang thirc: (a+b+c)3 =a’+b’+c’+3(a+b)(b+c)(c+a)
Khi d6 ta co: (a+b+c)3 +9abc=a’+b’+c’ +9abc+3(a+b)(b+c)(c+a)
Do d6: VT >a? (b+c)+b2 (c+a)+c2 (a+b)+9abc+3(a+b)(b+c)(c+a)

Ta la c6 2 dang thtkc:
+) a’(b+c)+b*(c+a)+c*(a+b)+9abc=(a+b+c)(ab+bc+ca)
+) abc+(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)
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Do d6:

a’ (b+c)+b2 (C+a1)+(:2 (a+b)+9abc+3(a+b)(b+c)(c+a)24(a+b+c)(ab+bc+ca)
Vay bat ding thikc dwoc chiing minh.

Dau “=" xay rakhia=b=c.

Cau 34: [TS10 Chuyén Quang Nam, 2019-2020]
Cho 3 s6 duong x, y, z. Tim gia tri nhé nhat cta biéu thikc:

P Xy N yz N ZX
(2x+z)(2y+z) (2y+x)(22+x) (Zz+y)(2x+y)
Loi giai
Str dung bat dang thiic Bunyakovski ta duoc:
(2x+z)(2y+z)=(x+x+z)(y+z+y)2(\/;+\/;+\/y_z)2
Do dé:
T A A
(2x+2)(2y+2) \/(2x+z) \/(\/_y+\/y_z+ zx)2 E+E+E

Tuong ty: yz < Jyz ; 2 < Jax
s J(zy+x)(zz+x) B Nt fyz \@zy)(2x+y)  Jay +Naxtyyz

+ +
Cong 3 bat dang thiic trén theo vé ta dwgc: P < \/_y \/; \/y_z =1
Xy + Jzx + yz

Déng thitc xay ra khix =y = z.
Vay gia tri lon nhat caa Pla 1.
Cau 35: [TS10 Chuyén Binh Phudc, 2019-2020]
1) Chox, yla cac s6 duong théa man xy <1. Chtrng minh rang:
1 1 _

2
+ <
1+x 1+y 1+\/;

2) Chox, y la céc s8 thye duong thoa man diéu kién: (x+ y)3 +4xy <12

Tim gia tri 16n nhat cta biéu thac: P = L + L +2018xy
1+x 1+y

Loi giai
1) Ta co:
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1+x+1+yg1+\/;®[1+x_1+\/_J+[1+y_1+\/;JSO
xy —1-x xy-1-y _
1+x (1+\/_) 1+y (1+\/_)
@(@—X)(“Y) (Vo -y)(14x)
(1+x)(1+y)(1+\/§)
e (\y =) (T y) +y (=l )(145)
(1+x)(1+y)(1+ xy) -
(FFFerEF -]
(1+x)(1+y (1+\/_) -
B ()]
(1+x)(1+y (1+\/7) -
R R )
(1+x)(+y)(1ey)
RS
(1+x)(1+y)(1+ xy)

Ddu “=" xay rakhix=y=1.

<0

—_

<0 (dang Vxy<1) (1)

Bat dang thuc (1) ding cac phép bién d6i 1a twong duong nén bai toan duoc
chtrng minh.
2) Stt dung AM-GM ta co:

12> (x+y)3 +4xy 2(2\/;)3 +4xy =8xy\/;+4xy

Dit \/xy =t (t>0) , khi doé:

8P +4tP -12<0 =28+t -3<0 = 28> -2t +3t° -3 <0
<:>2t2(t—1)+3(t—1)(t+1)£0<:>(t—1)(2t2 +3t+3)£0

<t<l

Ap dung bét dang thic 6 ¥ 1 ta co:

P—L+L+2018xy< +2018xy:i+2018t2
1+x 1+y Xy 1+t

Ta 58 chitng minh: ——+2018t* <2019 (*)
1+t

That vay:
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(*)<:,(1it—1j+2018(t2 ~1)<0

—+
1-t
@m+2018(t—1)(t+1)so

<:>(1—t)(ﬁ+2018(t+1)jSO(dt’mg do 0<t<1)

Dau “=" xay rakhix=y=1.
Vay gia tri 1on nhat cua P 1a 2019.
Cau 36: [TS10 Chuyén Dac Lac, 2019-2020]
Cho 3 s6 thiee dreong a, b, ¢ théa man a® +b’ +c” = 3. Chttng minh rang:
a’+b> b+ ’+a’
+ +
a+2b b+2c c+2a
Loi giai.

>2

Str dung bat dang thitc Cauchy-Schwarz ta duoc:

a’ b? c’ a' b* c*
+) + + =— +— +—
a+2b b+2c c+2a a“+2ab b +2bc ¢’ +2ca
(a2+b2+c2)2 (a2+b2+c2)2
> >
a’+b?+c®+2ab+2bc+2ca a2+b2+c2+2(a2+b2+c2)
_a2+b2+c2_g
3 2
b3 C3 a3 b4 C4 a4
+)

+ + = + +
a+2b b+2c c+2a ab+2b*> bc+2c® ca+2a’
(a2 +b? +c2)2 (a2 +b*+c? )2
> >

B ab+bc+ca+2(az+b2 +c2) al +b2+c2+2(a2+b2+c2)

_a’+b’+c® 3

3 2

a’+b’ b’+c® ’+a’

Cong theo vé ta duoc: + + >2 (dpcm)
a+2b b+2c c+2a
D&u “=" xay rakhi a=b=c= %

Cau 37: [TS10 Chuyén Quang Nam, 2019-2020]
Cho hai s0 thuee x, y théa man x> 3;y > 3.
Tim gia tri nho nhat ctia biéu thiee: T = 21(x + lJ + S(y + l}
y X
Loi giai
Ap dung bat dang thixc AM - GM ta c6:
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j 7y 21) 62 2
+| —=—+— |[+—X+=Yy
3 y) 3 3

=2+27+62+2
=80

Ddu “=" xay ra khix =y =3.
Vay gia tri nho nhat caa T 1a 80.

NAM HOC 2018-2019

Cau 38: [TS10 Chuyén Thai Binh, 2018-2019]

Cho a, b, cla ba s0 thitc duwong thoa man diéu kién : l + e +—=1
a’ c
Tim gid tri 16n nhét caa biéu thiec
1 1 1

P= + +
J5a2 +2ab+2b*  \5b%+2bc+2c>  \/5¢% +2ca +2a>
Loi giai
Ta co:
1 1 2
+—>
(52 +2ab+2b%) 27 J27.(52> +2ab+20?)

= 1 <N27 5 L 5 L
\/5&2 +2ab+ 2b2 2 5a” +2ab+2b 27
Chiing minh twong tu ta cé:
1 27 [ 1 1 j . 1 N7 ( 1 1 j

= 2 2T ’ = 2 2T 55
J5b2 +2bc+2c® 2 \5b’+2bc+2¢® 27 J52 +2ca+2a> 2 \5c*+2ca+2c¢® 27

:PSJE. 1 + 1 + 1 l
2 (5a2+2ab+2b2) (5b2+2bc+2c2) (5c2+2ca+2a2) 9

St dung BDT L Slil l+1j ta co:
x+y+z 9(x y =z

2 1 = 1 Sl[ 12+ 1 2+ 2 1 ZJ
(Sa +2ab+2b2) 3a2+(2ab+a2)+(a2+2b2) 9(3a® 2ab+a” a’+2b
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1 1(1 1 1 1(1 1 1 1( 5 2 2
<— —2+—. —+—+—2 +—. —2+—2+—2 =— 2+ + 5
932" 9 ab ab a 91a~ b b 9\9a" 9ab 9b

AM-GM
Tal:;lico’:i < 1 %+l2
9ab 9{a” b

= 1 <l 5+1+1+2—1L+i
5a>+2ab+2b%> 91 9a®> 9a®> 9a*> 9b*) 9(3a®> 3b?

Chiting minh twong tu:

1 2 1) 1 12 1
5b% +2bc+2c* ~ 9\ 3b> 3c? ) 5c*+2ca+2a’ 9(3c? 3a®
1 1 1
= 2 2+ 2 2+ 2 2
5a”+2ab+b* 5b"+2bc+2c” 5c”+2ca+2a

12 1) 1¢2 1312 13 11 1 131
9'13a%2 3b*) 913b%> 3c®) 93¢ 3a2) 91a®> b> %) 9

V27 (mjzﬁ

IN

=>P<—.
2 9 3
a=b=c
Dau "="xayra<<1 1 1 sa=b=c=+3
o2ttt
a- b” ¢

Vay P =—
y max 3

Cau 39: [TS10 Chuyén Tra Vinh, 2018-2019]

Cho x,y,z laba sd thuc dwong thoa man: x* +y*+z* =2.

3 3 3
Chting minh: 22 >+ 22 >+ 22 ZSX AR AR Y
X' +y" y' +z" z7+Xx 2xyz

Loi giai
\ L2 2, .2 _ ~
Vi x,y,z>0; X" +y" +z" =2 nén:

3 3 3
22 4 22 - 2ZZSX +y +z 43 )
X +y" y +z" z7+Xx 2xyz

X +y*+72 XP+yi 4zt X+yi+zt Xy 72
5 —+ T+ < + + +3
X" +y y +z Z°+X 2yz  2zx  2xy
2 2 2 2 2 2
Z X X z
Sl+—F——F+1+—5—F+1+ 2y > < + X +3
X" +y y +z Z-+X 2yz  2zx 2xy
2 2 2 2 2 2
X z X z
= - s+t———< - (2)
y +z" z°+XxX X +y 2yz  2zx  2xy
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2 2
2 2S -
X +y 2xy

Lai c6: (x—y)’ 20 < x> +y° 2 2xy <

2 2 2
Y. y: oz L Z
2 22x X +y®  2xy

Twong tu, ta co:

= (2) dang = (1) dang (dpcm)
Cau 40: [TS10 Chuyén Binh Phuwdc, 2018-2019]

2 2

a) Cho x;ylahai s6 thuc duwong. CMR: XY >x+ y
y X
b) Xét cac s6 thuc a;b;cvéi b #a+csao cho phuong trinh ax’ +bx+c=0cH?2
nghiém thuc m;n théa man 0<m,n<1. Tim GTLN va GTNN cua biéu thtc

_(a-b)(2ac)

~ a(a-b+o)

Loi giai
a) Voi x,y>0 taco:

2 2
—+y—2x+y<:>x3+y3 2xy(x+y)<:>(x+y)(x2+xy+y2)<:>xy(x+y)

y X
SXP=xy+y  Zxy < X —=2xy +y’ 20(:)(x—y)2 >0 Vx,y

X=y

Vay BDT dugc chitng minh, ddu "="xay ra < {
X,y >0

b) Theo dé bai ta c6 phwong trinh ax® +bx+c=0c6 hai nghiém m,n

(OSm,nSl):a;ﬁO

) m+n=——
Ap dung dinh ly Vi-et ta co: a
c

(a-b)(2a—c) (“j@‘j (1+m+n)(2—mn)

=M=
a 1- E c 1+m+n+mn
a
(1+m+n).2
Vi2-mn<2, mn>0=>M<—~+ =2
I1+m+n

Vay MaxM =2 mn=0<c=0
Ta lai co: OSm,nSl:>m(n—1)+n(m—1)+mn—1$0@mnﬁ%(m+n+1)
m+n+1

=>M2> ] =2
1+m+n+—(1+m+n)
3
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a+b+c=0

Vay MinM:§<:>m:n:1<:>{
4 a=c

Cau41: [TS10 Chuyén Ha Nam, 2018-2019]
Cho cac s0 thuc dwong x,y,z sao cho phwong trinh xy +yz+2zx>x+y+z.

2 2 2

X Y 4 Z 1
X +8 \/y3+8 Jz* +8

Chting minh rang

Loi giai

X+2+4x°=2x+4 x*—x+6

Ta cé: Vx* +8 =\/(x+2)(x2 —2x+4) <

2 2
‘-y+6 z°—7+6
Tuong tu: «f 3+8£&;x/ g = -
S 2 i 2
Suy ra:
2 2 2 2 2 2
x Y L Z 22.2X +2y +2Z . ()
X +8 \/y3+8 Nz +8 XC=X+6 y -y+6 7' -z+6

2
. 2 p? +b+c
Chttng minh rang a_+b_+c_ 2—(a )

Va,b,c,u,v,w >0 (1)
u VvV W u+v+w

Ap dung (1) va (*) ta thu dwoc:
2 2 2 2
S 2(x+y+z)

X y z

> 2
\/X3+8+\/y3+8+\/z3+8 X2+y2+zz—(x+y+z)+18 @)

Ta can ching minh:

2(x+y+z)2 >1

Xy +2 —(x+y+z)+18

X +y’ +20 +4(xy +yz+2x)218—(x+y +z)
& (x+y+z) +(x+y+2z)+2(xy +yz+2x)-1820 . (3)
Lai do: Xy +yz+2x2x+y+z nén ta di kiém tra
(x+y+z) +3(x+y+2z)-1820

<:>(x+y+z—3)(x+y+z+6)20. 4)

That vay ta c6 quan hé: (x+y+z)2 23(xy+yz+zx)23(x+y+z) nénx+y+z=3,

tr d6 (4) dung.
Tt (2), (3), (4) suy ra diéu phai chitng minh.
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Diu “=" ©x=y=z=1

Cau 42: [TS10 Chuyén Lao Cai, 2018-2019]

N . o xea 1A 1 1 1
Cho céc s6 thuc duwong a,b,cthoa man diéu kién a+b+c=—+ 5 +=.
a C

Chting minh rang 3(a+b+c)2\/8a2 +1++8b%+1++/8c% +1
Loi giai

Ta co:

18(a+b+c)=8(a+b+c)+(a+b+c)+9(a+b+c)

=(8&1+1+9aj+(8b+l+9bj+(8c+l+9cj
a b C

2 2 2
:8a +1+9a+8b +1+9b+8c +1
a b C

+9c

Ap dung bat dang thikc Cosi ta co:
8a’+1 8b® +1 8c® +1

+9a+ +9b+
a b C

= 18(a+b+c)26v8a% +1+6y/8b +1+6v/8c +1

+90> 6482 +1 +6+/8b% +1+648c% +1

<:>3(a+b+c) >\/8a% +1++/8b% +1++/8c% +1 (dpcm)
Ddu “=" xay ra khiva chikhi a=b=c

Cau 43: [TS10 Chuyén Bén Tre, 2018-2019]
Cho hai s6 thyec duong a,b thoa a+b=1.

Tim gia tri nhé nhat cuia biéu thic T:é+%-
a
Loi giai
4(1-a
KnidoT-ts L 4178, a
a 1l-a a 1-a
. o 4(1-a) a
Ap dung BDT AM-GM cho hai s6 duong i ta duoc:
a -a
4(1-a
1o [t073) a5
a 1-a
. 4(1-a
Dang thirc xay ra < ( ):1a <:>4(1—a)2=a2<:>3a2—8a+4=0
a -a
a=2(loai)
=
a:g(nhan)
3

Vay minT:9<:>a=§ va b=l
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Cau44: [TS10 Chuyén Nam Dinh, 2018-2019]
Cho cac s0 thuc duong thoa man \/; + «/B =1

. Ly 1
Chttng minh rang: S(a +b)2 —(a +b)+4ab > E\/(a+3b)(b+3a)

Loi giai
AM-GM
Ta co: l\/(a+3b)(b+3a) < M =a+b
2 4
Tt gia thiét ta co:

Jat+tVb=1oa+b+2Jab=12Jab=1-a-b o 4ab=(1-a-b)’

3(a+Db)? —(a+b)+4ab2%J(a+3b)(b+3a) (:)3(a+b)2 —(a+b)+(1—a—b)2 >a+b

& 3a’ +6ab+3b>-2a-2b+a’ +b*+1-2a—2b+2ab >0
& 4a’ +4b”* +1+8ab—4a—-4b>0
=(1-2a-2b) 20  (ludén dung).
Vay dang thttc duoc chiing minh.
Cau 45: [TS10 Chuyén Ba Ria Viing Tau, 2018-2019]
Cho cac a,b,c <3 duong thoa man abc(a +b+ c) =3
a) Chiing minh rang: ab+ac+bc>3:
a_ b L C
V9-b2 \9- 9-¢

b) Tim GTNN cta biéu thirc: P =

Loi giai
Ap dung BDT AM-GM ta c6:
(ab +ac+ bc)2 > 3(ab.ac +bcac+ ab.bc) = 3abc(a +b+ c) =9

< ab+bc+ca>3
Tiép tuc ap dung BDT AM-GM ta cé:
a B a 2\/§a Zﬁa 2\/§a

B B b)3:b) 26 20)(3:b) 6-2b+3+b 9-b

2
_po22a 230 2\2c 222’ 2\2b* 242¢ 2v2(a+b+c)

" 9-b 9-c 9-a 9a-ab 9b-bc 9c—ca_9(a+b+c)—ab—ac—bc

bat t=a+b+c2\ll3(ab+ac+bc) =3
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& (t-3)(8t-3)=0
& 8t2 >27t-9
<:>8(a+b+c)2 227(a+b+c)—3(ab+ac+bc)

(a+b+c)2 1
9.(a+b+c)—(ab+ac+bc)

32

sP>——

8
=
3

2
4
Vay GTNNcua P la % Pattai a=b=c=1
Cau46: [TS10 Chuyén Quang Nam, 2018-2019]
Cho ba s6 thiee dwong a, b, c. Chitng minh rang
a’+b> b*+c® *+a’ 3@’ +b’>+c?)
+ + <
a+b b+c c+a a+b+c

Loi giai

2 2 2 2 2 2 2 2 2
a“+b +b +C  c+a S3(a +b +c).(1)
a+b b+c c+a a+b+c

2 2 2 2 2 2
<:>(a+b+c) a’+b +b rc e <3(a’+b*+c?)
a+b b+c c+a

c(a2 +b2) a(b2 +C2) b(c2 +a2)

Vi ba s6 thye duwong a, b, ¢ ta co

o + + <a’+b*+c?
a+b b+c c+a
o _c(a2 +b2)+a2_a(b2+c2)+b2_b(c2+a2) .
a+b b+c c+a
- ac(c—a)+bc(c—b)+ab(b—a)+bc(b—c)+ab(a—b)+ac(a—c) 50
a+b a+b c+a c+a b+c b+c

ac(c—a)2 bc(c—b)2 ab(b—a)2
= + +
(a+b)(b+c) (a+b)(a+c) (a+c)(b+c)
Vi ba s6 thue duwong a, b, ¢ ta ¢ (2) ludn dung. Vay (1) luon ding. (dpcm)

>0. (2)

Cau47: [TS10 Chuyén Bic Giang, 2018-2019]

Cho x,y,z 1a cic s8 thuc thoa man x* +y” +z° =8. Tim gid tri 1én nhat ctia biéu thixc

M=|x3—ys|+|y3—z3|+|z3 —x3|.

Loi giai

Ap dung tinh chat |a—b|<|a|+|b|. Dang thitc xay ra khi va chi khi ab<0.
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Khi d6 M=2(x] +[y[ +[]

DT N EP N R S EP NOPS
Mitkhéc X" +y* +2° =8 = {y* <8< ly| <22 |y3| <22y
z" <8 |Z| <2\2 |z3| < 2\/Ez2
Vay M < 2(|x|3 +|y|3 +|z|3) < 4\/§(x2 +y° +Z2)=32\/§.
Déng thitc xay ra khi (x; y;z) = (2\/5; O;O) hoac (X; y;z) :(—2\/5; 0;0) va cac hoan

vi cia né. Vay gia tri 16n nhat cia M béng 3242
Cau 48: [TS10 Chuyén TP. H6 Chi Minh, 2018-2019]

’ . :l 1 7. . ~
Chting minh rang x* —x+ 5 >0 voi moi so thiee x

Cho x,y1a cac s8 thuc thoa man diéu kién x> —xy+y” =3. Tim gia tri 16n nhat va

nho nhét ctia bidu thiee P =x* + y2

Loi giai
a) Taco
2
SRV SR SV SV SV ) I (V) P
4 2
e-too |e-l
D&u bang xay ra < 2 o 12 (v6 ly), do &6 d&u bang khong xay ra
x——=0 x=§

Vay x4—x+%>0vc’yimoi sO thuee x
Tacéd: X —xy+y’=3=>P-xy=3=>xy=P-3
Ap dung BDT AM-GM cho hai s§ x*;y*ta cé:
2 2
2 +y? 2 2,x2y? =2fxy| = XY s
y* 22Xy’ =2fxy|= = =[xy

2 2 X2 +y2 P
2 2
<

bad
+
<

N |-

= - P-3<
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D&u bang xay ra = x* =y* < |X| - |y|

|:X2+X2+X2 =3 PX||Y|1

X=lyl=3

Vay P, =6 |x=[y|=3;P

min

XX =x*+x*=3
~2c=i=1

Cau 49: [TS10 Chuyeén Vinh Long, 2018-2019]
Cho a,b,c 1a cac s6 duong. Chitng minh rang;

a) >a——
a’ +b? 2
a’ oK c’ a+b+c
2 2+ 2 2+ 2 2 Z *
a“+ab+b° b +bc+c” " +ca+a 3
Loi giai
3 2 2 2 2 2
, a a(a“+b")—ab ab ab b
a)Taco: — = ( > )2 —a-———>a— —a——
a’+b a“+b a“+b 2ab 2
R , 3 C c’ a
b) Tuwong tu theo cau a), ta c6: ———2b——, ——-2>c——
b +c 2 ¢ +a 2
Cong vé theo vé ba bat dang thirc trén ta co:
a’ oK c? a+b+c
2 2 2 2+ 2 2 Z
a“+b° b +c” ¢ +a 2
, a’ a’ 2 at
Ta co: 2 2 = 2 1.2 =52 12
a“+ab+b , a +b , 3 a +b
a”+ +b
2
. oK b’ 2 b c? c? 2
Va 2 2 2 2 2 =372 2 =2 2 2 2 2 =22 2
b +bc+c , b +c », 3 b +c” ¢ +ac+a , C +a , 3 c +a
b~ + +cC c+ +a
2 2
Cong vé theo vé ba bat dang thirc trén ta co:
a’ b’ c’ 2( a° b® c’ a+b+c
2 SR > T2 22_ 2 > T2 > T2 2 2
a“+ab+b° b +bc+c” c“+ca+a” 3la“+b° b +c” " +a 3

Cau 50: [TS10 Chuyén Khanh Hoa, 2018-2019]
Véi a, b, ¢ la cac s6 thuc duwong thoa man diéu kién a+b+c=abc.

2 2
Chting minh rang Vita +\/1;b —1+c* <1.
a

Loi giai
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Taco a+b+c= abc<:>i+i+i—1 ba tl:

1
bc ca ab a 'E

1
=y’ —=1Z
C

Khi do6 x,y,z>0 va xy+yz+zx=1. Vivay

2 2 ’ 2
Vita +\/1+b NI+ <leo1+xX +\/1+y _Nl+z <1
a

b

o [ T B
<:>( 1+x° —1)(\/14_?_1)+\/1+Z —z1+%2 \/1+Y 0 @)

V4

Taco: V1+x*fTy” = T4 +y 4y’ =*\/’(1—xy)2+(x+y)2 = (x+y)1+22.
e

Q(m‘l)(W—1)+m‘(XZZ+YZ)J1+7>0
= \/14-7_1 1+v2 -1 +m—(l—xy)m>o
(Ve 1) iy -1) Z

2
<:>(«/1+x2 —1)(1/1+y2 —1)+Xy— 42 0,vx,y,250.
Z

Ta c6 diéu phai chttng minh.
Cau51: [TS10 Chuyén Thira Thién Hué, 2018-2019]
a) Cho x,y,z la cic s6 thuc duwong c6 tong bang 1.

Chitng minh rang L+i+ L >£

l6x 4y z 16
b) Cho s0 tu nhién z va cac s6 nguyén x,y thoa man x+y+xy=1. Tim gid trj

clia x,y,z sao cho (ZZ+1 + 42)(x2 +y?+1+ xzyz) 1 s8 chinh phuwong 16n nhat.

Loi giai

a) Taco

! +i+1>£<:>l+é E>49
l6x 4y =z 16 X 'y z

Vi hai s6 thee khong am a,b ta co (\/a_—\/g)z 20<:>a+b22\/£.

DA&u "=" xay ra khi a =v/b < a=b.
Ap dung két qua trén, ta co:

l+49x22‘/1.49x — 1 sox>14. (1)
X X X
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Ddu "=" xay ra khi 1_ 49x & x = ;
X

Twong tu, ta co: 4 +49y > 28. (2)
y

D4u "=" xay ra khi 4 Py oy= %
y

vallis9,55. (3
Z

Ddu "=" xay ra khi 16_ 49z = z=
z

N

Cong (1), (2), (3) theo vé'ta duoc: l+E+E+49(x+y+z) >98
X y z

<:>l+é+EZ49. Dé’u"="xéyrakhix:l;y:z;z:é.
X 'y z 7 7 7

Vay bat déng thitc da cho dugc chiing minh.
b) Ta co:

(27 +42) (% +y? +1+x7y? ) =2(27 +21) (1457 ) (1+y).

V6i: 147 =x+y+xy+X =(x+y)(1+x), 1+y* =x+y+xy+y’ =(x+y)(1+y),

2=1+1=1+x+y+xy =(1+x)(1+y).

Suy ra (2Z+1 +42)(x2 +y? + 1457y ) = (2Z +21)(x+ y) (1+x) (1+y)

Do do, (2°" +42)(x* +y” +1+x’y”) la s8 chinh phuong khi va chi khi 2* +21 la s&
chinh phuong.

Nghia la ton tai s6 te nhién n sao cho 2” +21=n>

Ta c6 2=-1(mod3)=>2* =(-1) (mod3).

Néu z 1¢ thi 2* =-1(mod3)=2(mod3). Khi d6 n* =2(mod3) v 1i (vi s8 chinh
phuong khi chia cho 3 chi du 0 hosic 1).

Tir d6 suy ra z 1a s8 chin.

it z=2k,(keN'). Taco n* =21+2% & n? —(2°) =21 (n-2*)(n+2%) =21,

Vi 21=1.21=3.7 va n—2" <n+2" nén ta cé hai trudong hop sau:

n-2=1

naok 291 = 2% =10, khong cé gid tri cua k théa man truong hop

Trwong hop 1: {

nay.
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-2¢=3
Truong hop 2: | =2k 2= k=1.
n+2=7

Tix gia thiét, ta c6 2 =(1+x)(1+y). Khong mat tong quét, gia st [x +1| <
{|X + 1| =
ra
|y+ 1| =

_ =2
Giai hé ta duoc {X 0 hose {X .
y= y=-3

Néu x=0,y =1 thi (2Z+1 +42)(x2 +y? +1+x%y? ) =100=10"
Néu x=-2,y =3 thi (2" +42)(x* +y’ +1+x’y* ) = 2500 = 50°,

Vay x=-2,y=-3,z=2.

Cau 52: [TS10 Chuyén Kién Giang, 2018-2019]
Cho ba s6 duong x,y,z thoa man diéu kién x+y+z=2.
2 2 2

Chtng minh rang; X Y 2 1.

y+z Z+X X+Yy

Loi giai

Ap dung bat dang thirc Bunyakoski véi bo ba s8 co:
((J;)Z(ﬁ)n(ﬁ)zj{(%j J(2]4(8) J R

a C a+b+c

Ap dung bat dang thikc trén ta co:

X’ N y? N z’ S (X+y+z)2 (x+y+z) _X+y+z
y+z z+X X+y (y+z)+(z+x)+(x+y) 2(x+y+z) 2
Ddu “=" xay ra khi: x=y:z=z.

3
Vay ta c6 diéu can chitng minh.
Cau53: [TS10 Chuyén Béc Ninh, 2018-2019]
Cho céc sO thuc a,b,cthdoaman 0<a,b,c<2,a+b+c=3.
2 2 2
Tim GTLN va GTNN ctia P= 272+
ab+bc+ca

Loi giai
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a’+b’>2ab
Ap dung BDT AM-GM ta c6: {b* +c? > 2bc

> +a?>2ca

=a’+b*+c? :%<a2+b2+a2 +c2+b2+c2)2%(2ab+2ac+2bc)
=a’+b*+c*>>ab+ac+bc

2 2 2
p_atb4c
ab+bc+ca

Dau “=" xay ra @{a=b=c <a=b=c=1
a+b+c=3

Vay MinP=1khi a=b=c=1

Theo dé bai ta c6:

0<a,b,c<2=(a-2)(b-2)(c-2)<0

<> abc—2(ab+ac+bc)+4(a+b+c)-8<0

<:>abc—2(ab+ac+bc)+12—8$0

= 2(ab+ac+bc)>4+abc>4

< ab+bc+ca=2

a’+b?+c? +2ab+2ac+2bc

=P= 2
ab+ac+bc
2
+b+c
ab+ac+bc 2 2
i a=0
b+c=3
b=0
- abc=0
Dau "="xayra < = {a+c=3
a+b+c=3
c=0
a+b=3
_OSa,b,CSZ

Vay MaxP=gkhi abc=0,a+b+c=3,0<a,b,c<2

Cau 54: [TS10 Chuyén Thai Nguyén, 2018-2019]
Cho x,y,z1a c4c s8 thic dwong. Chirng minh rang

2 2 2
X z X+y+z
y Xty

2 2 * 2 2 +\/2 2 -5
J8C +3y* +1dxy  \8y? +32> +14yz /827 +3x* +14xz

Loi giai

Ap dung BDT AM-GM ta c6: X’ +y* 2 2xy
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= [8x2 +3y% +14xy = 8x* +3y% +12xy + 2xy < 8% +3y* +12xy +* +y°

& \[8x% +3y +1dxy <[ +12xy +4y> = |(3x+2y) =3x+2y

\/8y2 +37% + 14yz <3y +2z

Chitng minh hoan toan tuong tu ta co:
\/822 +3x% +14xz <3z +2x

2

" 2 pr 3 +b+

Ap dung BDT AM-GM Schawz: a—+b—+c—2uta duoc:
X Yy z @ X+y+z

x> 2 7’ (X+Y+Z)2 X+y+z
=VT2> T A— > _Xry
3x+2y 3y+2z 3z+2x 3x+2y+3y+2z+3z+2x 5

Vay ta c6 diéu phai chitng minh
Ddu "="xay ra khiva chikhi x=y=z

Cau 55: [TS10 Chuyén Tuyén Quang, 2018-2019]
Cho cac s6 thuc duong a,b,cthdéa man a+b+c<3.

a’+4a+1 Db*+4b+1 c*+4c+1
+ +
a’+a b*+b > +c

Tim gia tri nho nhdt cta biéu thtee: M=

Loi giai

Ap dung BDT AM-GM va BDT quen thudc : l+l+12
X V Z X+y+z

a’+4a+1 b2+4b+1+c2+4c+1
a’+a b’ +b > +c
(a2+1)+4a (b2+1)+4b (c2+1)+4c
“a(a+1) | b(b+1) | c(c+l)
M M2a+da 2b+4b 2c+dc ( 1,1 1 JZ 69 54 _,
a(a+1) b(b+1) c(c+1) la+1l b+1 c+1) a+b+c+3 6
Vay gia tri nho nhat ctia M 1a 9, ddu bang xay ra khi va chikhi a=b=c=1
Cau 56: [TS10 Chuyén Hai Duwong, 2018-2019]
Cho a,b,cduong thoa man ab+bc+ca=1. Tim gid tri 16n nhat ctia biéu thiic
P= 2 + b +
Ji+a> 1+b® 1+

Loi giai

M =

—a’—28b* —28¢?

Theo dé bai ta co: ab+bc+ca=1
Ap dung BDT AM-GM vao biéu thitc bai toan ta co:
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2a 2a 2a .. 2

= = < +
J1+a* +Jab+bc+ca+a? \/(a+b)(a+c) a+b a+c

b b b . b

= = < +
Jb2+1 +/b*+ab+ac+bc \/(b+c (b+a) 4b+c) a+b

C C C
<

c
= = < +
J2+1 W +ab+ac+bc \/(a+c)(c+b) 4(b+c) a+c

Cong v€ theo vé ta duoc:

2a b C a a b
+ + < + + + + +
J1+a? Jb*+1 J2+1 a+b a+c 4b+c) a+b 4b+c) a+c
a+b a+c Db+c 1 9
= + + =1+1+—==
a+b a+c 4(b+c) 4
Mat khac:

2 2 2 2
a_+49b - ,a 49b _7ab
2 2 4

2 2 2 2
a_+49c 59 a“.49c Tac
2 2 \J 4

Z(b2+cz)27bc
2
:>a2+28b2+28c227(ab+ac+bc):7
:>P$2—7=_—19
4 4
715
s a=7b=7c ST
Dau " ="xayra < =
ab+bc+ca=1 b J15
=C=—-
15
715
19 %715
Vay MaxP = -—khi
! b—c——\iE

15

Cau 57: [TS10 Chuyén Quang Nam, 2018-2019]
Cho hai s6 thec duwong a va b thoa man \/a_ + \/B < \/E )

ab

Tim gia tri nhé nhat caa biéu thitc A=a+b+ -
a+

Loi giai

Cho hai s6 thuc dwong a va b thdéa man \/e; +«/1: < \/E . Tim gia tri nhé nhat caa

ab

biéu thitc A=a+b+ .

a+b
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Ta c6: 2y\avb <+a+vb <\ab =+ab>4.

, =b
Ddu dang thic xay ra< ? I<:>a=b=4.

Jab =4

3(a+b
A=a+b+ ab__ (a )+a+b+ ab 3\/_ ++/ab = \/_
a+b 4 4 a+b 2
Suy ra: A>10.
a=b=4

Déng thtic xay rakhi {4+ p ab <a=b=4.

4 a+b

Vay gid tri nho nhat ctia A bang 10 khi a=b=4.
Ciau58: [TS10 Chuyén Dong Nai, 2018-2019]
Cho cac so thuc a,b,c. Chiing minh réng
a’+b’ b’ +c’ c’+a’ 1 1 1
+ + > 44—
ab(a2 +b2) bc(b2 +c2) ac(c2 +a ) a b c

Loi giai
Ta co:

a3+b3 >i+i<:>2(a+b)(az—ab+b2)>a+b
ab(a®+b*) 2a 2b 2ab(a2+b2) ~ 2ab

©2(a’+ab+b?)+b? 20 (a—b) 20

Diéu nay luon ding, dau bang xay ra <>a=b

c’+b’ 1 1
- > 4+ —
cb(c2+b2) 2c 2b
c’+a’ 1 1

ca(c2 +a )>2_C+£

Chitng minh hoan toan tuong ti ta co:

Cong vé theo vé'ta cé:
a’+b’ b’ +c’ < +a’ 1 1 1 1 1 1 1 11
+ + > b — b —f—f—F— = —F =
ab(a2+b2) bc(b2+c2) ac(c2+a2) 2a 2b 2c 2c 2a 2b a b c

Déu “=" xay rakhi a=b=c

Vay ta c6 diéu phai chiing minh
Cau59: [TS10 Chuyén Lam DBong, 2018-2019]
Cho a,b,c>0 va a+2b+3c>20.

Tim gia tri nho nhat ctia biéu thirc: sza+b+c+§+%+é
a C

Loi giai
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Ta co:

3 9 4 a b 3c (3a 3 b 9 c 4
S=a+b+c+—+—+—=—+—+—+| —+— |[+| =+ — |[+| =+ —
a 2b ¢ 4 2 4 4 a 2 2b

:l(a+2b+3c)+ §+§ + E+i +
4 4 a 2 2b

Ap dung bat dang thiic AM-GM cho hai s khong am ta c6:

+)3—a+§224’§.§ =3
4 a 4 a

+

=~ n
0|

:>S=i(a+2b+3c)+(%+§J+(h+iJ+[£+éJ2i.20+3+3+2=13

a 2 2b 4 ¢
(a+2b+3c=20
3a 3
Ta a=2
Ddu “="xayrakhivachikhi:ip 9 < 1b=3(a,b,c>0
2 2b c=4
c_4
4 c

Vay MinS=13khi a=2;b=3;c=4
Cau 60: [TS10 Chuyén Thai Binh, 2018-2019]
Cho x,y,z laba s6 thuc khong am thoa man: 12x+10y+15z<60.

Tim gid trilonnhatcta T =X* + y* +2° —4x—4y -7 .
Loi giai
Do x,y,zlaba s0 thue khong am thoa man :12x+10y +15z2<60.

X,y,2=0

. |x<5
Ta cé *
y<6

z<4
Tir diéu kién trén ta c6 T=x"+y* +7° —4x—4y-z
=xX(x=5)+y(y—6)+z(z—4)+x+2y+3z

SX+2y+3ZS12?X+2y+3ZS6—50=12
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x=0 x=0
Vay GTLN ctia T bang 12 dat dwockhi {y=6 or {y=0
z=0 z=4

Cau 61: [TS10 Chuyén Dai Hoc Vinh, 2018-2019]

Cho cac s6 thuc khong 4m a,bthoa man: (a —b)2 =a+b+2.

Chting minh rang: | 1+ a S| 1+ b’ - |<9
(b+1) (a+1)

Loi giai

Ta co:

(a—b)2 =a+b+2
&a’-2ab+b’=a+b+2
&a’+b’=a+b+2+2ab
c:(az+a)+(b2+b)=2(d}+a+b+l)
<a(a+1)+b(b+1)=2(a+1)(b+1)

a(a+1)+b(b+1) ~
(a+1)(b+1) -
- a b,
b+1 a+1
y b

Dat x:bil;y:a+1:x+y:2

Ta co:

(1+°)(1+y*) <9

= 1+(xy)3 +x°+y° <9
= (xy)3 +(x+y)[(x+y)2 —3xy] <8
= xy(xzy2 —6) <0

(x+y)2
4

(do 0<xy< =1)

=0 —0;b=2
D&u " ="xay ra khi va chi khi: {Xy & {a

x+y=2 |a=2;b=0
Cau 62: [TS10 Chuyén Ha Nam, 2018-2019]
Cho céc s0 thuc duong x,y,z thoa man Xy +yz+Xxz2x+y+z

2 2 2
Z

X y
+ + >
X +8 \/y3+8 Nz +8
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Chting minh rang:



Loi giai
Ap dung BDT AM-GM ta co:
(xy+yz+xz)22(x+y+z)223(xy+xz+yz):>xy+xz+yzz3
Ap dung BDT AM-GM-Schwwarz ta cé:
(x+y+z)
Jc+2)( —2x4) + [y +2)(y? -2y +4) + (2 +2) (2 -2 +4)
(x+y+z)2
+y+z+6)| X +y +2° —2(x+y+z)+12
y y y

(x+y+z)2
(2xy+2xz+2yz+3)[x2 +y2 + 77 —2(x+y+z)+12}

VT 2=

= VT 2>

VT >

e VT > 2(x+y+z)2

X +y? +27 =2(x+y+z)+15+2(xy +yz+xz)

2(x+y+z)2

< VT > 5
(x+y+z) -2(x+y+z)+15

= Ta can chiing minh:
2(x+y+z)2 o1

(x+y+z) —2(x+y+z)+15

<:>(x+y+z)2 +2(x+y+z)—1520
<:>(x+y+z+5)(x+y+z—3)20

Diéu nay 1a luén dung do: x+y+z2 \/3(xy+yz+xz) =3

Ddu “=" xdyra & x=y=z=1

2 2 2
x Yz >
\/x3+8 \/y3+8 \/23+8
Cau 63: [TS10 Chuyén Dac Lac, 2018-2019]

1) Cho cac s6 thuc x,y khong am, chiing minh réng X +y° 2 X’y +xy”.

1

Vay

2) Cho cac s6 thuc duong a,b,c théa man abc = 1. Chting minh rang:
ab bc ca

5 5 + 5 5 + 5 5 Sl
a’+b’>+ab b +c’+bc ¢’ +a’+ca

Loi giai
1) Cho cac s8 thuc x,y khong am, ching minh ring x° +y° 2 X’y +xy”.

B4t ding thiec: X° +y° > X’y +xy’
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X (x=y)-y (x-y) 20
S (x—y)(x+y) =0, diang Vx,y>0.
2) Cho céc s6 thye duong a, b, ¢ thoa man abc=1. Ching minh r::ing:

ab bc ca
5 5 + 5 5 + 5 5
a’+b’>+ab b’+c’+bc c’+a’+ca

Chting minh a° +b’ >a’b’ +a’b” < a’(a’ -b*)-b’(a*>-b*)>0

<1.

< (a-b)’(a+b)(@@*+ab+b*)>0, Va,b>0 (¥

Ap dung (*): a° +b° >a’b*(a+b)=a’ +b° +ab2ab.a+b+C

C

ab < C 1)
a’+b°+ab a+b+c
bc a ca b
Twong tw < 2); < 3
e b°+c’+bc a+b+c @) c’+a’+ca a+b+c S

Cong (1), (2), (3) ta duwoc bat dang thitc can chiing minh.
D&u bang xay rakhi a=b=c.

Cau 64: [TS10 Chuyén Bén Tre, 2018-2019]
Cho hai s6 theec duong a,bthéa a+b=1.

Tim gi4 tri nho nhét cia biéu thite T == +%
a
Loi giai
Tacs: T=2 1 2a+b) a+b g 4b a5 ,[4ba_5. 4 9
a a b a b a b
Ap dung bat dang thitc AM-GM cho hai s8 thue duong ta c6: &+%22 @%:4
a a
ST=5+22, 355,429
a
4b a a—z(tm)
. — = a’ =4b* a+b=1 "3
Dau“="xayra<Ja b < L& b & 1
a+b=1 a+b=1 a= b="L (tm)
3
A . ) 2 1
Vay MinT =9 khi azg;b:5

Cau 65: [TS10 Chuyén Vinh Phuc, 2018-2019]
Cho cac s0 thuc duwong a, b, c. Chiing minh rf?mg:
a’ b’ c?

+

+
a’+ab+b®> b?*+bc+c® *+ac+a’
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Loi giai
Ta c6 : Ap dung bat dang thitc AM-GM — Schaw thi:
a’ c? (a+ c)2
+ b
a’+ab+b’ c(a+b+c) a’+b’+c’+ab+ac+bc

b2 CZ (b+C)2
+
b(a+b+c) c®+ac+a’® a’+b’+c*+ab+ac+bc
a2 b2 (a+b)2
+
a@+b+c) b*+bc+c® a’+b>+c’+ab+ac+bc
a’ b* c? a’ °% c?
+ + + +
a’+ab+b> b’+bc+c® c’+ac+a’ afa+b+c) ba+b+c) cla+b+c)

. (a+c)2+(b+c)2 +(a+b)2

\%

\2

a’+b*>+c*+ab+ac+bc

2 2 2
a2 N b2 N 2 +a+b+c>(a+C) +(b+c) +(a+b)
a’+ab+b®> b?*+bc+c® c*+ac+a’ a+b+c  a‘+b*+c*+ab+ac+be
32 2 b2 2(a2+b2+c2+ab+ac+bc)
2 2+ 2 2+ 2 2_'_12 2 2 2
a“+ab+b” ¢ +ac+a”~ b +bc+c a“+b“+c +ab+ac+bc
a’ c’ b?
2 2 2 2 2 2+122
a“+ab+b° ¢ +ac+a” b +bc+c
2 2 2

a C

+ + >1 (dpem
a’+ab+b* c?+ac+a’® b?*+bc+c? (dpem)

D&u bang xay ra khi va chikhia=b=c.
Cau 66: [TS10 Chuyén Hung Yén, 2018-2019]

Cho céc s6 duong x,y,zthdéa xy +yz+zx=3xyz

3 3 3
Cht’rngminhr?mg X >+ y ~+ z 221{14_14_1J
Z+X xX+y y+z° 2\x y z

Loi giai
Theo dé bai ta cé: Xy +yz+2zx =3xyz
yz = zX 1 1 1

Xy + =3 —+—+—=3
xyz xyz xyz zZ X y

fe—

AM-GM 3
Lai co: 3xyz=Xxy+yz+xz = 33(xyz) =>xyzzl=>x+y+z2>3

Ta cé

x° X2 AM;GMX_ XZ _X_£>X_z+l

z+x° z+x> 24 7x2 2 4

(Do z+122\/2:>\/2327+1:>%327+1:>—%227+1)
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Twong tu ta co: > 5
X+y 4 y+z 4

Cong vé& véi vé ctia 3 bat dang thirc trén ta dwoc:

3 3 3
X Z X+v+z+3
>+ Y >+ 22x+y+z—y—
z+XxX" x+y" y+z

Cau 67: [TS10 Chuyén Hung Yén, 2018-2019]

Cho a, b la hai s6 thay d6i théa man cac diéu kién a>0va a+b>1

8a’+Db

23—é:§:1 l+l+l (dpcm)
4 2 2\x y =z

Tim gia tri nhé nhat cua biéu thic A = 1 +b’
a
Loi giai
Theo gia thiét ta c6: a+b>1<b>1-a
2 —
SN IR S SN S K
4a 4a 4 4a 4
>a+ta+a’—Za+l-tcatt4a’—a+Sattal-atiil
4a 4 4a 4 4a 4 2
AM-GM 2
> 2,,a.i+ a—l +121+l=E
4a 2 2 2

1

1

222 % b= (tm)
2

1-a

1

D&u bang xay ra <
b=
A . 3
Vay MinA=—<<a=b=
2 2
Cau 68: [TS10 Chuyén Binh Binh, 2018-2019]

Cho hai s0 duong a, b thoa man a +% =1. Chitng minh rang:

2 2
a+1 + b+l z§
a b 2
Loi giai

Ta co: a+l=1 @%:1—a<:>ab+1:b v(a>0,b>0)

2
Lai 6 HDT: 20 +y?)=(x+y)’ —(x—y)’ =>x* +y* > @ (1) , dau”=" xay ra khi

va chi khix=y

4

va cd HDT: (x+y)’ —(x—y)’ =4xy = (x+Yy)* > 4xy (2), ddu”=" xay ra khi va chi khi x=y
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Ap dung (1), ta c6:

2 2 2 2
. ’ 1 2 (a+1+ b+11)j (1+b+1J (1+ab+1J (1+b)
at—| +/b+—|>2 = - S LA (&
b

a
A1 R . 2 2 . 1 ]. \ 1
dau “=” xay ra khi va chikhi: a+—=b+— va a +B=1
a

Ap dung (2), ta co:

2
a4l 24391243(@224(2')/
b b b a

dau “=" xay ra khi va chi khi:a = % va a + % =1
Tt (1) va (2') suy ra:
1

2 2 )
a+d] +[b+d] > TEY Day o xay rakhiva chikhi: a=~hay b=~
a b 2 b a

1Y 1) _ 25 1
Vay [a+—} +(b+BJ 27 , ddu “=" xay ra khi va chi khi: a = 5 vab=2.
a

Cau 69: [TS10 Chuyén Ha Tinh, 2018-2019]
Cho x,y,z>0 théa man x+y+z=1. Chting minh rang

Xy . [|yz | xz Sé
Xy +2 yZ+X Xz+y 2

Loi giai

Ap dung bat dang thikc C6 si ta co:

Xy _ Xy _ Xy J1f X LY
Xy +2 xy+z(x+y+z) (z+x)(y+z)_2 X+z y+z

Chttng minh hoan toan twong tu ta co:

yz_ _1 y+z'xz<lz+x
yz+x 2\ x+y z+x ’ xz+y 2 y+z x+y

SPSl[X+y+Z+Z+X+yJ

2\ x+z X+y X+z y+z X+y y+z
<:>P£l AT (V) /S S ) -

2{\x+z x+z X+y X+y y+z y+z
@Psl.?):g

2 2

Dau “=" xay rakhi x=y=z= %
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Vay gid tri nhé nhat cua P 1a %
Cau 70: [TS10 Chuyén Nam Dinh, 2018-2019]
Cho x,y,z la cac s8 thuc thoa mén (x—y)(x—z)=1; y # z. Chting minh
1 1 1
+ +

(x=y)" (y-2) (2=x)

>4.

Loi giai
bat x—y=a; x—z=Db taduwoc ab=1;a#b.
B4t dang thitc can chitng minh tro thanh:
1 1 N 1 a’ +b’ 1

—+—= >4 + >4 oa’+b+————2>4
a’ b’ (a—b)2 a’b> a*+b*-2ab a’+b*-2
1
sa’+b’ -
a’+b’ -

Do ab=1; a#b nén a’+b* >2ab hay a’+b*-2>0.

Mt khéc (2> +b7 ~2) + 22 [(a® +b*—2). ———— ticla
a’+b?-2 (a®+b*-2)
1
a’+b’ -
a’+b’ -
1 1 1

Vay

>+ =+ =
(=y) (y=2) (2=x)
Cau 71: [TS10 Chuyén KHTN Ha Noi, 2018-2019]
Cho a,b,cla cac s6 thuc dwong. Chttng minh rang

) i)

Loi giai

Ap dung BDT Cauchy-Schwarz ta co:

\/ \/ 1 5 ab N bc 5 1 N 1
a+b b+c «/a+ «/b+c la+b b+c) a+b b+c
C b b a C b b
=2 + + < + + +
\/{a+b b+cj£a+b b+cj (a+b b+cj (a+b b+cj

a b C b
= + + + =2
a+b a+b b+c b+c

Vay ta c6 diéu phai chiing minh

Dau "="xay ra khiva chikhi a=b=c
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Cau 72: [TS10 Chuyén Nam Dinh, 2018-2019]
Cho cac s0 thuc duong a,b thoa man \/; +«/B =1.

. : 3 1
Chtng minh rang 3(a +b)2 —(a+b)+4ab > E\/(a +3b)(b+3a).

Loi giai

L + 1 <2
Ja+3b b+3a
Ap dung BDT AM-GM cho 2 s6 duong ta c6

3 a+b a+b ()
Ja+3b a+b \}a+3b 2 a+b a+3b
\f f 2b 2
a+3 a+3b 2 2 a+3b

Tir (1) va (2) suy ra Jarib 1( a j ! 1(3 j 3)

Bat dang thitc da cho twong duong

\/a 3p 2\2 a+b \/a+3 2\2 a+b
Chiing minh twong tu ta cling cé t 1 é . (4)
8 & 8 Jorza 2.2 a+b
Tt (3) va (4) suy ra ! <2. (diéu phai chitng minh)

+
\/a+3b «/b+3a
Ddu "="xay ra khi a=b=%.

Cau 73: [TS10 Chuyén Khanh Hoa, 2018-2019]
Cho a, b,c la cac s6 thuc duong thdéa man diéu kién a+b+c=abc. Chiing minh

2 2
rang Vi+a +\/y1+b —\1+c* <1
a

b
Loi giai
Tacé:a+b+c:abc<:>i+l+i=1
ab ac bc
Dit x=1;y=%,-z=1th‘1ba’t déng thirc d cho trd thanh : xy +xz+yz =1
a C

\/1+a \/1+b2 ﬁ

<:>\/—+1+\/—+1 c\/—+1 <1

1+ 272
z

<:>\/1+x2+\/1+y2— <1

by
.
|
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1+ 72

V4

\1+22
@(\/1+x2—1)(\/1+y2—1)—\/1+x2.,/1+y2+ L >0
@( ,_1+X2 _1)( 1+y2 _1)+\/1+22 —Z\/1+X2\/1+y2 0

V4

>0

& 1-V1+x2 —\/1+y2 +

Ta lai co:
V1 JT4+y? = 14X 457 %y =\/(1—xy)2+(x+y)2
—J(xz+vz) +(x+v) = (22 +1)(x+v) =(x+vy)V1+2>
Jlzey2) +(y) =+ )y = (Vv 22
)Jr\/1+z2 —z(x +y)N1+2 0
Z

:>bdt<:>(\/1+x2 —1)(\/1+y2 -1
o (VT 1)y ) ey’
@(m—1)(\/n7—1)+ m—(lgxy)m >0
o (e 1)y )22

Tt d6 ta c6 diéu phai chtiing minh.
Cau 74: [TS10 Chuyén Phan Béi Chau, 2018-2019]
Cho a,b,cthuc duwong théa man abc = 1. Chiing minh rang:

1 1 1 <5

+ +
Ja*—a®+ab—2 b*—b*+bc+2 A+ +ac+2

Loi gidi
Ta co:

(a—l)z(a2 +a+1)20<::>(a2 —2a+1)(a2 +a+1)20
<at-a’-a+120<a*-a’+1>a

oat—-a’+ab+2>ab+a+1
1

\/a4 —a’+ab+2 +ab+a+l
Chiing minh hoan toan tuong tu ta c:

f—

1 1 1 1
< ; <
\/b4—b3+bc+2 ’\/bC+b+1 \/C4—C3+ac+2 \/ac+c+1
Nhu vay

vre— L, 1,1 3.( L. S j
Jab+a+1 +bc+b+1 +ac+c+1 ab+a+1 bc+b+1 ac+c+l
(Ap dung BDT Bunyakovski cho 3 s5)
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Lai c6

1 1 1 1 a ab
3. + + =.[3. + +
ab+a+1 bc+b+1 ac+c+1 ab+a+1 abc+ab+a a’bc+abc+ab
_ |3 1 La ab _f3
ab+a+1 1+ab+a a+ab+1
Vay ta c6 diéu phai chitng minh
Ddu “=" xay rakhiva chikhi a=b=c=1,

Cau 75: [TS10 Chuyén Ha Nam, 2018-2019]

2010
Cho a 13 8 bét ki chitng minh ring: ——2910
Ja™ 12009
Loi giai
Ta co:

a™" +2010 > 24/a™" +2009 <> a*"* +2009+1 > 2v/a*" +2009

2
o (\/a2010 N 2009) — 2\ 12009 +1> 0

2
= (\/azm +2009 —1) >0 ludn dang voi moi a

Cau 76: [TS10 Chuyén Nam Dinh, 2018-2019]
Cho céac s6 thuc duwong thoa man \/a_ + \/B =1

. Ly 1
Chtng minh rang: 3(a+b)2 —(a +b)+4ab > E\/(a +3b)(b +3a)

Loi giai

, 1 AM-GM 4 1 3b+b+3
Ta co: E\/(a+3b)(b+3a) < af4a=a+b

Tt gia thiét ta co:
\/z;+\/6=1<:>a+b+2«/a$=1<:>2x/;E=1—a—b<:>4ab=(1—a—b)2

3(a+b)’ —(a+b)+4ab2%J(a+3b)(b+3a) =3(a+b) —(a+b)+(1-a~b) 2a+b

< 3a’ +6ab+3b”> —2a-2b+a’ +b* +1-2a-2b+2ab>0
< 4a’ +4b° +1+8ab—4a-4b>0

& (1-2a-2b) 20

Vay dang thitc duoc chitng minh.

NAM HOC 2017-2018
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Cau 77: [TS10 Chuyén TP. H6 Chi Minh, 2017-2018]

7 16 2 2
Cho x, y 14 hai s thuc duong. Tim GTNN ctia biéu thite: P= —¥2 4 X Y
X+ y Xy

Loi giai
Ap dung BDT AM - GM cho ba s8 khong am ta cé:

p_l6hy Xyt 160xy (ry) 8y 8y (x+y)

X+y Xy X+y Xy X+y X+y Xy

2
23.3J8 XY.SM.(”Y) —2-10

X+y X+y Xy

BJxy (x+y)
X+y Xy
Vay gid tri nhd nhat cua P 1a 10
Cau 78: [TS10 Chuyén Lam Son, 2017-2018]
Cho a, b, cla d6 dai ctia ba canh tam giac. Chitng minh rfémg:

Déng thitc xay ra khi S x=y

a’+b’>-c* +b2 +c’—a’ +a2 +c>-b?

>1
2ab 2bc 2ca
Loi giai
. a*+b*—c* b*+c?-a® at+ct-b?
Ta co: + + >1
2ab 2bc 2ca
2,12 2 2, 2 2 2, 2 12y

@c(a +b"—c”)+a(b”+c”—a")+b(a” +c” —b?) 2abc>0

2abc

& c(@’+b? —c?)+a(b® +c® —a®)+b(a’ + ¢ —b*)—2abc >0

& c(a® +b* —c” +2ab)+a(b® +c* —a® —2bc) +b(a® +c* —b* —2ca) >0
< c((a+b)>—c*)+a((b—c)*—a’)+b((c—a)* —b*) >0
<c(a+b+c)a+b-c)+a(b—c—-a)(b+a—c)+b(c—a-b)(c+b—-a)>0
<:>(a+b—c)[c(a+b+c)+a(b—c—a)+b(a—c—b)]>0

< (a+b-c)(c’ —a’ +2ab-b*) >0

& (a+b-0o)c®—(a=b)’]>0
< (a+b-c)(c—a+b)(c+a-b)>0

at+b-c>0
Do a, b, cla ba canh ctia tam gidcnén yc+b—-a >0
c+a-b>0

Suy ra: (a+b—-c)(c-a+b)(c+a—-b)>0 & x =y (ludn dung)
Vay ta chiing minh dwoc BDT ban dau.
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Cau 79: [TS10 Chuyén KHTN Ha Noi vong 1, 2017-2018]

Cho a, b la s6 cac s6 thuc duwong. Tim gia tri 16n nhat cua biéu thirc:

1 1 1
M=(a+b + -—
(a )(a3+b a+b3) ab

Loi giai
Tacéd: (a’ +b)(1 +b)>(a+b)*; (b’ +a)(% +a)>(a+b)>.
a

a+b+l+l a+b+1+l
1 1 < a b a b_i=1+i—i 1.

Khi dé + < ____a b _
1O b a+b . @+bp ©VIST 0p ab ab ab

Déng thitc xdy rakhia=b=1
Vay gid tri lén nhat caiaM la1khia=b=1.
Cau 80: [TS10 Chuyén KHTN Ha Noi vong 2, 2017-2018]
Vi a, b, cla cac s0 thuc duwong thoa man: ab +bc + ca + abc =2.

a+1 b+1 c+1
+ + .
a’+2a+2 b*+2b+2 A +2x+2

Tim gia tri 16n nhat cua biéu thiee: M =

Loi giai

Vi x, y duong ta c6 bat dang thiec thc: L < l(l+lj (*):
x+y 4\x vy

That vay: (*) & X*y >

by x+y (x+y)" 24xy = (x—y)’ 20 (ludn ding)

Bat dang thiic (*) xay ra dau “=" khix =vy.
Quay tro lai bai toan ta co:
abc+ab+bc+ca=2
<abc+ab+ac+bc+a+b+c+l=a+b+c+3
< (@+)(b+1)(c+1) =(a+1)(b+1)(c+1)
(@+1)+(b+1)+(c+1) 1
(@a+1)(b+1)(c+1)
= L + L + L =1
(@+1)(b+1) (b+1)(c+1) (c+1)(a+1)

G, BB

bita+l1=—,b+1=—,c+1=—
X y Z

Khi d6 gia thiét bai toan tro thanh: xy +yz + zx =3 va
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a+1 b+1 c+1
= + +
a’+2a+2 b*+2b+2 A +2x+2
a+1 b+1 c+1
= + +
(@+1)*+1 (b+1)°+1 (c+1)*+1
1 1 1
B T T 1
a+l+—— b+l+—— c+l1+——
a+1 b+1 c+1

1 1 1
= +

+
VB,ox By B =z
x 3y 3z B
Z
\/_(x +1 y’ +1+z +1
3( X + Y + z )
(x+y)x+z) (y+z)(y+x) (z+x)(z+Y)

<

£ P A A )=3\/§. (Ap dung bat dang thirc (*))
4 x+y X+zZ y+z y+X z+X Z+y 4

Déng thitc xay rakhix=y=z= J3-1

3J_

Vay gid tri l1on nhat cia M la ——

Cau 81: [TS10 Chuyén Binh Duong, 2017-2018]
Cho x, y la s0 thyc duwong thoa man x > 2y.

2 2
Tim GTNN ctia biéu thte M =",
Xy
Loi giai
2 2 2 2 2
Taco: M=2"Y X tdy 3y 24XY_3_YZ4_E_§_
Xy Xy Xy Xy X 2 2
, 2:4 2
Dang thitc xay ra khi {X Y & x=2y
x=2y

Vay gid tri nhé nhét cia M 1 % Khi x =2y.

Cau 82: [TS10 Chuyén Nam Dinh, 2017-2018]
Xét cac sO thuc a, b, c khong am, khac 1 théamana+b+c=1.

Tim gid tri nho nhat cau biéu thirc P = ! + ! +(a+b)(4+5c¢).
a+bc b+ac

Loi giai

Ap dung BDT : 1 +— L > (Vx,y #0)

X 'y X+y
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Tacod:

P= L + L +(a+b)(5c+4)2#+(a+b)(5c+4)
a+bc b+ac (a+b)(c+1)

=$+(1—c)(5c+4)24\/5C+4 =4J < _+4>8
(I-c)(1+c) c+1 c+1

Déu « = » xay ra khi C:O,a:b:%.

Vay gid trinhi nhatcaaPla 8
Cau 83: [TS10 Chuyén Ba Ria Viing Tau, 2017-2018]
Cho x, y la cac s6 thue duwong. Tim gié tri nho nhdt ctia biéu thiec :

( +— )\/2(x +y%)

P=

x> + y
Loi giai
Tacd:x2+y222xynén:2(x2+y?) = (x+y)2 Do do:

2 2
( + ),/2(x +y > +( +— )(x+y)> xy2+x Ty +2
Xty Xy

x> +y
S 24xy2+x +y’ o 23xyz>2\/— 5 3(x* +y)
X +y Xy X +y 2(x* +y?)
>6-2-2,
2 2
x* +y? =2xy
Déau « = » xay ra khi 4xy _x2+y2<:>x=y.
X+y? Xy

Vay gia trinhé nhat caa P la % .
Cau 84: [TS10 Chuyén Bac Luu, 2017-2018]
Cho a, b, cthoaman a>1;b>4;c>9 . Tim gid tri nho nhat ctia bi€u thic:

bc\/a—l +aCx/b ! +abx/c—9
abc '

M=

Loi giai

Ja-1 +\/b—4 +\/c—9.
a b C
Do a>1;b>4;c>9. Ap dung BDT AM —-GM cho cac cdp s0 khong am, ta co :

Taco: M=

FB TRI/NH BINH
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a—1<l

a=(a-1)+1>2Ja-1 a_ 2
bo(b—4)+4>4fb-a e 2 L pogs mel 1,110
b 4 2 4 6 12

c=(c—=9)+9>6+c-9

c—9<1

c 6

a-1=1 a=2

Dédu «=» xay rakhi {b-4=4< b=8

c-9=9 c=18

Cau 85: [TS10 Chuyén Dac Lac, 2017-2018]

1) Cho cac s8 drong a, b, c. Chitng minh ring: - b + ac >2

b+c c+a a+b

a’+b’>+c* =11

2) Cho cac sd duong a, b, ¢ thoa man diéu kién:
ab+bc+ca=7

Chtng minh: % <a,b,c<3.

Loi giai
aoYtz=X
Xx=a+b 2
bat {y=b+c= b:X_ZJrZ
z=c+a x+y-z
2
Ta co:
a_ . b N 4c _ytz-x X-y+z , X+y-z
b+c c+a a+b 2x 2y 2z

| X Xy 2y + 2X+i -3
2x 2y Z 2y Z

AM-GM
M Y X, 2y 2 \/2_><1_3
2x 2y Z 2y z 2x

=1+2+2-3
=2
, a b 4c
Dau “=" khdong xay ra nén + + > 2 (dpcm
& xay b+c c+a a+b (dpem)
Cach khac:

St dung bat dang thicc AM-GM-Schwars ta c6:

FB TRI/NH BINH
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2
a , b 4c _ a’ N b’ . 4c* . (a+b+2c)
b+c c+a a+b ab+ac bc+ab ac+bc_2(ab+bc+ca)

(a+b+2c)2

Talai co: 2(ab+bc+ca) >2 (*)

That vay: (*) < (a+b+2c) —4(ab+be+ca)>0 < (a—b) +4c* >0 (ding)
Vay bat ding thikc da cho dwoc chiing minh.

b) Ta cb: a2+b2+c2:11:> a+b=5-c
) TaC ) bberca7  Jab=7—c(a+b)=7—c(5-c)
Do: (a-b) 20« (a+b) 24ab e (5-c) 24(7-5c+c)

<:>3c2—10c+330<:>%£c£3

Chttng minh tueong tu ta du’oc:% <a<3,-<b<3

1

3
.1

Vay ESa,b,cS3

Cau 86: [TS10 Chuyén Bac Giang, 2017-2018]
Cho 2 s6 thye dwong x, y thdéa man 2«/xy + \/§ =1.

Tim gia tri nhé nhat biéu thic: P = X4 i—x +15xy.
y 9y

Loi giai
Téach va ap dung BDT AM-GM ta duoc:

P=X+§+i+3xy+12xy+§—§

X y 3y
>2 X.i+2. L.3xy+2\/12xy.é—é
Xy 3y 3 3

>2+2x+8 xy—§:2x+§+8a/xy

2 X
>2.02x.— +8,xy =4,|— +8,/xy =4
Prlesfy-aftesfy

D&u “=" xay ra khi x=y = %

Cau 87: [TS10 Chuyén Ha Tinh, 2017-2018]
1 2017 2018

Cho cac s6 duong a, b, ¢ thoa man: + + <1
1+a 2017+b 2018+c

Tim gia tri nhé nhat ctia biéu thiee: P =abc.

Loi giai
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Ta co:
1 2017 2018 2018 1 2017
+ + <1l=1- > +
1+a 2017+b 2018+c 2018+c¢ 1+a 2017+b
C 1 2017 AM-GM 1 2017
= 2 + > -
2018+c 1+a 2017+b = 1+a 2017 +Db

1 2018  a >2\/ 2017 2018

Tuong tu: > \/ . ; > .
2017 +b 1+a 2018+c 1+a 2017+b 2018+c
Nhan theo vé ta duoc:

abc o8 2017.2018
(a+1)(2017+b)(2018+c)  (a+1)(2017+b)(2018+c)

Dau “=" xay ra khi a=1,b=2017,c=2018
Vay gia tri 16n nhat caa P 1a 8.2017.2018
Cau 88: [TS10 Chuyeén Binh Phudc, 2017-2018]

a) Chobasd a,b,c thbaman a+b+c=0 va |a|£1,

b|<1,

a*+b°+c* <2,
(X3+y3)—(xz+y2)

(x-1)(y-1)

b) Tim gid tri nhd nhat ctia biéu thic T =
hon 1.
Loi giai

a) Tu gia thiét |a| <1,

b|<1,|d<1,tac a* <a’, b’ <b’,c* <c’. Tir do
a*+b°+cf <a’+b’+c?

Lai c6 (a—1)(b—1)(c—1)<0 va (a+1)(b+1)(c+1)=0 nén

(a+1)(b+1)(c+1)—(a-1)(b-1)(c—1)=0

<> 2ab+2bc+2ca+22>0 <> —2(ab+bc+ca)<2.

Honnita a+b+c=0<a%+b? +c? =—(ab+bc+ca)£2. Vay a* +b°+c* <2.

(7)) =(C+y") XpeD)yi(y-1) 3y
(x-1)(y-1) (x-1)(y-1) y-1 x-1

Do x>1,y>1nén x-1>0,y-1>0

b) Tacé T=

2 2

Ap dung bat dang thitc AM-GM cho 2 s& dwong X n ,y—1 ,taco:
y—-1 x=

(x-1)+1220 T (Va1-1) 20 x-2k-120 & J>:(T122

< abc >8.2017.2018

C| <1. Chting minh ring

véi x,y la cac s6 thuc 16n

THCS.TOANMATH.com
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>2

2 X
y-1)+1=22)y-1<({y-1-1) 20=y-2y-120<
(11225 T (5T -

, ~ XZ y2 2XY
Do do T_Y—1+X—12\/x—1.\/y—1 >8

y—-1
4 A? . = 2 2 ~ A - A
Dau “=" xay ra khi {x-1= S {X 5 (thoa man dieu kién)
y—-1

Vay gid tri nhd nhat cua biéu thirc T=8 khi x=y =2.
Cau 89: [TS10 Chuyén Quang Ninh, 2017-2018]
Cho a;b thoa man |a| >2;

b| >2. Chttng minh rang:
(@*+1)(b>*+1)>(a+b)ab+1)+5.
Loi giai
Xét hidu M =(a? +1)(b? +1)—(a+b)(ab+1)-5
=(a’b” —a’b—ab’ +ab)+(a’+b*—-a—b-ab)-4

:ab(a—l)(b—1)+%[(a—b)2+a(a—2)+b(b—2)]—4.
Chi ra v6i [a|>2 thi a(a—1)22 va a(a—2)>0

b| 2 thi b(b—1)>2 va b(b-2)>0

nén ab(a—1)(b-1)>4; %[(a—b)z +a(a-2)+b(b-2)]>0

= M2=>=0hay (a’+1)(b>+1)>(a+b)(ab+1)+5.
Cau 90: [TS10 Chuyén Vinh Phuc, 2017-2018]
Cho a,b,c 1a cac s6 thuc duwong thod man a+b+c=3. Chtéing minh rang
él(a2 +b? +c2)—(a3 +b’ +c3) >9,

Loi giai

Bat dang thitc can chitng minh tuong duong:
4(a+b+c)(a2 +b? +c2)—3(a3 +b’ +C3) >27

SN 4:(.51+b+c)(a2 +b? +c2)—3(a3 +b’ +c3) > (a+b+c)3

<::>(a3+b3+c3)+4:(a2b+b2c+c2a+ab2+bc2 +ca2)2(a+b+c)3 (1)
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Ta c6 dang thttc (a+b+c)3 = (a3 +b° +c:3)+3(a2b+b2c+c2a+ab2 +bc? +Ca2)+6abc :

Do d6 (1) twong duong véi a’b+b’c+c’a+a’c+b’a +c’b >6abc.
Ap dung bat d:fmg thitc AM-GM,, ta co

a2b+b2c+c2a+azc+bza+c2b=a2(b+c)+b2(c+a)+c2(a+b)
>2a’ bc+2b2\/a+2c2\/£:2(a2 bc +b? ca+c2\/£)26abc.

Vay BDT (1) dwoc chiing minh. Dang thtec xay ra khi va chikhi a=b=c=1.
Cau91: [TS10 Chuyén Sw Pham Ha No6i, 2017-2018]
X, +X, + X5+ +Xx, =10

Céc s0 thye khong am x, x,, X, ....,X
X, +2X, + 3%, +...+9x, =18

, théaman {
Chtmg minh rang: 1.19x, +2.18x, +3.17x, +...+9.11x, > 270
Loi giai.

Taco: 9(xl +X, +X, +...+x9) =90, suyra:

9(x1 +X, +x3+...+x9)=90
= 19x, +29x, +39x; +...+99x, = 270

10(x, +2x, +3x, +...+9x, ) =180

Mait khac:
1.19x, +2.18x, +3.17x, +...+9.11x,

= (19x, +29x, +39x, +...+99x, ) +(7x, +12x, +15x, +...+7x, ) = 270 (dpcm)

X, =9
x, =1

Ddu “=" xay ra khi

=X, = =X :0

X 5 = e s

2

Cau 92: [TS10 Chuyén Hai Dwong, 2017-2018]

Cho x, y, z 1a cdc s6 dwong thoa man \/xz +y? +\/y2 +72 +\Z2 X0 =6

2 2 2
N .7 . ? Y ? o A? 7 X Z
Tim gia tri nhé nhat cta biéu thire: M = T A
y+z z+X X+y

Loi giai
Ta co:
6=\/x2+y2 +\/y2 +2z° +xi’zz+x2
SJB(xz+y2+y2+zz+zz+x2) =\/6(x2+y2+22)
:>x2+yz+z2 >6

Do d6:
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2 2 2
X Z
M= +y +

yez 2o Xy BTy +zz) s +xz)+Jz(x2+yz)
(y +z ) 6— (z +X) 6— (x2+y2)
\/2 y:+2z° \/2(z2 \/2(x2 y2)

2% \/Y21+22 +\/z21+x2 +\/X21+y2 _%(\/XZJFYZ +\/y2+z2 +\/Z2+X2)
L6 : 6

2 \/x +y +\/y 22 A2

69 6

276 2

W
I\:né%,,|
N

Dau “=" xay rakhi a=b=c= \/E

Vay gia tri nho nhat ciia M la ¥
Cau 93: [TS10 Chuyén Sw Pham Ha No6i vong 2, 2017-2018]
Cho céc s6 duong a,b,c,d . Chiing minh réng trong 4 s&

L b2+1+1 . ;d? 2 1.1 C6 it nhat mot s& khong nho hon 3.
b ¢ c c d’ a b

Loi giai
Gia str ca bon so6 déu nho hon 3 thi

| RPCINESNE DRI S SHPC U S S IS

C c d c d a
Mat khac :

RPCIEINE 0 TSNS SPPC IS U S LR S I LI (R SN S
C c d c d a a c d

Do 4(a +b’+¢’ +d2) (a+b+c+d) 1,115, 4

a b c¢c d a+b+c+d

2 2

a+b+c+d +b+c+d

pabred’ s s ool s e,
4 a+b+c+d a+b+c+d 4 a+b+c+d a+b+c+d

Trai diéu gia st suy ra c6 it nhat mot s6 khong nho hon 3.
Cau94: [TS10 Chuyén Hung Yén, 2017-2018]

Cho 356 a, b, c dwong va a‘b* +b'c* +c*a* =3a*b’c* . Chitng minh:

1 1 1 é
ab+2+1 bet2ai+1 cat2bi+l 4
Loi giai
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Ta co:

a‘b* +b'c* +c'a* =3a'b'c* & % i1y (1)
a* b* ¢

St dung AM-GM ta co:

1 1 1
>
¢ a’b bc

—©
Ca

1 1
La twong tu va cong theo vé'ta duoc: —+—+
a'

Mitkhic 41 > =
a - a

Lam teong tu va cong lai ta duwoc: %+i+l_%(% é+ij+% 3)
a

b? 2 c*

Vérix,y,z,’chfourlgtacé:;Sl l+l 1 1 *)
x+y+z+t 16\x y z t

That vay, st dung AM-GM ta cé:

(x+y+z+t)[—+ +— +—J>41/xz
#xyz

Xy z

1 11 1 1 1

S —<—| —+—+—+—
x+y+z+t 16{x y z t
Déng thtic xay rakhix=y=z=t.

, 1 1 (1 1 1
Ap dung (*) ta dwoc: = s— torol
P au g( ) ® a3b+2c2+1 a3b+c2+c2+1 4(a3b CZ C2 ]

Twong ty:
;<i _3+£+1 ;2<i T+£+1
b’c+2a’+1 16\ b’c a c’a+2b*+1 16\ b’c a

Cong theo vé ta duoc:

L + 1 + L <[ 2 + L +i +1 l+i+l +i
a’b+2c®+1 b’c+2a’+1 c’a+2b’+1 16la’b b’c c’a) 8la® b*> *) 16
Theo (1), (2) va (3) ta ¢ thé suy ra:

1 1 1

+ _
a’b+2c*+1 b3c+2a2+1 ca+2b2+1 16
1

16

o
EL

1 1( 1 1 1 3
— |t == [+ =
b’c ca 8la? b* *) 16
N
b*

— 1 1+l+l+3 +i
c4 Tolat b @ 16

s,6,3.3
4

16 16 16
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Ddu “=" xady rakhia=b=c=1.

Cau 95: [TS10 Chuyén Ba Ria Viing Tau, 2017-2018]

Cho a, b, c la cac s6 thuc duwong.Tim gia tri 16n nhat ctia biéu thic:
2 2 2
a’b+b°c+c’a 1
P="—"——— ——(a2+b2+c2).
a“+b " +c 3

Loi gii
Véi a, b, c duong ta c6: (a+b+c)(a2 +b? +c2) > 3(a2b+b2c+c2a) (1)
That vay:
VT = (a+b+c)(a2 +b? +C2) =a’+ab®+ac’ +b*+ba’+bc’ +c® +ca’+cb’
= (a2b+bzc+c2a)+(a3 +ab2)+(b3 +bc2)+(c3 +ca2)
AM-GM
> (a2b+b2c+c2a)+2a2b+2b2c+2cza
=3<a2b+b2c+cza) =VP

_a’b+b’ct+c’a _a+b+c

Do do: <
a’+b*+c’ 3
2 2 2
a“+b”+c 3
2
£a+b+c—l(a+b+c)2=l— l(a+b+c)—l Sl
3 9 4 |3 2 4

Ddu “=" xay rakhi a=b=c=

Vay gid tri 16n nhét cda P 1a %

Cau 96: [TS10 Chuyén Tay Ninh, 2017-2018]

Cho x, y 1a s thuc dwong nhé hon 1.Tim gia tri 16n nhat ctia biéu thic:
Xy (1 —X— y)

(x+y)(1-x)(1-y)

Loi giai

Ta co:

1_(ry)(=x)(1-y)  (x+y)(I-x-y+xy) xty x+y _x+y

Q xy(l—x—y) xy(l—x—y) xy 1l-x-y xy 1—(x+y)
batt=x+y, ta duoc:

1 _x+y  x+y >4(X+y) x+y 4 xty _4, t

Q xy 1—(X+Y)_(x+y)2 1-(x+y) x+y 1-(x+y) t 1-t

Str dung bat dang thiic Cauchy-Schwarz ta duoc:
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2
d 241
N P )—1=2—1=8:>Qsl
-t t 1-t  t+l-t 1 8

1 4
—=—
Q t

Dau “=" xay rakhi x=y = %

Vay gid tri 16n nhat ctia Q 14 %

Cau 97: [TS10 Chuyén Ninh Binh, 2017-2018]

Cho a, b, ¢ duong thoa man diéu kién a+b+c=2018 . Tim gia tri 16n nhét caa

a b C
+ +
a++/2018a+bc b++2018b+ca c++2018c+ab

biéu thitc: P =

Loi giai
Ta co:

a a a

a++/2018a +bc B a+\/(a+b+c)a+bc B a+\/ab+(a2+bc)+ac

a a Va

Sa+\/ab+2a bc+ac_a+\/(ﬁ+ﬁ)2 Ja+b+c

b < Jb , c < Je
b+\/2018b+ca_\/;+\/g+\/gl c+\/2018c+ab_\/a_+\/l;+\/g
Jasbive
NP

2018

Dau “=" xay rakhi a=b=c= =

Tuong tu:

Cong theo vé ta duoc: P < 1

Vay gia tri lon nhat caa Pla 1.

Cau 98: [TS10 Chuyén Bong Thap, 2018-2019]

Cho 3 s6 duong X, y, z thoa man diéu kién x° +y® +z°> =1. Chting minh bat ding

2 2 2
V4

X y
+ + =2
V1-x*  (1-y* V1-7

thirc sau:

Loi giai
Stt dung BDT AM-GM ta duoc:

2 2
X +1-x 1 X X
<——M =— = = 22)(3

x2(1—x2)— 2 2 \/1—x2 \/xz(l—xz)

2 2

Twong tu: Yy > 2y°;
«fl—yz 1-7°

2 2 2

X .y .z
J1-x2 \jl—yz J1-22

Cong theo vé ta duoc: > 2(x3 +y° + 23) =2 (dpcm)
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Cau99: [TS10 Chuyén Thtra Thién Hu€, 2018-2019]
Cho a, b, cla sd duong thay d6i thoa man diéu kién: \/E + \/E + \/a =1. Tim gia
a’ b’ c?
+

tri biéu thirc: E =
a+b b+c c+a

Loi giai
Str dung bat dang thitc Cauchy-Schwarz ta duoc:

2
a> b & _(atb+c) a+b+c
= + + 2 =

= > >4Jab b =1
a+b b+c c+a 2(a+b+c) ab ++/be ++/ca

Ddu “=" xady rakhia=b=c=1.
Vay gia tri nho nhat cia Ela 1.
Cau 100: [TS10 Chuyén Bac Ninh, 2018-2019]
Cho cac s0 thuc a, b, ¢ thdéa man a+b+c<3. Tim gia tri nhé nhat ctia biéu thac:

a’+6a+3 b*+6b+3 *+6¢c+3
M= +

a’+a b’ +b c’+c
Loi giai
Ta co:
2 +6a+3 (32’ +3)+6a—2a’ avGMga 6a_ 052 12a-2a° 14
aZ+a a’+a 2 a+a  a’+a =a+1_2
Teome t b*+6b+3_ 14 5. <’ +6c+3_ 14 _5
B T b T bel ) Pac o+l

Cong theo vé va stt dung bat diang thiec AM-GM dang cong mau sd ta duoc:
2 2 2
Mo F6a+3 bP+6b+3 ¢ +6c+3214( 1,1 1 J_

+
a’+a b*+b c*+c a+1 b+1 c+1
214.L—6214.L—6=15
a+b+c+3 3+3
Ddu “=" xady rakhia=b=c=1.

Cau 101: [TS10 Chuyén Vinh Long, 2018-2019]

Cho x, y, z dwong thoa man x+y+z=4 . Chitng minh réng: L+i >1

Xy Xz
Loi giai

Ta cé:

i+i:l(l+lle. 4 4 > 16 > =1(dpcm)

Xy xz x\y z) Xy+z x(y+z) (x+y+z)

Dédu “=" xay rakhix=2,y=z=1.
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NAM HOC 2016-2017

Cau 102: [TS10 Chuyén Ha Tinh, 2016-2017]

Cho a, b, ¢ la cac s6 duong thoa man: a+b+c=2016. Tim gia tri 16n nhat caa

biéu thitc: P =

a b C
+ + .
a++2016a+bc b++/2016b+ac c++2016c+ab

Loi giai

Ta c6 a++/2016a+bc :a+\/(a+b+c)a+bc =a+ (a+b)(a+c)

Ap dung bdt Bunyakoskicopski ta cé:

(ab)(arc)=| (Va) +(VB) || (Vo) +(Va) |2(Vac +Vab)
Suy ra a+,/(a+b)(a+c)za+ ac+\/£:\/a_(\/a_+\/g+\/z)

a 5 Ja
a+2016a+bc  va+Vb++/c

b < Jb , C < Ve
b++/2016b +ac B \E+\E+\E' c++/2016c+ab B \E+\E+\E

Ja ++b ++/c

Suyra P<————"—=1,Dau=xayrakhi a=b=c=672
N AN g

Suy ra

Twong tw

Cau 103: [TS10 Chuyén Ba Ria Viing Tau, 2016-2017]

Cho a, b, ¢ 1a 3 58 duong thda man ab + bc + ca = 3abc. Chiing minh rang:

a b C 3
+ + <=
a’+bc b*+ca c*+ab 2
Loi giai
Tr didu kién d bai ta co 22 Fberea_5 1. 1.1 4
abc a b c

Ap dung hai Ian bat dang thtzc Cosi cho hai s6 dwong, ta cé:

a® +bc>2+/a%.bc =2avbc = < 2

1
a’+bc Za&_ 2\/&
L1, e 11
Jb e 2lb ¢ a?+bc 4\b ¢

.. b 11 1 c 11 1
Twong ty ta c6: — <~ =+= |5 <Z|Z4=
b +ca 4\c a)c +ab 4la b
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a b C ({1 1 1) 3
Suy ra — += + S—|—4+—+—|==.
a’+bc b’+ca c*+ab 2la b c) 2
Cau 104: [TS10 Chuyén Ba Ria Ving Tau, 2016-2017]
Cho hai s6 thuc 4, b déu 16n hon 1. Chiing minh r?;'mg:
6 +4/3ab+4 > E
avb—1+bya-1 2

Loi giai

Ta cé: avb-1 Sa.b_;+1 :%.

a—1+1=@:> 6 S 6

Tuwong tu: byJa—1<b. >—.
& avyb—-1+bya-1 ab

Ddu “=" xay rakhi a=b=2.

6 +x/3ab+42£b+«\/3ab+ =%+x/3ab+4.
a a

“aJb-1+bya-1

Dat y =+/3ab+4 = 3ab=y” —4. Khi d¢:

AM-GM
Q2 218 +y= 18 —(y 2)+— (y+2)+1 > 343’1 El+1=E.
y -4 (y+2)(y-2) 4 4 4 2

“u_r

Ddu “=" xay rakhiy=2hay a=b=2.

Cau 105: [TS10 Chuyén Ba Ria Viing Tau, 2016-2017]

Cho x, y, z1a 3 s6 dwong thoa man x° +y” +z* =3xyz . Chting minh :

2
x>y 7’

+ + >1.
y+2 z+2 x+2

Loi giai
2 2 RV
Ta c6 X y+2 S0 y+2_gX:> X 26x y—2
y+2 9 y+2 9 3 y+2 9
2 5 2 v
Tuong tu . o 6y-z-2 2z S 6z-x-2 .

+2 9 “x+2 9
Dt vé trai ctia (*) 1a P. Cong cac bat dang thitc trén theo vé ta duoc:
5(x+y+2)—6
9

P>
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(x+ y+z)3

Lai c6 > 3xyz, x2+y2+222%(x+y+z)2,

(x+ y+z)3
9

Tt gia thiét suy ra

Do d6 P>1.
Cau 106: [TS10 Chuyén St Pham Ha No6i, 2016-2017]

2%(x+y+z)2<:>x+y+223.

Cho a, b, cla ba s6 thwc khéong am va théa man: a + b + ¢ = 1. Chtéing minh réng

«/5a+4+\/5b+4+\/5c+4 >7

Loi giai

a(l-a)=0

a>a’

Via, b, ckhong am va c6 t6ngb§mg 1nén0<a,b,c<1=:b(1-b)>0=>:b>=b’

c(1-c)=0

Suy ra \/5a+4 >+’ +4a+4 =\/(a+2)2 =a+2

Twong tw«/5b+4 >b+2;4/5¢c+4 >c+2

Do d6 5a+4 ++/5b+4 ++/5c+4 >(a+b+c)+6=7 (dpcm)

Cau 107: [TS10 Chuyén Son La, 2016-2017]

c>c?

Cho hai s6 duwong a, b théa man: a+b < 2\/5 . Tim GTNN ctia biéu thirc: P = 1 +%

Loi giai
V6imoi a, b ta luén co: (a-b)?2>0

a

< a’+b’—2ab>0<>a’ +b* >2ab <> a’ +b* +2ab > 4ab < (a+b)* > 4ab (*)

Vi a, b déu dwong nén ab va a+ b ciing duong bat dang thtkc (*) tro thanh:

Satby, 4 1 1. 4 L py ma at+b <22
ab a+b a b a+b a+b
4
= 2—:>P2\/§
at+b 22
a-b)*=0
Ddu “ =" xay ra < ( ) <:>a:b:x/5
a+b:2\/§

Vay min P=v2
Cau 108: [TS10 Chuyén Binh Thuan, 2016-2017]
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Cho cac s8 duong X, y, z. Chiing minh rang:
2 2 2
z x*+y*+z
y ZX < y

aA— +
X +yzZ+2zX Y H+zZX+Xy Z°+Xy+YyZ XY+YZ+2ZX

Loi giai
Ap dung bt dang thiic AM-GM-Schwar ta c6:
Xy xy(y2 +yz+zx) . xy(y2 +yz+zx)

X’ +yz+zx (x2 +yz+zx)(y2 +yz+zx) (xy+yz+zx)2

z(z* +zx+x zx(x* +xy +yz
Twong tu: — yz Sy( }:), > Zx < ( Y yz)
y tZX+Xy (xy+yz+zx) Z +Xy+yz (xy+yz+zx)
Suy ra
Y . yz oz <(x2+y2+zz)(xy+yz+zx)_ x> +y?+2°
X +yzZ+zX Y AzZX+Xy ZDHXy+YZ (xy+yz+zx)2 Xy +yz+2zx

Vay bat dang thitc dugc chitng minh. Dang thitc xay ra khix =y =z.
Cau 109: [TS10 Chuyén Thtra Thién Hué, 2016-2017]
Cho x, y>0va x+y >3 . Tim gia tri nho nhat cta:

M:6x2+4y2+10xy+g+3—y+2016

y X
Loi giai
St dung bat dang thitc AM-GM ta duoc:
xy+4—; 24x ; 3xy+3?y > by
Do do:

A 26X +6xy +4y” +4x+6y =6x(x+y)+4y’ +6y +4x = 6x.3+4y” +6y +4x
=2x+4y’ +6y > 22x+4(4y —4)+6y =22(x+y)-16 250
Suy ra: M >50+2016 = 2066
Ddu “=" xay rakhix=1;y =2.
Vay gia tri nhé nhat ciia M la 2066.
Cau 110: [TS10 Chuyén Thai Nguyén, 2016-2017]
Tim gia tri nhé nhat caa biéu thie: P = \/x+6\/x -9+ \/x—6\/x -9
Loi giai
Diéu kién: x>9

Ta c6: P=yx+63x—9 +1x-63x—9 =X -9+ 63x—-9 +9 +x—9—63x—9 +9
o T R e BN e B P e T e

=6
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x=9
3-x-920
Vay gia tri nho nhat cua P 1a 6.
Cau 111: [TS10 Chuyén Thai Binh, 2016-2017]
Cho x, y, z > 1 va thoa man 3x* +4y” +5z° =52 . Tim gi4 tri nho nhat cta biéu

Ddu “=" xay ra khi { <9<x<18.

thitc: F=x+y+z
Du doan: Ta dodn ddu bang xay rakhix=y=1,z=3.
Loi giai
Dox,y,z > 1nén: (x—l)(y—l) >0 xy2x+y-1
Lam tuong tw va cong theo vé'ta duoc: xy +yz+zx > 2(x+y+z)—3
Do do:
5(x+y+z) =5(x2 +y’ +zz)+10(xy+yz+zx) >52+2x +y” +10[2(x+y+z)—3}
>52+2+1+20(x+y+z)—30
Suy ra: x+y+z2>5
Ddu “=" xay rakhix=y=1,z=3.
Vay gia tri nhé nhat cua F la 5.
Cau 112: [TS10 Chuyén Quang Binh, 2016-2017]

Cho a, b, c la cac sd thuc duwong théoa man ab+bc+ca = 3abc.

Chtrng minh: ! + L + ! Si

Jal+b bP+4c ct+a 2

Loi giai
Ap dung BDT AM-GM ta duoc:

1 1 1 1 (3 1)
< = < —+—
Ja®+b \/2\/a3.b Li*p  a2\a b
1 1 (3 1 1 1 (3 1
Twong tu: ~; < 4z
&% Jb? +c 4\/_[13 Cj Jc+a 4\/5((3 aJ

Cong theo vé ta duoc:
1 1 1 (4 LA é)zi'ab+bc+ca (dpem)
Jal+b bP+c cP+a 4\/_ a b c) 2 abc 2
Dé4u “=" xay rakhia=b=c=1.
Cau 113: [TS10 Chuyén Phu Tho, 2016—2017]
Cho cac s6 x, y duwong. Tim gid tri nho nhat cua biéu thiee:
2 .\ 2 +(2X+y)(x+2y)_ 8
Jxay) +1-1 |J(x+2y) +1-1 4 3(x+y)
Loi giai
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Dit 2x+y =a, x+2y =b va st dung bat dang thticc AM-GM ta duoc:

P= 2 + 2 +@—i
Ja’+1-1 b*+1-1 4 a+b

_ 2 N 2 ab 8
Ja+1)(@-a+1)-1 ((b+1)(b?-a+1)-1 4 a+b

> 2 + 2 +@_i:i+i+&_i
_a+1+a2—a+1_1 b+1+b2—a+1_1 4 Jab a® b* 4 Jab

2 2

>£+ﬂ_i

“ab 4 \fab

Ny < .. 8 t* 4

bat t=\/£ . Ta sé chitng minh: t_2+z_?21 *)

That vay: (*) < (t-2)" (£ +4t+8)>0
Vay P>1 . Dau “=" xay ra khi x=y=§

Vay gia tri nho nhat caa P 1a 1.
Cau 114: [TS10 Chuyén TP. H6 Chi Minh, 2016-2017]

Cho x, y 1 hai s6 duong. Chitng minh rang; WY T Y\/; xty 1

X+y 2 4
Loi giai
Str dung bat dang thitc AM-GM ta c6:
1
1
y+ZZ\/; (2);
x+y22\]’; (3)
N ~ \ 1
Cong theo vé (1) va (2): x+y+52\/;+\/§ (4)
Nhan theo vé (3) va (4):
(x+y)z+%(x+y)22 xy(«/;+\/}_7) (5)
Chia ctia 2 v€ cua (5) cho 2(x+y) duoc:
Xer+1>\/;+\/;:X y+y\/;_x+y<1 (dpcm)
2 4 x+y X+y 2 4
Ddu “=" xay ra khi x=y=i.

Cau 115: [TS10 Chuyén Ninh Binh, 2016-2017]
Cho a, b, c la s0 thuc duwong thoa man abc = 1. Chitng minh rf?mg:
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1 1 1 3
+ + <=
ab+a+2 bc+b+2 ca+c+2 4

Loi giai

Vi x, y duong ta c6 bat dang thiec thc: L < l(l + lj (*):

That vay: (*) XYy = (x+y)2 > 4xy < (x—y)2 >0 (ludn dung)
dxy x+y
Bat dang thite (*) xay ra ddu “=” khix =y.
Ap dung BDT (*) ta dwoc: — - ¢ 1 ¢ 1
ab+a+2 I+ac+2c 4\c+1 a+l1
Chttng minh teong tw ta dugc:
1 < 1( a N 1 ; 1 < 1( b N 1
bc+b+2 4\a+1 b+1) ca+c+2 4\b+1 c+1
Cong theo vé& 3 bat dang thiic trén ta duoc:
1 1 1 1( a 1 b 1 c 1) 3
+ + <-— + + + + +— |=— (dpcm)
ab+a+2 bc+b+2 ca+c+2 4\a+l a+1 b+1 b+1 c+1 c) 4

Dau “=" xay rakhia=b=c=1.

Cau 116: [TS10 Chuyén Nam Dinh, 2016-2017]

Cho x, y, z 1a cdc s§ thuc thoa man didu kién (x—y)(x-z)=1 va y#z . Ching

minh: 1 =+ 1 >+ 1 >4
(x=y) (y=2) (2=
Loi giai
2 2 2
Ta c6: 1 N 1 :(X—y) +(X—Z) =(y—Z) +2(x—y)(x—z)

(=y) (2% (x-y) (x-2) (x=y) (x-2)
(y_z)2 +2. L
(x=y) (=2 (x=y)(x2)

St dung bat dang thitc AM-GM ta duoc:

(y-2)
1+1+12y +2. 1 +1

(=y) (=2 (2 (o) (xmg) (oy)xe2) (2o

AM-GM 4

Cau 117: [TS10 Chuyeén Ninh Thuan, 2016-2017]
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biéu thire: P=a® +b” +c* —6(a+b+c)+2017
Loi giai

Ta co:

Cho ba s0 a, b, ¢ thoa man diéu kién: ab+bc+ca=3. Tim gia tri nho nhat caa

P=a%+b%+c? —6(a+b+c)+2017=a2+b2+c2+2(ab+bc+ca)—6—6(a+b+c)+2017

=(a+b+c)2—6(a+b+c)+2011=(a+b+c)2—6(a+b+c)+9+2002

= (a+b+c—3)2 +2002
>2002
Ddu “=" xay rakhia=b=c=1
Vay gia tri nho nhat cua P 1a 2002.
Cau 118: [TS10 Chuyén Bac Ninh, 2016-2017]
3a*+3b* +c’+2

Cho a, b, ¢>0. Tim gia tri nho nhat cia M = 5
(a +b+ c)

Loi giai
Stt dung AM-GM ta duogc:
3a*+1=a*+a*+a* +1>4a" =4a’; 3b4+1=b4+b4+b“+124§*/]&?=4b3
Do dé:
_3a'+3b'+c’+2 42’ +4b’+c

(a+b+c)3 - (a+b+c)3

Ta dé dang chiing minh duoc BDT véi a, b duong thi: 4(a’+b°)>(a+b)  (*)

That vay: (*)<a’+b’ 2ab(a+b) < (a+b)(a—b) 20 (ding)

“_rr

Vay (*) duoc chiing minh. Dau “=" xay ra khi a =b.

Ap dung (*) ta duoc:
3 3., .3 S ?
L da’ +4b+c >(a+b) +c (a+b+c) 1

(a+b+c)3 - (a+b+c)3 _4(a+b+c)3 4
Ddu “=" xady rakhia=b=1,c=2.
Vay gia tri nho nhat cﬁaMléi

Cau 119: [TS10 Chuyén Ninh Thuan, 2016-2017]
1 1

Cho cac s6 duong x, y, z thoa man 1 + + =12
X+y y+z z+x

1 1 1
+ +
2x+3y+3z 3x+2y+3z 3x+3y+2z

<3

Chting minh rang:

Déng thitc xay ra khi nao?
Loi giai
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Véia, b, c duwong ta co:

1 *
<z(g EJ()

2 1 1(1 1
Thay vay: (a+b)(—+gj>2x/_\/_b 0 4(a+gj

“u_rr

Vay (*) dwgc chiing minh, dau xayrakhia=b.
St dung (*) ta duoc:

1 1

1 ~ 1 1 N

2x+3y+3z  (x+y)+(x+z)+2(y+z) " 4{(x+y)+(x+z)

2(y+z)

111( 1 1 1 1( 1 1 2
<—|= + + =— + +
4|4\ x+y x+z 2(y+z) l6\ x+y x+z y+z

Twong tu:

1 1( 1 1 2 1 1( 1 2
— < — + + ; <— + .
3x+2y+3z 16(x+y y+z Xx+z 3x+3y+2z 16(x+z y+z Xx+y

Cong 3 BDT trén theo vé duoc:
1 1 1 1 ( 1 1 1
+ +

<=

2x+3y+3z 3x+2y+32 3x+3y+2z 4\x+y y+z z+X

Dau “=" xay rakhix =y = z.
Cau 120: [TS10 Chuyén Dong Théap, 2016-2017]

J =3 (dpcm)

Cho a, b, ¢ 1a cac s& duong thoa man a’+b”*+c® =1 . Tim gid tri nhé nhat cta

bidu thite P=—2 42 €
b*+c* c*+a’ a’+b?
Loi gidi
Ta co:
p__ 2 b N c __a N b N C
b*+c? ?+a’ a’+b* 1-a®> 1-b* 1-¢2

Do aduwong va a’>+b’+c*=1=0<a<1=0<a’<1
Ap dung AM-GM ta duoc:

az(l_a2)2%.zxz.(l_xz)(l_XZ)%F"z+<1‘X2)+(2‘X2)Ti

3 27
2 1 343 343
:>a(1—a2)S3J§:>a(1_a2)2 5 :1_a22 5 a’

> 3\/5 b2 . \/_

1-p* 2 1—c2

Cong 3 bat dang thiic trén theo vé ta duwoc:

> 3J§(
2

1-¢*

Chitng minh twong tu ta duoc:

3.3

a b ¢ a’+b’ +c2):T(dpcm)

+
1-b?

THCS.TOANMATH.com FB TR/NH BINH



D:fmg thitc xady rakhi a=b=c =%
3

Cau 121: [TS10 Chuyén TP. H6 Chi Minh, 2016-2017]

Biét x>y >z x+y+z=0 va x’+y’ +2° =6.
1) Tinh S:(x—y)2 +(x—y)(y—z)+(y—z)2
2) Tim gia tri 16n nhat cta biéu thic P = |(x—y)(y—z)(z —x)|
Loi giai
1) Ta co:

2 2, .2, 2
X+y+z) —(X" +y +z 2_
S=x2+y2+z2—xy—}’z—zx=6—( Y ) 2( Y )=6_026—

2) Pt a=x—y,b=y-z Khidétacé a>0,b>0 va a’+ab+b* =9
2
:>(a+b)2—9=abﬁ@:>a+b32\5
Dt t=a+b. Khi d6: P=t(t"-9)
Ta sé chiing minh: t(t2 —9) <63 (*)
That vay: (*)<:>(t—2\/?_>)(t+\/§)so (dung)

Do d6: P<643 .
Dau “=" xay ra khi x = \/g,y =0,z= —\/5.
Vay gia tri 16n nhét ctia P 1a 643

Céu 122: [TS10 Chuyén KHTN, 2016-2017]

Vi x, y 1a s6 thyc thdéa man diéu kién 0<x<x<y<2,2x+y=2xy . Tim gia tri
16n nhat cua bi€u thic: P=x* (x2 +1) +y’ (y2 + 1)

Loi giai

P=x'+y* +x* +y*

e 42 . 1 *
Ta c6 bt dang thirc: a® +b” > E(a +b)2 (*)

Ta co: 2x+y22xy<:>l+322 (vix, y duong)
Xy

2
‘ N 1 4 _1(1 2 1 4
Ap dung (*) suy ra: ?+—225[;+§J 22:?22—?(1)

2
Apaungdp (s o222 Lo A Taan Xan 10 )
xy 2(x7y

THCS.TOANMATH.com FB TR/NH BINH



2

2
Co x<y<2:>[1——j(y —4)<0 oy’ <4+X B
y y

2
ey <arad - _aielon caie L s (do (1))
g y y’ X

x* 16x*
Tuong tu: [ 1-; |(y* —4) <0 y* <16+x* ——
y' y

2—Ej X <16+l x*=17 (do (2))

< yh+x <16+[
y

P<17+5=22
Ddu “=" xay rakhix=1,y =2.
Vay gi tri 16n nhat cua P la 22.
Cau 123: [TS10 Chuyén Nam Dinh, 2016-2017]
Chohaisda, b khéng am thda man a+b <3. Chting minh rang:

2+2a N 1-4b

1+2a 1+ 4b 15

Loi giai

Bat dang thitc can chitng minh twong duong véi:

2+2a 1-4b 1 e 1-4b 1 2
1+2a 1+4b 142a 1+4b 1+2a 1+4b

Str dung bat dang thitc AM-GM ta duoc:

1 2 1 2_1+1>2 1 (1)

+ = + = 2
1+2a 1+4b 1+2a 1+4b 1+2a 1 ob 1
ot (1+2a)(;+2b)

1 1+2a+1+2b 15
\/(1+2a)(—+2b)£ 2 <2
2 2 4

! >3 )
\/(1+2a)(;+2b)

=2

Tir (1) va (2) suy ra: 2+2a 1-4b
1+2a 1+4b 15

Vay bat déng thirc dwoc chiing minh.

Dé’u”=”xéyrachikhi:1+2a=%+2bvéa+b=3<:> a=%;b S

Cach khac:
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Ta co:
2+2a14b 1 11419 1 2 2(1 1)

+ +
" 1+42a 1+4b 1+2a 1+4b 1+2a 1+4b 2+4a 1+4b

*)

Véia, b, c dwong ta co: l+l>
a b a+b

Thay vay: (a+b)(—+—j > 2\Jab.—=— 2 =4= 1+l 4

\/_ a b a+b

“_rr

Vay (*) dwoc chitng minh, ddu “=” xay rakhia=b.

Ap dung (*) ta dwoc:
P=2 L + L >2. 4 = 8 > 8 =—(dpcm)
2+4a 1+4b) 2+4a+1+4b 3+4(a+b) 3+43 15
+b=3
Dau “=" xay ra khi ? Sa= E;b _13
2+4a=1+4b 8 8

Cau 124: [TS10 Chuyén Nam Dinh, 2016-2017]
Cho a, b, ¢ dwong va thoa man xy+yz+zx=1 . Tim gid tri nho nhét ctia biéu

1 1 1

thirc: P=— +— +—
4x° —yz+2 4y  —-zx+2 4z°—xy+2
Loi giai
Ta co
1 B 1 B 1 B 1

A —yz+2 A -yz+2(xy+yz+zx) AC+2xy+yz+2zx (2x+y)(2x+2)

1 1 1

om0 S ) 2xvs) 2y )2y o) (2eex) (22 1)

yz XZ Xy

=5= (2xz +yz)(2xy+yz) ’ (2xy+xz)(2yz+xz) ’ (Zyz +xy)(2xz +xy)

2
a+b
Véimoi a,b ta cd (a—b)220:>(a+b)224ab:>abs( ) )
Ap dung bat dang thikc trén ta dugc:

S> Yz =+ 2 -+ i 5

(2xy+2yz+22x) (2xy+2yz+2zx) (2xy+2yz+2zx)

4 + 4
gy Xytyztzx 1 1

(2xy +2yz+ ZZX)2 Xy +yz+zX
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Déng thtic xay rakhi x=y =z = 1

5

Vay gid tri nho nhat ctia S bang 1.

Cach khac:
Dit a=xy,b=yz,c=2zx khidé a+b+c=1va x* =%;y2 =@,z2 _be
c a
Ta co:
1 1 1

2 =
I —yz+2 @—b+2(a+b+c) 4;1C+2a+b+2c

b b 4b a

" 4ac+2ab+b* +2bc (2a+b)(2c+b) (2a+2b+2c)2 (a+b+c)2

Twong tu: L > < ; 1 > 2

4y’ —zx+2 (a+b+c)2 (47 -xy+2 (a+b+c)2

Cong 3 bat dang trén theo vé ta dugc:

P> at+tb+c 1

(a+b+c)2 Tatbic

Ddu “=" xay rakhi x=y=z= L

NG}
Vay gia tri nhé nhat caa Pla 1.
Cau 125: [TS10 Chuyén Lam Son, 2016-2017]

~ . v
Cho 3 s6 thic duwong x, y, z théaman x+y+z< 5 Tim gia tri nho nhat cta biéu

x(yz+1)2 . y(zx+1)2 . z(xy+1)2

thire: P'= z’ (zx+1) x* (xy+1) y’? (yz+1)
Loi giai
Ta co:
. . i (yz+1j2 [zx+1]2 (xy+1j2
P:x(yz+1) +y(zx+1) +z(xy+1) _\ z LLox Ly
7z’ (zx+1) X (xy+1) y*(yz+1) (zx+1j (xy+1j (yz+1}
X y z
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J () ()
y+— z+ X+—
B V4 " X y
1 1
zZ+-— X+— y+—
X y z

Ap dung bt dang thiic AM-GM-Schwar ta c6:

1Y 1) 1Y 11 1Y
y+— z+ X+— X+Y+Z+—+—+—
P— Z + X y > X y Z

+

1 1 1 1 1 1
z4— X+— y+— X+y+z+—+—+—
X y z Xy z
1 1 1 9 27
=XHYHZE A= 2X Y+ Z+ =(x+y+z)+ +
X y Z X+y+Z

4(x+y+z) 4(x+y+z)

AM-GM

9 9 15
> 2\/(X+y+z)'4(x+y+z) +4 §=7
2

Dé/u “u_sr Xéy ra khi X:y:Z:%

Vay gia tri nhé nhat cua P la %

Cau 126: [TS10 Chuyén Lam Son vong 2, 2016-2017]

, ) N 1 1 1 1931
Chtrng minh rang: —=+—=+...+ >
21 32 201642015 1975
Loi giai
Ta co:

L+L+ +;>L+L+ +;—1_l+l_l+ +L_L
21 32 7 201642015 12 23 7 20152016 2 2 3 7 2015 2016
1 2015 1931

- = cm
2016 2016 1975 \P™)
Céu 127: [TS10 Chuyeén Hai Phong, 2016-2017]
Cho a,b,c>0;a+b+c>9, tim gia tri nho nhat cta:

2 2
A=2\/a2+b—+c— +3\/1+2+§
3 5 a b c

Loi giai

Ap dung bat dang thixc AM-GM-Schwar ta duoc:

[a2+b—2+ﬁJ(1+3+5)2(a+b+c)2 :24’a2+b—2+ﬁ ZM
3 5 3 5 3

2
1 9 25_(1+3+5) 81 1 9 25 27
AT =

a b c a+b+c a+b+c a b ¢ JJa+b+c
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Do d6:

2 2(a+b+c
aafi el S 19,35, o)

a b c 3 \/a+b+c
at+b+c a+b+c 27 27 9 a+b+c 27 27
- + + + >—+33 . .
6 2 2Ja+b+c 24Ja+b+c 6 2 2Ja+b+c 2va+b+c
_9 32;2 27 -15
6 2 2 2

Déau “=" xay rakhia=1,b=3, c=5.
Vay gia tri nho nhdt caa A la 15.
Cau 128: [TS10 Chuyén Tién Giang, 2016-2017]
Cho a, b, c duong thoa man a+b+c<3. Tim gia tri nho nhat cta bi€u thirc:
1 2018

P= +
a’+b’+c> ab+bc+ca

Loi giai

X A, < 7 A . A 3 ]. 1 1 1
Ap dung bat dang thiec C6 si cho 3 s6 dwong a+b+c>3/abc; —+—+=>3

a b ¢ 3abc
Suy ra (a+b+c)(l+l+1jz9(*)
a b c

Bat dang thitc duwoc chiing minh. D&u dang thikc x4y ra khi va chikhi a=b=c

(a+b+c)2

Tacd ab+bc+ca<a’+b’>+c*=ab+bc+ca< <3

Suy ra 2016 2016 _ .,

ab+bc+ca 3

Ap dung bat dang thikc (*), ta c6

2 12 > T L + 1 (a2+b2+C2+2ab+2bc+2ca)29
a’+b"+c¢° ab+bc+ca ab+bc+ca

1 2 S 9

+ > =1
a’+b*+c® ab+bc+ca (a+b+c)2

Suy ra

Do d6 ta duwoc P = 1 + 2018 >673.

a’+b*+c®> ab+bc+ca

D&u dang thtec xay ra khi va chikhi a=b=c=1.
Vay gia tri nho nhat cua P 1a 673.

Cau 129: [TS10 Chuyén Lao Cai, 2016-2017]
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1 1
+

+ =2. Chting minh rang:
a+l b+1 c+1

Cho a, b, cla sd duwong thoa man:

1 1 1
+ + >
8a’+1 8b’+1 8c*+1
Loi giai
Ta co:

1 1 1 1 1 1 a b C
+ + =2=3- + + =l= + + =
a+1 b+1 c+1 a+1l b+1 c+1 a+1l b+1 c+1

Mat khac:

1 1 1 1 1 1
—t———+——210 3| ——t——+— <2
8a“+1 8b " +1 8c +1 8a“+1 8b " +1 8c +1
2 2 2 2 2 2
R 82a + 8? + 82C L2 42a + 4}) + 42C <1
8a“+1 8b +1 8c +1 8a“+1 8b“+1 8c +1
2

<2
8a’+1 a+1
2

Ta chirmg minh:

" 1£i1c>4a3+4a2£8a3+a<:>4a3—4a2+a20
a’+1 a+

42’ ~4a+120 4 (2a-1) 20 (ding)
2 2

4b < b ; 4c . C
8b>+1 b+1"  8c*+1 c+1
Cong 2 bt dang thiic theo vé ta dugc:

4a’ 4b* 4c? a b c

+ + < + +

8a’+1 8b*+1 8c°+1 a+1 b+1 c+1

Dau “=" xay rakhi a=b=c =%

That vay:

Twong ty:

=1(dpcm)

Cau 130: [TS10 Chuyén Can Tho, 2016-2017]
Cho a, b, clan lwot 1a d6 dai 3 canh cua tam giac va 2ab+3bc+4ca =5abc.

7 6 5

Tim gia tri nhé nhat cta biéu thic: P = + +
a+b-c b+c—a c+a-b

Loi giai

Ta co: 2ab+3bc+4ca=5abc<:>z+§+é:5(doa,b,c>0)
c a b
St dung BDT AM-GM-Schwar ta duoc:
2
2 32 2 2+3+4
5=g+§+é=2—+3—+4—2(—):>3a+4b+2c2ﬂ
c a b 2c 3a 4b 3a+4b+2c 5

7 6 5 7’ 6 5
= + + = + +
a+b-c b+c-a c+a-b 7(a+b—c) 6(b+c—a) 5(c+a—b)
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(7+6+5) 18?
7(a+b—c)+6(b+c—a)+5(c+a—b) 2(3a+4b+2c)

Dau “=" xay rakhi a=b=c =%

Vay gia tri nho nhat caa P 1a 10.
Cau 131: [TS10 Chuyén Dong Nai, 2016-2017]
Cho a, b, c la s thuc khong am thoa man a+b+c=3
1) Chting minh rang: ab+bc+ca<3
2) Chting minh rang: a’b+b’*c+c’a<4
Loi giai
1) Ta co:

(a+b+c)
ab+bc+ca£T=3(dpcm)
Dau “=" xay rakhia=b=c=1.
2) Gia st b nam gifta a va c ta c6:
(b—a)(b—c)<0< b’ +ac<ab+bc < b’c+ac® <b’c+ac’
Ap dung AM-GM ta cé:

3
a2b+b2c+c2a£a2b+b2c+2abc=b(a+c)2 :b(a+c)(a+c)£—4(a+b+c) =4
27

Céu 132: [TS10 Chuyén Binh Dinh, 2016-2017]
Cho X, y, z thay d&i thoa man x* +y” +2z> =1. Tim GTLN ctia biéu thuic:
1
P:xy+yz+xz+5[x2 (y—z)2 +y’ (x—z)2 +z° (x—y)z}
Loi giai
Ta chirg minh:
1
P=xy+yz+xz+§[x2 (y—z)2 +y’ (X—Z)2 +z° (x—y)z}sl
= (xy+yz+zx)(x2 +y? + 2 )+ Xy +y' 2+ 27X —xyz(x+y +2)< (x2 +y? +Z2)2
1 .
= E[(xz +yz)(x—y)2 +(y2 +z2)(y—z)2 +(z2 +x2)(x—z)1 >0 (dung)
Dé4u “=" xay rakhi x=y =z :%

Vay gia tri lon nhat caa Pla 1.
Cau 133: [TS10 Chuyeén Vinh Phuc, 2016-2017]
Cho a, b, c 1a cac s8 thuc duwong théa man: a+b+c=3. Chting minh rang”
4(a2 +b? +C2)—(a3 +b° +C3)Z9
Loi giai
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Ta co:
4(a2 +b? +c2)—(a3 +b’ +c3) >9
= 3(a3 +b’ +c3)+27 < 12(a2 +b’ +c2)
& 6abc <a’b+b’c+c’a+ab’ +bc” +ca’
< 8abc < (a+b)(b+c)(c+a)
Bat dang thiic cudi cling dting theo AM-GM, vy bai todn dugc chiing minh.

Ddu “=" xay rakhia=b=c

Cau 134: [TS10 Chuyeén Thai Binh, 2016-2017]

Cho cac s6 thue x, y, z >1 va thoa man 3x* +4y” +5z° =52. Tim gia tri nho nhat
cua biéu thitc: F=x+y+z

Loi giai

*) Bai ndy mudn giai dwgc trude tién ta phai du doan gia tri 16n nhat cta F dat
duwgckhix=y=1,z=3

Ta c6: 5(x* +y” +27)=52+2 +y’ 252+2+1=55=x"+y’ +2* 211 (1)

Lai co: (x—l)(y—1)20<:>xy+12x+y

Tuwong ty: yz+12y+z; zx+1>z+x

Cong theo v&: xy +yz+zx+322(x+y+z)=2(xy +yz+2zx)+624(x+y+z) (2)
Lay (1) cong (2) theo vé'ta dugc: (x+y+z)2 >5+4(x+y+z) e x+y+z25

Ddu “=" xay rakhix=y=1,z=3.

Vay gia tri Ilén nhat cia F1a 5.

Cau 135: [TS10 Chuyén Thtra Thién Hué, 2016-2017]

Cho x,y >0 va x+y 23 . Tim gid tri nho nhét ctia

M:6x2+4y2+10xy+g+3—y+2016
y

X
Loi giai
Ta co:
M =6 +4y? +10xy+ 25+ ¥ 12016 = (x +y) (6x + 4y) + 40xy), 306X, o0

y X y X

=(x+y) 6x+4y+§+é +2009 >3 6x+4y+§+é +2009
Xy Xy
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=3{(3x+3j+[y+§j+3(x+y)}+2009

> 3{2\/3x.§ +2\/y.é + 3.3} +2009 = 2066
X y

Dau “=" xay rakhix =1,y =2.
Vay gia tri nhé nhat cua M la 2066.

Cau 136: [TS10 Chuyén Phan Bo6i Chau, 2016-2017]

Cho a, b, c la cac s thuc duwong thay d6i. Tim GTNN cua biéu thirc:

P= a” + b’ <
(a+b)’ (b+c) 4a
Loi giai

V6i x, y dwong ta c6 cac bat dang thitc co ban sau (ban doc tw chitng minh):
(x+y)2 > 4xy (1)
x> +y?+27° 2%(x+y+z)2 (2)
X Y Lz 3 (3)
y+z z+x x+y 2
Ap dung cac bt dang thtec (1), (2), (3) ta duoc:
a’ b c a’ b c’ a’ b c’
P= >+ T t+—= >+ >+ > >+ >+ >
(a+b) (b+c) 4a (a+b) (b+c) dac (a+b) (b+c) (a+c)

2 2
Sifa b e ),1(3).3
3ib+c b+c a+c 312 4

Dau “=" xay rakhoa=b=c.

Vay gi4 tri 16n nhat ctia P 14 %

Céu 137: [TS10 Chuyén Quang Nam, 2016-2017]

Cho 2 s6 thuc x, y thoaman 0<x<1,0<y<1 vax+y = 3xy.
Tim GTLN va GTNN cua biéu thite: P=x" +y* —4xy

Loi giai

Ta co:
P=x2+y2—4xy=(x+y)2—6xy=9x2y2—6xy=(3xy—1)2—1

Do x,ye(O;l]:>(1—x)(1—y)20<:>1+xy2x+y:3xy<:>xyS%

AM-GM

Mat khac x,y € (0;1]=3xy =x+y = 2\/;:xyzg
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GTNN cia P la ~ khi x=y=>

Cau 138: [TS10 Chuyén Quang Nam, 2016-2017]

Cho 3 s6 thuca, b, csao cho 0<a<1,0<b<1,0<c<1 .Ching minh:
a+b+c+3abc22(ab+bc+ca)

Loi giai

Ta co:

O<a,bS1:>(1—a)(1—b)20<:>1+ab2a+b:>c+abc2ac+bc (do O<c£1)

Chiing minh teong tu dugc: b+abc>ab+bc; a+abc>ab+ac

Cong 3 bat dang thitc trén theo v& dugc:a+b+c+3abc>2(ab+bc+ca) (dpem)

Dau “=" xay ra khi (a, b, ¢)=(1, 1, 0) va cac hoan vi.

Cau 139: [TS10 Chuyén Ha No6i, 2016-2017]

Cho c4c s6 thuc duong a, b, c théa man a” +b* +c” = 3. Chting minh:

2a’ 2b* 2¢?
>+ >+ s>a+b+c
a+b- b+c c+a

Loi giai
Ap dung AM-GM ta duoc:

2a° = 2a(a+b2)—2ab2 =2a—ﬂ—2a—=\/b.ab >2a—b+ab
a 2

a+b’ a+b’ a+b’
Lam tuong tw va cong theo vé cua bat déng thitc ta duoc:

ab+bc+ca

2 2 2
2a —r zb —+ 2c - Zé(a+b+c)—
a+b” b+c” c+a” 2 2

Mit khéc ta co: (a+b+c)(a2 +b? +c2)23(ab+bc+ca)2 —a+b+c>ab+bc+ca

2 2 2
Do d¢: 2a —+ 2b —+ 2c ~ zé(a+b+c)—
a+b® b+c c+a” 2

ab+bc+ca

>a+b+c(dpcm)

D&u “=" xay rakhi a=b=c= %
3

Cau 140: [TS10 Chuyén Long An, 2016-2017]
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B abc
Q= (b+c—a)(c+a—b)(a+b—c)

Loi giai

Do a, b, cla 3 canh ctia tam gidc nén (b+c—a)>0,(c+a—b)>0,(a+b—c)>0

Stt dung AM-GM ta duoc:

2
(b+c—a)(c+a—b)£(b+c_azc+a_bJ =c?

Tuwong tu: (c+a—b)(a+b—c)£a2 ; (b+c—a)(a+b—c)£b2

Nhan 3 bat dang thiic trén theo vé ta duwoc:
(b+C—a)2 (c:+a—b)2 (a+b—c)2 <a’b’*c® :>(b+c—a)(c+a—b)(a+b—c)Sabc

abc 51
b+c—a)(c+a—b)(a+b—c) B

:>Q=(

Dau “=" xay rakhia=b=c
Vay gia tri nho nhdt caa Qla 1.
Cau 141: [TS10 Chuyén Phan Bo Chau, 2016-2017]
Cho a, b, c la cac s6 thyc dwong thay doi thoa man a+b+c=1. Tim gia tri nho

ab+bc+ca

nhat cta biéu thirc: Q=14(a* +b* +c? )+
Q ( ) a’b+b’*c+c’a
Loi giai
Véia, b, c dwong ta cé: (a+b+ c)(a2 +b%+ c2) > 3(a2b +bc+ cza) (1)
That vay:
VT = (a+b+c)(a2 +b? +c2) =a’+ab? +ac’* +b*+ba’ +bc* +c +ca’ + cb?
= (a2b+b2C+c2a)+(a3 +ab2)+(b3 +bc2)+(c3 +ca2)
AM-GM
> (a2b +b%c+ cza) +2a’b+2b%c+2c%a

= 3(a2b +b*c+ cza) =VP

Dé&u “=" xay rakhia=b=c.

St dung (1) ta duoc:
3(ab+bc+ 3(1-a*-b*-c?
Q214(a2+b2+c2)+ (;erzicia):14(a2+b2+c2)+ (2(a2+b2+c2))
3 3
:14(a2+b2+cz)+2(a2+b2+c2 2

Ta céd: a® +b* +c? Zl(a+b+c)2 _1
3 3

Stt dung AM-GM ta duogc:
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3

Ddu “=" xay rakhi a=b=c=

Vay gia tri nhd nhat cua P 1a

oo|8 leH

NAM HOC 2015-2016

Cau 142: [TS10 Chuyén Hoa Binh, 2015-2016]

>0,y>0,z>0 . :
Cho |~ /Y7 H* .Chttng minh rang: L + L + L <1
xyz=1 x+y+1 y+z+1 z+x+1
Loi giai
X 0 [ab,c>0
'Y, 2> ,D,C>
Dat y=b3,vi XYz => a,b,¢
s xyz=1 abc=1
z=c
Ta co

a+b+c

x+y+1=a’+b’+1=(a+b)(@’—ab+b’*)+1>(a+b)ab+1=ab(a+b+c)=
Do d6

1 < ¢
x+y+1 a+b+c

Tuong tw ta ¢
1 <2 1 < b
y+z+1 a+b+c z+x+1 a+b+c

Cong 3 bat dang thiic trén theo vé ta cd:

1 1 1 a+b+c
+ + <
x+y+1 y+z+1 z+x+1 a+tb+c
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Dé&u “=" xay rakhix =y = z.

Cau 143: [TS10 Chuyén Hai Dwong, 2015-2016]

Cho a,b 1a cdc s6 duwong thoa man diéu kién (a+b)’ +4ab <12.

Chitng minh bat dang thitc S 2015ab < 2016.
1+a 1+b

Loi giai

3
Ta c612>(a+b)’ +4abz(2\/£) +4ab . Ditt=+/ab,t>0 thi
12> 8t° +4t° < 2t° +t° -3<0 < (t-1)(2t* +3t +3) <0

Do2t* +3t+3>0,Vtnént-1<0<t<1.VayO<ab<1

Chtng minh dwoc L + 1 2 Va,b>0 théa manab<1

I+a 1+b 14+fab’

(N U DR S
1+a 1+yab 1+b 1+ab

fb-a__ @b-b__ (Jb-da| e
(1+a)(1++ab) (1+b)(1++ab) 1++ab J\1+a 1+b

o, (b—vay(/ab-1)
(1++/ab)(1+a)(1+b)

That vay, BDT

<0. Do0O<ab <1 nén BDT nay dung

2

1+\/£

Ditt=+/ab,0<t<t ta clu.«yclit+2015t2 <2016
+

Tiép theo ta sé CM:

2015t> +2015t* 2016t —2014 <0
< (t—1)(2015t% + 4030t +2014) <0. BDT nay ding Vt:0<t<1

Déng thtic xay raa=b=1

Vay L + L +2015ab < 2016.
1+a 1+b

Cau 144: [TS10 Chuyén Quang Nam, 2015-2016]

Cho ba s0 thue x; y; z théa man: x2+y?+22 < 9

Tim gia tri 16n nhat ctia biéu thitc P=x+y +z — (Xy + yz + zx)
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Loi giai

(x+y+2z)’ = +y> +2%)

Ta c6 xy+yz+xz= 5

(x+y+z)2 —(X2 +y2 +z2)

Do dé P=x+y+z- 5

P=%[2(x+y+z)—(x+y+z)2+(x2+y2+22)J=—%(x+y+z—1)2+%(x2+y2+z2+1)
Suy ra PS%(X2 +y’ +2° +1)£%(9+1)=5

-1=0 ;
Vay Pmax =5 khi va chi khi {x+y+z (chdng han x=2;y=-2;z=1)

x> +y*+2*=9

Cau 145: [TS10 Chuyén Pht Tho, 2015-2016]

Cho 3 s6 thuc duwong x, y, z thoa man: lz + iz + iz =1.
x> y* oz
y2Z2 ZZXZ X2y2

Tim gia tri nhoé nhat ctia biéu thitc: P=—F——+——S—+—"—
x(y"+z7) yEz'+x7) z(xX+y°)

Loi giai

Tacod: P= 11 T + 11 T 11 T
X(;“L?) Y(;“L?) Z(?Jf?)

z
I)_aerJrc_aerszrcz
b’+c® c*+a® a’+b> a(l-a’) b(l-b*) c(1-c?)

Ap dung bat dang thirc Cosi cho 3 s6 duong ta co:
1 1(2a*+1-a’+1-a*) 4

21_22=_.221_21_2S_

a*(1-a)* == 2a*(1-a*)(1-a?) 2( : J
2

2 o @ _ 23‘/_a2(1)

3J§ a(l-a") 2

b’ 33 < 33,

)] >222()

c(l-c*) 2
Tér (1); (2); (3) ta 6 P> %(az ibrachy =3

=c thiab,c>0 va a>+b*+c=1

27

=a(l-a*)<

Tuwong tu:

Daéng thtic xay ra khi a=b=c=ihay x:y:z:\/g

NG
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3.3

Vay gia tri nhé nhat caa P 1a "

Cau 146: [TS10 Chuyeén Ninh Binh, 2015-2016]

Cho a, b, c la cac s duong thoa man diéu kién 1 + 1 + 1 <3 . Chiing minh rf?mg:

a b c
a =+ b2+ ¢ 2+l(ab+bc+ca)23
1+b° 1+c¢ 1+a” 2
Loi giai
Ta chitng minh BDT

(a+b+c)(l+l+1)29(*)
a b c

T P L) LS P P
b a c b a c

Ap dung BDT AM-GM cho hai s6 duong ta c6:

E+EZZ; E+£22,' €485
a C a c
=> (*) dung
= J gl+l+ls3=>a+b+cz3

a+b+c a b ¢
Tro lai bai toan: Ap dung BDT AM-GM cho hai s§ dwong ta c6 1+b” >2b

2 2
Ta co: Lzza— ab22a_ab =a—@(1)
1+b 1+b 2b 2
bc C ca
Twong tu ta coO: >b—-—— (2); >c—— (3
e +c? 2 @) 1+a’ 2 %)
Cong tirng vé cua (1), (2) va (3) ta co:
a >+ b2+ 22a+b+c—1(ab+bc+ca)
1+b° 1+c 1+a 2
=> a2+ b2+ C2+l(ab+bc+ca)2a+b+c23
1+b° 1+¢ 1+a° 2
=>dpcm

Dau bang xay rakhia=b=c=1.

Cau 147: [TS10 Chuyén TP. H6 Chi Minh, 2015-2016]
Cho hai s6 dwong a, b thoa man diéu kién: a + b < 1. Chitng minh rang;

a2 — i — E < __9
4a b 4
Loi giai
A, < 7 7. 2 3 4a
Bat dang thttc twrong duwong véi: 4a” +9<—+ >
a

Taco: a+b<l=a<1-b maa, bduongnén 0<a<l
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Do d6: 4a°+9<-+ =&

3 4a_ 3
a a

+4_aS§
1 a

4
+_
b

Vi thé chi can chting minh: 4a* +9 <= 3 + Aa (*)

a 1l-a
(a2 +3)(2a—1)2

a(l—a)

Dédu “=" xay rakhi x=y = %

That vay: (*) <

>0 (dung)

Vay bai toan duoc chitng minh.
Cau 148: [TS10 Chuyén Binh Phwdc, 2015-2016]
1) Cho a, b 14 cac s6 thiee dwong. Chiing minh ring: «/(1+a)(1+b) > 1+x/£

2) Cho a, b la cac s6 thuc duong théa man a+b=ab. Tim gid tri nho nhat cua
biéu thirc

1
P= +4(1+a*)(1+Db?
a’+2a b2+2 \/( X )

Loi giai
a) Tacod

J(1+a)(1+b) 21+\/£<:>(1+a)(1+b)21+ab+2\/£

ol1+a+b+ab>1+ab+2vab < a+b-2ab>0
<:>(\/; —\/B )2 >0 (ludon dung)

1 1
b) Sad BDT 4/ 1+x)(1+y) =21+ BDT —+—2>
)  dung o0ya) x)(1+y) Xy va Y ey

ta duoc:

P> 4 +1+ab= 4 +1+ab=

a’+2a+b*+2b (a+b)*-2ab+2(a+b) a’b

2+ab+1

+ +123.34—. —+2241=2422
a’b? 16 16

4 ab+ab 7ab 1 1 7ab 7 7ab
8 16 16 8 4 8

Mit khéc: tir gia thiét, ta c6: ab=a+b>2ab = ab>4
Do dé P>£ %4 %. Véygiétrinhénhé’tcﬁanéng% khia=b=2

Cau 149: [TS10 Chuyén Quang Binh, 2015-2016]

THCS.TOANMATH.com FB TR/NH BINH



Cho a, b 1 cdc s§ duong théa man —— + 22 —1. Chting minh ab’ <.
1+a 1+b 8
Loi giai
Tt‘rgiéthié'ti+ﬂ=1.})étx= 2 ;Y= Suy ra a= X b=
1+a 1+b 1+a 1+b 1-x 1-y

Khi &6 ta duoc x+2y =1 va bat dang thitc can chiing minh dwoc viét lai thanh

2

oy 1
(1-x)(1-y)" 8

Tir gia thiét ta suy ra 1-x=2y; 1-y=x+y nén lai viét bat dang thitc can chiing
minh thanh

X—yzsl 4 < + 2
2y(x+y) 5 &by =(x+y)

Danh gia cudi cting 1a mot bat dang thitc dung. Vay bai toan duoc chiing minh
xong. Dang thtic xay ra khi va chikhi a=b.
Cau 150: [TS10 Chuyén Béc Giang, 2015-2016]
Cho a, b, ¢ >0 thoa man: a + b + ¢ = 3. Chttng minh réngz
a' b* c*
+ +
(@+2)(b+2) (b+2)(c+2) (c+2)a+2)

1
>
3

Loi giai

Ap dung BDT AM-GM cho 4 s8 khong am, ta co:

a’ a+2 b+2 1 a' a+2 b+2 1 a' 4a
+ + +=>4a . . —=4
@+2)(b+2) 27 27 9 N@+2b+2) 27 27 9 No* 9

4
N a lea_ﬁ_l(l)
(@+2)(b+2) 27 27 27

Twong tu ta co:

4
b Jb 7 o
(b+2)(c+2) 27 27 27

4
C lec_i_l(3)
(c+2)(a+2) 27 27 27

Cong ting vé cua (1), (2) va (3) ta co:
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a' . b* . ct J1l(a+b+c) a+b+c 21
(@+2)(b+2) (b+2)(c+2) (c+2)@+2) 27 27 27

Thay diéu kién a + b + ¢ = 3 ta duoc:

at . b* . c!
@+2)(b+2) (b+2)(c+2) (c+2)(a+2)

>1
3

Dau bang xay rakhia=b=c=1.

Cau 151: [TS10 Chuyeén Bac Luru, 2015-2016]
Choa, b, c>0vaa+b +c=3. Chitng minh rang a’+ b% + ¢> + §+l+%26
Loi giai
Ap dung bat dang thixc AM-GM: a° +§ >2a’; b’ +% >2b%; +% >2¢”

Suy ra a5+b5+c5+l+%+122(a2+b2+c2)
a c

Mit khéc a® +12>2a; b* +122b; 2+122¢
Suy ra a’ +b’ +c® 22(a+b+c)-3=3 (dpcm)

Ddu “=" xdy rakhia=b=c=1.

Cau 152: [TS10 Chuyén DPai hoc Vinh, 2015-2016]

Cho cac s6 thwe khéng am a, b, ¢ théa mén a +b + ¢ = 3. Tim gia tri nho nhét caa

a b C

biéu thirc: P = =+ =+ =
1+b° 14+c¢” 1+a

Loi giai

a ab’
Ta co: =a-— 1
1+b? 1+b? @

Ap dung BDT AM-GM cho hai s khong am, ta c6 1+b” >2b

a ab? ab? ab
Thay vao (1) ta dvoc: =a-— >a— =a— (2
yvao (D i p 14D 2b > @
bc C ca
Tuwong tu, ta co: >b-— (3); >c—— 4
& 1+¢? 2 ®) 1+a’ 2 @

Cong tirng vé'ba BDT (2), (3), (4) ta duwoc:

=+ 5 ~>a+b+c—
1+b° 1+c¢° 1+a

a b N C (ab+]:;c+caj 5)

. i 2 1
Mat khéc: (a+b+c) —3(ab+bc+ca)=5[(a—b)2 +(b—c)? +(c—a)2]20
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(a+b+c)*

—ab+bc+ca< 3 (6)

Thay diéu kién a+b +c =3 va BDT (6) vao (5) tacé: P=——+ b2+ szé
1+b° 1+c¢” 1+a° 2

Dau bang xay rakhia=b=c=1.

Vay gi4 tri nho nhét caa P 1@1% , dat dugckhia=b=c=1.

Cau 153: [TS10 Chuyén Ha Giang, 2015-2016]
Tim gid tri 16n nhat cia A=+x—1+,y—2 ,biétx +y =4

Loi giai

Ap dung bét dang thic Bunyakoskicopxki cho 2 bo s (1;1) va («/x ~1\y —2) ta co

A? =(1.\/x—1 +1.\/y—2)2 3(12 +12)(x—1+y—2)=2(x+y—3)=2:>AS\E

1 x-1 w3

nr M 2 . \ 2 . o= X_1:y_2 _2
Dau bang xay ra khi va chikhi{1 Jy-2 < =

x+y=4 5

x+y=4 Y=E

Vay GTLN ctia A 1a<2

Cau 154: [TS10 Chuyén Lam Son, 2015-2016]
Cho ba s6 thyc duwong x, y, z théa méan: x +y +z = 3.

X y z
+ +

Tim gia tri nho nhat ctia biéu thiic: S= > > >
1+y® 1+z° 1+x

Loi giai

Stt dung bat dang thitc AM-GM ta duoc:

2 2

x =X- Xy Zx—xy =x—X—y
1+y? 1+y? 2y 2
y yz z zX
Twong tuw: ———2>vy——; >zZ——
BV 2T e
Cong theo v€ ta duoc:
X y Xy +yZ+2zx
= + >(x+y+z)-Lt—2——
1+y? 1+2° 1+x° (x+y+2) 2

(x+y+z)2 32 3
2(X+y+Z)—T=3—Z:E.
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Dau “=" xay rakhix=y=z=1.
Vay gid tri nho nhét cia S Ia :g

Cau 155: [TS10 Chuyén Nam Dinh, 2015-2016]
Cho ba s8 duong a, b, ¢ . Chitng minh bat dang thitc

4’ +(b-c)’ 4b'+(c-a) 4’ +(a-by _
2a2+b’>+c® 2b>+c?+a’ 22 +a’+b*

Loi giai

, 4a’+(b—-c)® 2(a*+b*+c*)—(b+c) (b+c)?
Ta CO: = = 2 -_—
2a’+b*+c? 2a% +b* +? 2a*+b*+c?

Lam tuong tw va cong lai ta dwoc bat dang thiic twong dwong voi:

2 2 2
§b+§) 2+ §C+2) 2+ §a+12)) 2 S3
2a“+b"+c® 2b"+c"+a° 2c"+a“+b

A 5 2yt ) ‘s
p dung BDT AM-GM - Schwarz cho 4 s6 duong —+-—2 g ta co:
n m+n

BX

(b+c)’ b’ c’
2 2 2 S 2 2+ 2
2a“+b"+c® a“+b” a‘+c

2

Ta ¢ hai BDT tuwong tu, cong tiing vé ta co:

(b+c)? N (c+a)? N (a+b)?
2a’+b*+c* 2b*+c*+a’ 2c*+a’+Db?

b? c? c? a’ a’ b?
< + + + + +
a’+b? a*+c? b*+c* a’+b? +a? *+b?
b2 a2 C2 ‘b2 az C2
= + + + + +
a’+b*> a’+b? b*+c* 2 +b? a’+c* a*+c?

=3

= BDT da cho duoc chirng minh
D&u bang xay rakhia=b=c.
Cau 156: [TS10 Chuyén Nam Dinh, 2015-2016]

Xét cac s6 thue dwong a, b, ¢ thoa man abc =1.Tim gia tri 16n nhat ctia biéu thuc

a b C
+

T= +
b*+c*+a a*+c*+b a*+b'+c

Loi gii
Ta cd:a* +b* >ab(a’+b*)Va;beR
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That vay:

a* +b* >ab(a’+b?)

<=>a'+b*>a’b+ab’

<=>(a-b)(@’-b’)>0

<=>(a-b)’(a’ +ab+b?*) >0 (lubn dung Va;beR)

=>a*+b*+c>ab(a® +b’)+c<=>a*+b* +c>ab(a’ +b*)+abc’( vi a;b;c >0 va abc=1)

C c C c
<=> < Vi c>0)<=> <
a*+b*+c ab(a2+b2)+abc2( ) a*+b*+c ab(a’®+b*+c?)
c c? c c?
<=> < <=> < 1
a*+b*+c abc(a®+b*+c?) a*+b*+c a2+b2+c2()
Tuwong tu:
2
i)
a*+c"+b a“+b"+c
2
a < c 3)

b*+c*+a a’+b*+c?

Cong theo v& cac bat dang thirc (1),(2) va (3) ta co:
a b C a’+b*+c?

4 4 + 4 4 + 4 4 S 2 2 2:1
b*+c*+a a"+c"+b a*+b" +c a"+b +c
Vay T<1 Va;b;c>0 thdéaman abc=1
Véia=b=c=1thiT=1
Vay GTLN caaTla1

Céu 157: [TS10 Chuyén Ninh Binh, 2015-2016]

Cho a, b, cla cac s6 duwong thoa man diéu kién £ % NPT Chting minh rang:
a c

a >+ b >+ ¢ > +l(ab+bc+ca)23
1+b° 1+c¢” 1+a° 2
Loi giai
Ta chitng minh BDT

(a+b+c)(1+l+1)29 *)
a b c
(*)<:>3+(E+E)+(E+£)+(£+E)29
b a c b a ¢

Ap dung BDT AM-GM cho hai s§ duong ta co:
E+E22; E+£22; €185
a c b a ¢
=>(*) dung
= ? §1+l+1s3=>a+b+c23
a+b+c a b ¢

Tro lai bai toan: Ap dung BDT AM-GM cho hai s§ duong ta c61+b* >2b
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a S =a-— ~>a-—
1+b 1+b 2b

Twong tu ta co:

2 2
B ab” _ ab :a—%(l)

Ta co:

b bc C ca
>b-—  (2); >c—— (3
1+¢° 2 @ 1+a® 2 3)
Cong ting vé cua (1), (2) va (3) ta co:
a >+ b >+ ¢ > 2a+b+c—l(ab+bc+ca)
1+b° 1+c¢” 1+a 2
-2 -+ b >+ ¢ 5 +l(ab+bc+ca)2a+b+c23
1+b” 14+c¢” 1+a
=>dpcm

Dau bang xay rakhia=b=c=1.
Cau 158: [TS10 Chuyén Dac Lac, 2015-2016]
Cho ba s6 drong x, y, z thdéa man diéu kién x + y + z = 1. Chitng minh rang

350 + 386 > 2015

Xy+yz+zx X +y’+z

Loi giai
V6imoia, b>0vax,y, z thda diéu kién dé bai, ap dung bat déng thitcAM-GM cho

2 s6 duong:
a+b 1+l >2 .2,/1.l=4:>1+1> *)
a ab a b a+b
x +y2)+( +z )+(Z2+X )22xy+2yz+22x:>x +y?+2° 2 Xy +yz+2zx
X+y+z
:>x2+y2+z2+2xy+2yz+2zx23(xy+yz+zx):>xy+yz+zx£#=%
Ap dung 2 bt dang thiic trén ta c6:
P 350 - 3826 _ 386 1 - 12 |+ 157
Xy+yz+zX X +y +z 2Xy +2yz+2zx X +y 4z Xy +Yyz+zX
> 386. 4 ——+ 157
2Xy +2yZ+2zX+X"+y +z°  Xy+YyzZ+2zX
__ 1o + 157 :1544+—157 >1544 + 157—2015
(x+y+2z)® Xy+yz+zx Xy +yz+zX 1
3

D&u bang xay ra khi va chi khi:
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X:y:z 1
x+y+z=1 —

2
2xy +2yz+2zx=x" +y’ +7° 3"

Vay P> 2015 (dpcm)

Cau 159: [TS10 Chuyén Quang Binh, 2015-2016]
Cho cac s6 thuc duong a, b, ¢ thoa man ab +bc + ca=11. Tim GTNN

5a+5b+2c

P=
J12(a% +11) +4/12(b +11) +4/ +11

Loi giai
Thay 11 = ab + bc + ca vao P, ta cé:

5a+5b+2c

P=
J12(2% +11) +J12(b* +11) +/c? +11
3 5a+5b+5c
\/12(a2 +ab +bc+ca) +\/12(b2 +ab+bc+ca) +c® +ab+bc+ca

5a+5b+5c .

= )
2\/3(a+b)(a+c)+24/3(b+a)(b+c) +/(c+a)(c+b)

Ap dung BDT C6-si cho hai s khong am, ta cé:

2«/3(a+b)(a+c)S3(a+b)+(a+c)=4a+3b+c (1)

Tuwong tu:

24/3(b +a)(b+c)<4b+3a+c @)
,/(c+a)(c+b) S%(a+b+2c) (3)

Cong tung vé cua (1), (2) va (3) ta co

2\/3(a+b)(a+c) +2\/3(b+a)(b+c) +\/(c+a)(c +b) < 175a+175b+3c **)

T (*) va (**) ta co

P> 155a+?b+2c 2
—a+—5b+3c 3
2 2
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3(a+b)=a+c

Dau bang xay ra & = 5 =
cta=c+b =5
ab+bc+ca=11

ab+bc+ca=11
Vay GTNN ctia P 1@% dat duockhia=b=1,c=5.

Cau 160: [TS10 Chuyén Su Pham Ha Noi, 2015-2016]
Tim cac so thye khong am a va b thoa man
3 3 1 1

a’+b+=)(b*+a+=-)=(a+=)2b+=

( A ,) ~(2a+)(2b+2)

Loi giai

Véimoi x, y khong am, ta co:
(x— %)2 >0<=>x" +% >x (*) D&u bang xay ra &x =% :

Mat khac:

(x—y)>20<=>x>-2xy+y* >0
<=>x"+2xy +y’ = 4xy

<=>(x+y)’ 2 4xy ()

D&u bang xay ra & x =y.

Ap dung BDT (*) voix =a va x =b ta duoc

a2+b+§:(a2+1)+b+12a+b+l>0
4 4 2 2

b2+a+§=(b2+l)+a+lzb+a+l>0
4 4 2 2

=>(a° +b+%)(b2 +a+%) > (a+b+%)2(1)
Ap dung BDT (**) ta duoc:

(a+b+%)2_[(a+ij +(b+ij ]24(a+i)(b+%)
1 1
=(2a+ E)(Z b+ E)(Z)

T (1) va (2) tasuy ra:(a” +b + %)(b2 +a +%) =(2a+ %)(Zb + %)

1
a=—
2
Déu biing xay ra khi va chi khi {b= % c>a=b=1
a+1=b+—
4
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Vay a=b =% la gia tri can tim.

Cau 161: [TS10 Chuyeén Thai Binh, 2015-2016]
Cho cac s§ dwong a, b, ¢ théa méan ab + bc + ca = 3. Chitng minh rang:
1 1 1 3
+ + > =
a’+1 b*+1 c+1 2

Loi giai
Giastta>b > c, tir gia thiét suy ra ab >1. Ta c6 bat dang thitc sau:
— 2 —_

L >+ ! 52 2 <=> (az b) (al) 1) >0 (luén dang).
1+a® 1+b° 1+ab (I+a”)(1+b”)(1+ab)
P
l+ab 1+c* 2
<=>c" +3-ab>3abc” <=>c” +ca+bc > 3abc’ <=>a+b+c>3abc

(@+b+c)*>>3(ab+bc+ca)=9

ab +bc +ca > 3§/(abc)

Vay ta can chtrng minh:

Bat dang thitc hién nhién dung vi {

Haya+b+c 2 3>3abc
D4u bang xay ra khia=b=c=1
Cho cac s§ dwong a,b,c thdéa man a+ b +c = 3.Chting minh rang:

ab bc ca 3
+ + <=
J2+3 Ja?+3 b2+3 2
2

Ta co: MZab+bc+ca:>ab+bc+caS3
Ta cod

ab ab ab ab, 1 1

< (=

< = hS
J2+3 N +ab+bct+ca 4f(a+c)(b+c) 2 a+c bc
VTSl(abJraberC+bc+ca+ca
2'a+c b+c c+a b+a c+b a+b

D&u bang xay rakhia=b=c=1

)=%(a+b+c):

Cau 162: [TS10 Chuyén KHTN, 2015-2016]
Gia st x, y, z la cac s thye 16n hon 2. Tim gia tri nho nhat cua biéu thic:

P= X + y + z
\/y+z—4 \/Z+X—4 \jx+y—4
Loi giai
4
Tacd P= 4x y 4z

+ +
4a/y+z—4 4\/z+x—4 4Jx+y—4

Ap dung bat dang thiec Cauchy ta duoc

4\/y+z—4 :2\/4(y+z—4) <y+z—-4+4=y+z
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Ap dung tuong tu thi ta duoc

P= ax + 1y + 4z 24(x+y+zJ
4\/”y+z—4 4Nz +x—4 4\jx+y—4 ytz X+z X+y

D& dang chtng minh dugc —— +—Y— 4+ —2 >3
y+z X+z x+y 2

Do dé6 ta dwgc P >6. Vay gia tri nho nhat caa P la 6.
Déng thtic xdy ra khi va chikhi x=y=z=4.

Cau 163: [TS10 Chuyén Nghé An, 2015-2016]
Cho a,b,c la cac s6 thuiee bat ky . Chitng minh rang:

3(a+b+c)2

(a2+1)(b2+1)(c2+1)2 1

Loi giai
Bt déng thiic can chiing minh turong duong véi
(227 +2)(2b +2)(2¢ +2) = 3(+2a +J§b+«/§c)2
Dit x=av2; y=bv2; z=cy/2. Bt déng thikc can chimg minh tro thanh
(x*+2)(y* +2)(2* +2) 2 3(x+y+2)
Tac6 (X +2)(y* +2)=x"y* +1+2x* +2y* +3

x+yf
2

—

Suy ra (x2+2)(y2+2)22xy+x2+y2+ +3=%[(x+y)2+2:|

:>(x2 +2)(y2 +2)(z2 +2)2%[(x+y)2 z’ +4+2(x+y)2 +2z2}
2%[4(x+y)z+2(x+y)2 +2z2}:3(x+y+z)2

3(a+b+c)2

Do d6 ta d 241)(b* +1)(c* +1)>
o doé ta duoc (a )( )(c ) 1
Vay bat dang thtc dugc chitng minh. Déng thtc xay ra khi va chi khi

a=b=c=ii.

2
Cau 164: [TS10 Chuyeén Ving Tau, 2015-2016]
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Cho a, b, cla cac s6 thyc dwong thoa man a+b+c=l+%+1
a C

Chting minh rang;

a) a+b+c>3abc

3 3 3
b)\/ a +\/ b +\/ ¢ ZE
1+ 3bc 1+3ca 1+3ab 2

Loi giai
a) Gia thiét ctia bai toan duogc viét lai thanh
abc(a+b+c) =ab+bc+ca

. .y (a+b+c)2
Ma ta lai co ab+bc+ca<——-—~—

(a+b+c)2

Do d6 ta dwoc abc(a+b+c)£ < 3abc<a+b+c

Bat dang thitc duoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.
b) Bat déng thirc can chiing minh dwoc viét lai thanh

\/ a’ \/ b \/ c* 3
+ + >
a+3abc b+ 3abc c+3abc 2

Ap dung két qua cau a ta dugc

a4 b4 C4 a2 b2 C2
\/ + \/ +\/ > + +
a+3abc \b+3abc Vc+3abc 2a+b+c +a+2b+c +a+b+2c
Ta can chi ra dwoc
a’ b? c? .3

+ + >
J2a+b+c +a+2b+c a+b+2c 2
Ap dung bat dang thitic Bunhiacopxki dang phan thitc ta duoc

a2 b2 C2 (a+b+c)2
+ + >
\/2a+b+c \/a+2b+c \/a+b+2c \/2a+b+c+\/a+2b+c+\/a+b+2c
Ma theo bat dang thtrc Bunhiacopxki ta dwoc
J2a+b+c+ya+2b+c++at+b+2c S\/12(a+b+c)

Suy ra

(a+b+c)2 . (a+b+c)2 (a+b+c)x/a+b+c

\/2a+b+C+x/a+2b+C+\/a+b+2C_2\/3(a+b+C) 2.3

Clng twr gia thiét a+b+c:1+%+1 ta suy ra dugc
a c
a+b+c=l+l+12 2

a b ¢ a+b+c

=a+b+c=>3

Do dé6
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2 2 2
a
b C >3

+ + >
J2a+b+c +a+2b+c +a+b+2c 2
Vay bat ding thikc dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.

Cau 165: [TS10 Chuyén Vinh Phuc, 2015-2016]
Cho a, b, c la cac s thuc duwong thoa man a+b+c=3. Chiing minh rf?mg:

Tt cac két qua trén ta duoc

1 1 1
+ + >1
2+a’b 2+b* 2+c’a

Loi giai
B4t dang thitc can chitng minh tuong duong véi

a’b b’c c’a
+
2+a’b 2+b’*c 2+c’a

<1

Ap dung bét dang thitc Cauchy ta c6 2+a’b=1+1+a’b>3a’b
a’b _ a’h _alab’

2+a’b " 33a’ 3

Hoan toan tuwong tu ta duoc

a’b . b’c . c’a <ax3/ab2 +b3bc? +cica
2+a’b 2+b*c 2+c*a 3

Do do ta duwoc

a+b+b a+2b

Ciing theo bat dang thitc Cauchy ta dugc J/ab* <

3 3
ala+2b 2
Suy ra azab? < ( ) _a +2ab
3 3

(a+b+c)2

Hoan toan tuong tu ta duegc ad/ab” +bi/bc” + cifca < e 3
2 2 2

Tt &6 ta duoc ab be | ca

2+a’b 2+b’*c 2+c’a

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi a=b=c=1.
Cau 166: [TS10 Chuyén Can Tho, 2015-2016]
Cho x, y, z 1a cac s6 thiee duwong thoa man xy +yz+zx =2xyz. Tim gid tri nho nhat

cua biéu thtc:
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Loi giai

Bién d6i gia thiét ta dwoc l+l+1:2.f)<§1t a:l; b:l; c:l, khi d¢ gia thiét tro
X y z X y z
thanh a+b+c=2.
a’ b’ c?

Ta viét lai biéu th®kcPla P= +— +
a+2b b"+2c c+2a

Ap dung bat dang thiic Bunhiacopxki dang phan thitc ta duoc

2
a’ b’ c? >(a+b+c) _at+b+c 2

P= + + >
a+2b b?*+2c c+2a 3(a+b+c) 3 3

Vay gid tri nhé nhat cua P 1a % . Déng thiic xdy ra khi va chikhi x=y =z= %

Ciu 167: [TS10 Chuyén Tién Giang, 2015-2016]
Cho ba s6 thuc x;y;z >1. Chiitng minh réngz

Loi gidi
Ta di chitng minh bat déng thirc: V6i a>1 thi a* >16(a—1)"
That vay
a‘>16(a-1) <a'-16a’+32a-1620 < (a—2) (a’+4a—4)20

Vi a>1nén a’+4a—4>0, do d6 bat dang thikc trén ding,.

Ap dung bat dang thikc trén ta duoc y* > 16(y —1)2 dodé —>— >

Hoan ta twong tw ta dwoc

4 4 4 4 4 4
X >+ Y >+ z 216(X—4+Y—+Z—J248
PRI
, R X4 4 Z4
Vi theo bat dang thitc Cauchy thi —+-—F+—23
y. z° X

Vay bat ding thikc dwoc chiing minh.

THCS.TOANMATH.com FB TR/NH BINH



Cau 168: [TS10 Chuyén Dai hoc Vinh, 2015-2016]
Cho a, b, c 1a cac sd thuc khong am thoa man a+b+c=2. Tim gia tri nho nhat
ab+bc+ca 1
a’+b’+c’

ctia biéu thtc: P=+a’+b*+c* +

Loi gidi

4—(a2 +b? +c2)
2

Tt gia thiét a+b+c=2 ta duwoc ab+bc+ca =

Do dé biéu thitc P duoc viét lai thanh

P:«/a2+b2+c2+4_(a2+b2+cz)+ !

4 a?+b*+c?

Dit t=+a*+b*+¢’ :%StSZ.Khi dé ta duoc
3

+£_ﬁ+12§+w

1 ¢ t 1
_+_
8 22 4 4 4

P=t+—--——+1=—+ +§22
t= 4 2 4

t
8
Vay gia tri nhd nhat cua P 1a % . Dang thitc xay ra khi va chikhi a=b=0; c=2 va

cac hoan vi.
Cau 169: [TS10 Chuyén KHTN Ha Noi, 2015-2016]
Gia str a, b, c la cac s6 thuc dwong thoa man ab+bc+ac+abc <4 . Ching minh
rang: a’+b’ +c’+a+b+c22(ab+bc+ac)
Loi giai
Ap dung bat déng thirc Cauchy 4 s6 ta c6 :
4> abc+ab+bc+ac>43a’b’c® = 1>abc = a+b+c>33abc > 33a’b’c?

Khi d6 ta quy bai todn vé chiing minh a* +b” +¢” +3/a’b’c® 2 2(ab+bc+ac)

it Ya? =x b =y, Y =2 (x,y,2>0), bat déng thitc duoc viét lai thanh

X’ +y°+2° +3xyz> 2\/x3y3 + 22 +22°y
Dé dang chirng minh dwoc

X’ +y° +2° +3xyz 2 xy (x+y)+yz(y+z)+xz(x+z)

xy(x+y)+yz(y+z)+xz(x+z) 22\/’x3y3 +2VZXC +24Z%y°

Khi @6 ta duwoc

X’ +y°+2° +3xyz> 2\/x3y3 + 22 +22°y

Vay bat ding thic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1
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Cau 170: [TS10 Chuyén KHTN Binh Thuan, 2015-2016]
Cho x, y, z la cac s6 thuc duong théa man x+y+z= 3\/5 . Chting minh réng:

1 N 1 N 1
\/x(3y + 52) \/y(?’z + 5x) \/z(Bx + 5y)

>3
4

Loi giai

Ap dung bat dang thiec Cauchy ta duoc

21,8x(3y+52) <8x+3y+5z
1 _ a2 g N
x(3y+5z) 2. /8x(3y+5z) B 8x+3y+5z

Hoan toan tuong tu ta duoc

1 42 1 N

> ; >
y(32+5x) 8y +3z +5x Z(3x+5y) 8z +3x+5y

Suy ra

Cong theo vé& cac bat dang thirc trén ta duoc
1 1 1
+ +
\/x(3y+52) \/y(32+5x) \/z(3x+5y)

42 a2 a2

> + +
8x+3y+5z 8y+3z+5x 8z+3x+5y

Ma theo bat dang thiic Cauchy ta c6

42 W2 a2 942 _36\2 3

+ ~Z = =
8x+3y+5z By+3z+5x 8z+3x+5y 16(x+y+z) 1632 4

1 N 1 N 1
\/x(3y + 5z) \/y(3z + 5x) \/z(3x + 5y)

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi x=y=z= J2

Suy ra

>3
4

NAM HOC 2014-2015

Cau 171: [TS10 Chuyén Bac Ninh, 2014-2015]
Tim gia tri nho nhat caa biéu thiee P = a?+ab +b?>-3a - 3b +2014 .
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Loi giai

Gia tri nho nhat caa P 1a 2011 khia=b =1
4P=a?-2ab+b?*+3(a?+b?+4+2ab-4a—-4b ) +4.2014 - 12
=(a-b)*+3 (a+b—2)>+8044 > 8044

Suy ra: P > 2011

=b
Dau “=" xay ra khi ? =>a=b=1
a+b-2=0

Vay gia tri nho nhat caa P 1a 2011 khi va chikhia=b=1.

Cau 172: [TS10 Chuyén Bic Ninh, 2014-2015]
a b C

+ + >2
b2+ Jr+a? Jai+b?

Cho céc s8 thuc a, b, ¢ dwong. Chting minh rang:

Loi giai

2 2
Ap dung bat dang thitc Cauchy ta dwoc 2 _- 2 >— 2a2 5
e [lore) ave

b 2 ¢ 2
> ; >
J2+a? al+b’ 4+ [p24p? a’+b’+c?

Hoan toan tuong tu ta duoc

b C

+ + >2
Jb2+c? 2 +a?  ai+b?

Cong theo vé& cac bat dang thirc trén ta duoc

Vi dang thiic khong xay ra nén ta c6 bat dang thitc
a b c

+ + >2
b2+ 2 +a? Jai+Db?

Bai todn duogc chitng minh xong.

Cau 173: [TS10 Chuyén Bic Ninh, 2014-2015]
Cho a, b, cla d6 dai ba canh cia mét tam gidc thoa man diéu kién 2c+b=abc. Tim
3 4 5
+ +
b+c-a c+a-b a+b-c

gia tri nho nhat ctia biéu thtee: S=

Loi giai

Tt gia thiét ta c6 a+b—-c>0; b+c-a>0; c+a-b>0.

Ap dung bat dang thixc Cauchy dang 1 + 1 >
X y X+y
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1 1 1 1 1 1
S= + +2 + +3 +
b+c—a c+a-b b+c—a a+b-c c+a-b a+b-c

Zg+é+§
c b a

Ma 2c+b=abc < 2 + 1. a nén két hop véi bat dang thirc Cauchy ta duoc
c

$>2a+2543
a

Vay gia tri nho nhat ctia S 1a 44/3 dau bing xay ra khi va chikhi a=b=c=1/3.

Cau 174: [TS10 Chuyén Dac Lac, 2014-2015]
Gia st a, b, ¢ la cac s6 thuc duwong théa man a+b+c=3. Tim gia tri nhé nhat caa
biéu thtc:
(b+c—a)3 (c+a—b)3 (a+b—c)

= + +
2a 2b 2c

Loi giai

Ap dung bat dang thitc Cauchy ta dwoc

(b+;—a)3 +2£+%2 3(b+2c—a)
a
(c+a=b)’ 2b 1_3(c+a-b)
2b 4 2 2
2c 4 2 2

Cong theo v& cac bat dang thikc trén ta duoc
(b+c—a)3 (c+a—b)3 (a+b—c)+a+b+c+§> 3(a+b+c)

22 26 2c 2 277 2
3 3
Hay (b+c—a) +(c+a—b) +(a+b_c)2a+b+c—§=§
2a 2b 2c 2 2

Vay gia tri nho nhat ctia A 1a % . Déng thtic x4y ra khi va chikhi a=b=c=1.
Cau 175: [TS10 Chuyén Ha Tinh, 2014-2015]

Biét phuwong trinh x*+ ax® + bx2+ ax + 1= 0 ¢6 nghiém.

Chitng minh rang a” +b* > %

Loi giai

Dé dang nhan thay x = 0 khong phai la nghiém cta phuong trinh

THCS.TOANMATH.com FB TR/NH BINH



Gia st x, #0 la nghiém cua phuwong trinh da cho. Chia 2 vé€ ctia phuwong trinh cho
x,> #0 duoc

(X, +i2)+a(x0 +i)+b:0
XO XO
y 1 2, 15

Dat t=x,+— =>t>2;x "+—=t"-2

XO XO
Do d6 ta c6 phuong trinh:
t*—2=-at-b
Ap dung BDT Bunyakoski duoc
(@>+b*)(t* +1) > (at + b)* = (t* —2)

t' -4t +4 -4t +4 4 4 5t'-24¢ +16 4 _ (5t -4)(t* -4)

11 €+1 55  5E+1) 5  5£+1) 5 5

Itl=2 3 b:_z

A 2 2 4 A » . ” . |X0 |—1 5
Vay a” +b” >—.Dau “=" xay rakhivachikhi {4 p<= =>

5 —= a=bt +

t ot a=—g

Cau 176: [TS10 Chuyén Nam Dinh, 2014-2015]

Cho céc s8 thue dwong x, v, z thoa man x* +y2 + z* = 3xyz . Chtétng minh rang:
gxy y y g g

2 2 2

4X + 4y + 4Z Sé
x'+yz y +xz z"+xy 2
Loi giai
Vix, y, z duong, ap dung BDT Co6-si ta co:
1 1 X 1
H2x2Jyz <x* +yz <=> > <=> < 1
) y y 2x%Jyz x* +yz x'+yz 2 yz @)
+)—2 A1 £1(1+l (2)
yz Y Z 2yz 4y z
2
T (1)va @)= —— <1 Lil
+ 4’y z
Tuwong tu:
2 2
y +xz 4'x z z+xy 4'x vy
1111 1.1 1 1, 1xy+yz+zx
> AL —)——(— —+o)=— T ()
4'y z x z X 2y z x 2 Xyz
Malaicod: xy+yz+zx<x* +y* +2z°(4)
Tk (3)va(@4d)co: A<— 1 Xty +2” _L 3xyz (dpcm)
20 xyz T2 Xyz

Dau “=" xayrakhix=y=z=1
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Cau 177: [TS10 Chuyén Binh Pinh, 2014-2015]

N 4 . 2 Y 2. \ n 2 1 7.
Tim gia tri nho nhat cia ham s6: y=——+— voi0<x<1

1-x x
Loi giai
Tacé:y: 2 +1: 2 —2+1—1+3:A+1__X+3
1-x x 1-x X 1-x X

2X 1-x
Vio< x<1= >0; >0

1-x X
Taco: 2+ 12X 55 [ 2X 17X o (B4t déing thite AM-GM)

1-x X 1-x x

Dau “=" xay ra khi:
2x  1-x {x=—1+\/§(TM)

S o e 2 =X 2x+1<=> X+ 2x—1=0<=>
1-x  x x=-1-+/2(L)

=y 2\/5+ 3
D4u “=" xay ra khi x = —1+\/§
Vay y . = 2\/§+3 khi x= -1+\/§

Cau 178: [TS10 Chuyén Ninh Binh, 2014-2015]
Cho a, b, c la cac s6 duong thoa man diéu kién a +b + ¢ = 3. Tim gia tri I6n nhat caa
5b®-a® 5c*-b* Bal-¢?
+ +
ab+3b*> bc+3c* ca+3a?

biéu thitc: P=

Loi giai
3.3
Tasé chimgminh:  P=22 2 <24
ab+3b
3_ .3 3.3 2 _
That vay: 5b a2 —(2b—a):5b a (ab+312) )(2b—a)
ab+3b ab+3b
_5b’-a’—(2ab’ ~a’b+6b>-3b%a) _-b’-a’+a’b+b’a
ab +3b’ ab +3b’
2
_—(a+b)(a-b) <0
ab+3b’
3.3
= 5b a2£2b—a
ab+3b
Ta c6 2 BDT twong tu:
3 1.3 3_ 3
5 b2£2c—b; 5a CZSZa—C
bc+3c ca+3a

Cong tung vé 3 BDT trén ta duoc

P<2(a+b+c)—(a+b+c)=a+b+c=3
N =b=
Ddu bang xay ra <=> 2 ¢ <a=b=c=1
a+b+c=3

Vay gid trilénnhatcaaPla3 @ a=b=c=1.
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Cau 179: [TS10 Chuyén Ngoai ngtr Ha Noi, 2014-2015]
3 4 2014 2015

? PE oot 2013 + 92014

Chting minh rang: 1+ % + <4

Loi giai
. 3 4 2014 2015
Dat S=?+_3 w00 + 2014
Ta co:
3 4 2014 2015
ZS:E+2_2+""+—22°12 +—22013
.08 8—3 4-3 5-4 2015-2014 2015
=>25-S=="+ > + > ... S0 ~
1 1 1 1 2015
=>S=(1+5+2—2+§+....+—22013)——22014
1 2014
Ta co: 1+E+?+_3+""+W:1_—1 ZZ_W
2
Dods: S=2-— 205 5_ 4,2, 3,4, 20014 20,

22013 - 22014 + 22013 22014

Cau 180: [TS10 Chuyén Hai Dwong, 2014-2015]

Cho x; y la hai s6 duong thay doi. Tim gia tri nho nhat cua biéu thuc:

2 2
S:(><2+§>’)2 L (X+y)
X +y Xy

Loi giai

2 2 2 2
Ta co: S:(X2+y) +(x+y) =1+ 22xy2+x Y,

x> +y? Xy X’ +y Xy

2 2 2 2
34 ( 22xy WX +y )+x +y

x> +y>  2xy 2xy

2

Do x, y la cac s6 duong nén ta cé:

2 2 AM-GM 2 2
22xy2_‘_x +y S 22x 2.x +y 5
X +y 2xy X" +y~  2xy
D&u “=" xay ra khi va chi khi:
2 2
22xy2 Xty <=> (x> +y?)’ =4x’y* <=> (x> -y*)* =0
X +y 2xy

<=>x'=y’<=>x=y (xy>0)
2 2
+) X* 4y’ 2 2xy => XY 5q
2xy
Cong cac bat dang thitc ta dwegc S > 6
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D&u “=" xay ra khix =y.

Vay Min S=6 khiva chikhix=y
Cau 181: [TS10 Chuyén Phan Boi Chau, 2014-2015]
Cho céc s6 a, b, c khong am. Chiing minh rang
a’ +b” +c* +33/(abc)® >2(ab+bc+ca)

Déng thitc xay ra khi nao?
Loi giai
bat i‘/a_2=X;3/b_2=y;3/C_2=z.
=>a’=x";b’ =y’;c’ :z3,a:\/x_3;b:\/y_3;c:\/z_3;x,y,220

Bat dang thitc da cho tro thanh: X +y° +2z° +3xyz > 2(\/lx3y3 + \/y323 +Z53)(1)

Vi vai tro cia x; y ; z binh dang nén c6 thé gia st x>y >z>0

Khi d6: x(x—y)* +z(y =x)* +(z +x-y)(x=y)(y —2) >0

=>x’+y° +2° +3xyz 2 xy(z+y) + yz(y+ z) + zx(z+ X) (2)

Ap dung Bat ding thizc Cosi ta b xy(x+y) > 2xy\/; = 2\/x37y3 (3)

Tuong te ta cod:  yz(y+z)> 2\/}7TZ3 (4); zX(z+X) = Zx/f? (5)
Cong vé theo vé& cac bat dang thitc (3), (4), (5) ta duwoc

Xy(X+y) +yz(y+z) + zx(z+ X) > 2(\,'€x3y3 + \/y3z3 +NZ*P)  (6)

Tt (2) va (6) ta c6: X° +y° +2° +3xyz > 2(\/x3y3 + \/ySZS +Z%%)

Déng thitc xdy rakhix=y=z haya=b=c.
Cau 182: [TS10 Chuyén Thai Binh, 2014-2015]
Cho cac s6 duong X, y, z thay doi thoa man: x(x+1) +y(y+1)+z(z+1)<18.

1 1 1

Tim gia tri nhé nhat ctia biéu thie: B = + +
x+y+1 y+z+1 z+x+1

Loi giai

Véimoia, b, c>0, ta co:

(a—b)*+(b-c)*+(c—a)’ >0 < 2a’*+2b* +2c* —2ab—-2bc—2ca >0
& 2(a* +b* +c?) = 2ab+2bc+2ca

& 3@ +b*+c*)>a’ +b’ +c*2ab +2bc+2ca

& 3@ +b’+c*) = (a+b+c)(¥)

Véimoi a, b, ¢ >0, ap dung BDT Co-si cho ba s6 duong, ta co:
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a+b+c>33abc >0

1 1 1
=(a+b+c)|—+—+—|29
1+%+1233/L>0 ‘ >(a b J

a C abc
1,119
a b ¢ a+b+c

Ap dung BDT (*) véia=x, b=y, c=zva tr diéu kién cta x, y, z ta c6:

2
182x2+y2+zZ+x+y+ZZW+x+y+z

= (x+y+2z)’+3(x+y+2z)-54<0
= (X+y+z+9)(x+y+z-6)<0

=X+y+z<6 (dox+y+z+9>0)(***)
ApdungBDT(**)Véia=x+y+1,b=y+z+1,c=z+x+1,tacc'):

B 1 N 1 N L 9 B 9
x+y+1 y+z+1 z+x+1 x+y+l+y+z+1l+z+x+1 2(x+y+2z)+3

. 9 3

Ap dung (**) ta c6:B> =—

P dung () 26+3 5
X=y=z2

Daubang xdy ra<> {x+y+1l=y+z+l=z+x+1l<x=y=2=2
X+y+z=6

Vay gia tri nho nhat ctia B lé% ,xay rakhivachikhix=y=2z=2.

Cau 183: [TS10 Chuyén Thai Binh, 2014-2015]
Cho a, b, c1a ba s8 thuc dwong va cé tdng bang 1.
a—-bc b-ca . c—ab _3

Chttng minh: + <
a+bc b+ca c+ab 2

Loi giai
Thay 1=a+b+ctacé:
A+bc = a(atb+c)+bc = (a+b)(a+c)

Do do:
a—bc:a+bc—2bc:1_ 2bc 1 2bc
a+bc a+bc a+bc (a+b)a+c)

Ta c6 2 dang thirc tuong tu:
b—ca_l_ 2ca _ c—ab_l_ 2ab
b+ca (b+c)(b+a)” c+ab (c+a)(c+Db)

Cong ting v& ctia 3 dang thic trén ta co:
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a-bc b-ca c-ab bc ca ab
+ + =3-2 + +
a+bc b+ca c+ab (a+b)(@a+c) (b+c)(b+a) (c+a)(c+b)

Do do:
a-bc b-ca c-ab 3 bc ca ab 3
+ = <=> + + > —
a+bc b+ca c+ab 2 (a+b)(a+c) (b+c)(b+a) (c+a)(c+b)| 4

be(b+c)+ca(c+a)+ab(a+Db) .3
(a+b)(b+c)(c+a) 4
<=>4(b’c+bc* +c’a+ca’ +a’b+ab’) > 3(a’b+ab” +b’c+bc® +c’a +ca’ +2abc)
<=>b’c+bc? +c’a+ca’ +a’b+ab” > 6abc(*)
Ap dung BDT AM-GM cho ba s8 duong ta cé:
{bzc +c’a+a’b >3abc

=>(*)dun
bc? +ca’® +ab” > 3abc ()dtng
Vay BDT da cho duoc chitng minh.

Dau bang xay ra khia=b=c=%

Cau 184: [TS10 Chuyén TP. H6 Chi Minh, 2014-2015]

x* y

a) Chox, y 1a 2 s8 thuc khac 0. Chting minh rang: — S+ >+
y’

X
‘<|><
% <

2 2
b) Cho a, b la hai s6 duwong. Tim gia tri nho nhat ctia biéu thic: P = %
a+

Loi giai
a) Ta co:
2 2 _ 3
XYLx,y Xy x y xaytoXyoxyt
y X y X y X y X Xy
_ =N —y) _ (x=y) (¢ Xy +y7)
X2y2 X2y2
2
1) .3,
(x-y) {(x+2j +4y}
= >0

X2y2
Bat dang thitc cudi cting ding vay bai toan duoc chiing minh.

Déu “=" xay ra khix =y.

b) Ta co:
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1 2 3 2
_a’+3ab+b’ (a+b)2+ab_1(a+b) +ab+Z(a+b)

~ Jab(a+b)  ab(atb) Jab(a+b)

—(a+b) +ab —(a+b) 2,/(a+b) ab 3J_

\/_(a+b) J_ Jab(a +b) +\/£

—1+§:§
2 2
l(a+b)2—ab
DAu bang xay ra<=>1 4 T <=>a=b
a=b

Cau 185: [TS10 Chuyén Lam Son, 2014-2015]

Cho céc s6 duong x, y, z thoa man: \/x2 +y’ +\/y2 + 22 #4722 +x2 =2014
X2 y2 Z2
Tim gia tri nhé nhat ctia biéu thie T = + -
y+z z+X X+y

Loi giai
Dit a=1X* +y*;b=\Jy? +2*;c =7’ +3* () => a+b+c=2014(1)

2 12, 2 2 12 2 2,12, .2

fo(*)=>x2=a b +c ;yzza +b”—c . a”+b” +c
2 2 2

Ap dung BDT Cau chy ta c6:

y+z<J2(y* +2°) =by2

z+x£\/2(z2+x2)=c\/5

x+y£«/2(x2+y2) :a\/z

Tt d6 ta co:
- x> . y’ . z’ 1 az—b2+c2+a2+b2—c2+—a2+b2+cz)
y+z z+x x+y 22 b c a
2 2 2 2 2 2
1 (a_+C_+a_+b_+b_+C__a b- C) (2)

2«/5 c a a

Ap dung BDT AM-GM ta lai co:

2 2 2 2 2 2
a—+b22a;c—+b22C;a—+c22a;b—+c22b;b—+a22b;c—+a22c
b b C C a a
2 2 2 2 2 2
LA L 4asbro)—2a+bic)=2a+b+0) (3)

C C a a

Ttr (2) va (3)=>T > ﬁ (a+b+c)  (4)

Tir (1) va (4) =T > —— 2014,

22
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T - 2014 Khi x = _ 2014

=y=1z
MIN 2\/5 y 3\/5

Cau 186: [TS10 Chuyén Lam Son, 2014-2015]

’ 2 2 2
Cho ba s0 thuee x, y, z. Tim gid tri 16n nhat biéu thic: S = xyzz(x +2Y i Z2+ XAy +z)
(X" +y" +z°)(xy +yz +2zX)

Vay

Loi giai
Theo Bunyakoski: (x+y +z)* <3’ +y* +2z*)=>x+y+z< \/E’_:,/xz +y>+2°
5< X}’Z(\/g\/x2 +y*+27° +\/x2 +y*+2%) Xyz(\/§+1)

- (< +y* +2°)(xy +yz+2x) \/x2 +y? +2° (Xy +yz+2X)
oo vzBrD) B+l

\/§£/x2yzzz %/’]xzyzz2 33
J+1
3\3

Cau 187: [TS10 Chuyeén Vinh Phtic, 2014-2015]
Cho phuong trinh ax® +bx+c=0 (a # 0) c6 hai nghiém thudc doan [0;2]. Tim gia

_ 8a’—6ab+b’
4a* —2ab+ac

=>Smax=

khix=y=z

tri 16n nhat cta biéu thitc: P
Loi giai

Goi x;; x, (x1 < x2) la hai nghiém ctia phuong trinh da cho. Theo dinh li Vi-ét ta c6

SN
8a>—6ab+b* a la _8+6(x1+x2)+(x1+x2)
4a>—2ab+ac B 4+2(x1+x2)+x1x2

2

Khido P =

4—2B+E
a a

2 L2 2 2
Do 0<x, £x, 2= X <XX,; X; S4= X +X, <X X, +4

= (x1 +X, )2 <3x,x, +4

8+6(x, +x, )+3x,x, +4
Do d6 ta duoc P< (4 +x,)+3%x, =3

4+2(x, 4%, ) +Xx,X,

c=-b=4a

Déng thirc xay ra khi x, =x, =2 hodc x, =0; x, =2 hay {b 5 0

Vay gid tri 16n nhat caa P la 3.
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Cau 188: [TS10 Chuyén Ha Noi Amsterdam, 2014-2015]
Cho ba s6 thye duwong a, b, ¢ thoéa méan (a +b)(b + c)(c +a) = 1.

Chttng minh ab + ac +bc < %
Loi giai

Ap dung BDT Co6-si cho ba s6 khong am, két hop diéu kién (1) ta co:

(a+b)+(b+c)+(c+a)23%/(a+b)(b+c)(c+a) =3:>a+b+c2%(2)

Ap dung BDT Co6-si cho hai s6 khong am, két hop diéu kién (1) ta cé:

a+b>2\/_
b+c>2+yac = 1=(a+b)(b+c)(c+a)>8abc=>abc <~ (3)

c+a>2\/a

Bién d6i (1), chu y 2 BDT (2) va (3), ta duoc:
(a+b)(b+c)(c+a)=1

& (a+b)(bc+ba+c*+ca)=1

& (a+b)(bc+ba+ca)+ac’ +bc’ =1

< (a+b)(ab+bc+ca)+c(ab+bc+ca)—abc=1
< (a+b+c)(ab+bc+ca)—abc=1

1

1
1+abc <_ 8

+
< ab+bc+ca= <
a+b+c 3

_3
4

D&u bang xay rakhia=b=c=

I\.)lr-—\

Cau 189: [TS10 Chuyén Ha Noi Amsterdam, 2014-2015]

Chtng minh ton tai cac s6 nguyén a, b, ¢ sao cho 0 <‘a +b2

1 000
Loi giai

Xét ntta khoang A = (0;1]. Chia ntta khoang nay thanh 1000 ntta khoang

A=lo— A=, 2 | A =[BTl n A [ 2
1000 1000”1000 » (1000”1000 1000

XEbO 85X, X, X,qy Vi, =| 1-k/2 |+ ki/2(k € %, k <1001)
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Véimoi k ta cd —k\ﬁ < [1 — k\/E ] <1- k\/E (tinh chat phan nguyén) nén

<[1—k\/5]+k\/§£1:>xk eA

= xx thudc mot trong cac 1000 khodng A, A,..., Ao

C6 1001 s6 xk ma c6 1000 nira khoang, do d6 ton tai 2 s6 X,/ X thudc cung mot nira

khoang Am nao d60 <Ix; —x; I< L
1000

Déta:[l—i\/z} [ ]\/_} =i—j=>Xx, —X; —a+b\/§+0\/_

Ma a la s6 nguyén, b2 1256 vo ty néna+by2 =0 = X, =%, >0

Do d6 0 <Ix, —x I<—:>0<‘a+b 2+03|<
00 1000 V2+0.43]< 1000

Vay ton tai cac s6 nguyén a, b, ¢ thoa man dé bai.

Cau 190: [TS10 Chuyén Phu Tho, 2014-2015]
Cho a, b, c la cac s0 thuc duwong théoa man 6a+3b+2c=abc. Tim gid tri I6n nhat cta

biéu thitc: B= 1 + 2 + 3
Ja?+1 b2+4 2 +9
Loi giai
6 3 2 . 1 2
Gia thiét cta bai toan dwoc viét lai thanh —+—+—=1.Ddta=—;b==;c==,
c ca ab X y z

khi d6 ta duwoc xy +yz+zx =1

Bidu thitc B duoc viét lai thanh B= —— 4+~

O +1 \/y2+1 Jz2 +1

Deé'y dén gia thiét xy+yz+zx=1ta cd x> +1=x" +xy +yz+2zx=(x+y)(z+x)

X

I +1 ) \/(x+y)(z+x)

Khi @6 ta duwoc

\ \ X Z
Hoan toan tuwong tw ta duwgc B= + Y +

\/(x+y)(x+z) \/(x+y)(y+z) \/(Z+x)(y+z)

Ap dung bat dang thirc Cauchy ta duoc

by
.
|
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a5
x+y) y+z Xty y+z

z { z z J
4fx+z y+z Z+X y+z

Cong theo v& cac bat dang thitc trén ta dugc

B= X + Y + z sé
2

\/(x+y)(x+z) \/(x+y)(y+z) \[(z+x)(y+z)
Vay gid tri 1on nhat cua B la % .
Déng thirc xay ra khi va chi khi a= «/5; b= 2\/5; c= 3x/§

Cau 191: [TS10 Chuyén Ha N¢i 2014-2015]
Cho x, y, z 1a ba s6 thuc duong théa man x+y+z=1. Chttng minh rang:

W2 o2 2
1-x +1 y +1 Z e
X+yz y+zX Z+Xy

Loi giai
Ap dung gia thiét ta dugc
1—x> B (1—X)(1+X) _(x+y)(y+z)+(z+x)(y+z)
x+yz (x+y)(z+x) (x+y)(z+x)

Hoan toan twong tuh ta dwoc

1-y? B (x+z)(x+y)+(x+z)(y+z)

y+zx (x+y)(y+z)
1— 42 _ (x+y)(y+z)+(x+y)(x+z)
Z+Xy (y+z)(z+x)

bit a=(x+y)(y+z); b=(y+z)(z+x); c=(x+y)(z+x), khi d6 ta viét lai duoc bat

dang thtkc thanh
a+b+b+c+c+a26
C a b
( N 2l . a b b ¢ c c
Ap dung bat dang thitc Cauchy ta dwoc —+—22; —+—22;, —+—2>2
b a c b a a
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a N o 1 22 A a+b b+c c+a
Cong theo vé cac bat dang thic trén ta duwoc + + b >6
C a

Vay bai toan dugc chitng minh xong.

Cau 192: [TS10 Chuyén TP. H6 Chi Minh 2014-2015]

Cho X, y, z 1a ba s6 thiec dwong thda man xy +yz+zx =1. Chitng minh rang:

X y z 3
+ + <=
O +1 \/y2 +1 Nz2+1 2

Loi giai

X X

Ap dung gia thiét ta dwoc

Ap dung bét dang thiic Cauchy ta duoc

s e )

Do d6 ta duoc X Sl( X X J
+1 2\x

x> +y Z+X

Hoan toan tuwong tw ta duoc

y My vz Az 2z
/y2+1 2\ x+y y+z 72241 2\z+x y+z

Cong theo vé& cac bat dang thirc trén ta duoc

X .y , z
2 +1 \/y2+1 Jz2 +1

1 x X y y z z 3
<= + + + + + =—
2{x+y z+x Xx+y y+z z+x y+z) 2

Vay bat déng thitc dwoc chiing minh. Dang thitc xay ra khi va chi khi

1
X=y=2=—=

N

Céau 193: [TS10 Chuyén Tién Giang 2014-2015]
1) Cho a, b, c1a ba s thiee dwong tity y. Chitng minh rang:

a++/ab +3abc S%(a+b+c)

2) Cho a, b, c1a ba s thiee dwong tity y. Chitng minh rang:

X
N \/x2+xy+yz+zx \/(x+y)(x+z)
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bc ca ab
5 +— +— <1
a“+2bc b +2ca ¢ +2ab

Loi giai

1) St dung bat dang thitc Cauchy ta cé:

a a a E+b+4cc
Jab=2.2b<24b; Yabc =3 bdc<dt
4 4 4 3

a
—+b+4c 4(at+b+c
Tfrdétacéa+x/ab+x3/abcﬁa+%+b+4 3 = ( 3 )

Bai todn duoc chiing minh xong. Déang thitc xay ra khi va chi khi a=4b =16c
2) B4t dang thitc can chiing minh twong dwong véi

a’ b? c’
5 += +— >1
a“+2bc b“+2ca c¢"+2ab

Ap dung bat dang thitc Bunhiacopxki dang phan thtic ta duoc

a2 b2 C2 (a+b+c)2
2 T3 T = 2 2, 2 =1
a“+2bc b +2ca c“+2ab a“+b"+c”+2ab+2bc+2ca

Bai toan duoc chiing minh xong. Déng thikc xay ra khi va chikhi a=b=c
Cau 194: [TS10 Chuyén Bac Giang 2014-2015]
Cho a, b, cla ba s6 thuec duong thoa man a+b+c=3. Chitng minh réng:
a’ b’ c’
+ +
Vb+3 Jc+3 +a+3

.3
2
Loi giai

Ap dung bat dang thirc Cauchy ta dwoc

a’ b? c’ 4a* 4b* 4c? 4a®> 4b* 4
+ + = + + > + +
Jb+3 Jc+3 Ja+3 4Vvb+3 4Jc+3 4Ja+3 b+7 c+7 a+7

Ap dung tiép bat dang thiic Bunhiacopxki dang phan thitc ta duoc

2
2 2 2 4
42’ 4b®  4c’ _4(a+b+c) 49 3

+ + > =
b+7 c¢+7 a+7 a+b+c+21 3+21 2

a’ b? c? 3
+ + >
Jb+3 Jc+3 +Ja+3 2

Suy ra ta duoc

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi a=b=c=1
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Cau 195: [TS10 Chuyén Dai hoc Vinh 2014-2015]
Cho ba s6 thuc x, y, z khong am thoa man x+y+z+xyz =4. Tim gia tri 16n nhat
ctia biéu thikc:
P=xy+yz+zx
Loi giai
Gia str x la s6 16n nhét trong cac sd x, y, z.
Khi d6 ta duoc x+y+2z<3x xyz <x°

Suy ra X’ +3x >4 hay (x—l)(x2+x+4)20:>x21.

Ta co
P=xy+yz+zx=x(x+y+z)+yz—x* =x(4-xyz)+yz-x*

=—(x-2 2+4+yz 1-x*)<4
(

Suy ra P <4.Vay gia tri nhd nhat cua P 1a 4.
Déng thitc xay ra khi va chi khi x=0; y=z=2 va cac hoan vi.

Cau 196: [TS10 Chuyén Yen Bai 2014-2015]
Cho ba s6 thuc x, y, z thoaman x>-1, y>-2; z>-3 va x+y+z=-5.
1 4 9

Chting minh rang: 3 + > + 3 =36
x+1 y+2 z+

Loi giai
Do x>-1; y>-2;z>-3 nén x+1>0; y+2>0; z+3>0. Khi d6 ap dung bat ding
thitc Bunhiacopxki dang phan thitc ta dugc
2
1+2+3
1 + 4 + 2 ( ) =36

> =
x+1 y+2 z+3 x+y+z+6

B4t dang thitc dugc chiing minh. Pang thitc x4y ra khi va chi khi

X+y+z=-b
1 2 3
x+1 y+2 z+3

Cau 197: [TS10 Chuyén Quang Tri 2014-2015]

Cho céc s6 thuc a, b, ¢ duwong. Chting minh rang:

a N b N C
b2+ J+a? Jai+b?
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Loi giai

2 2
Ap dung bat dang thitc Cauchy ta dwoc 2 _- 2 >— 28.2 5
Foe Jrbee) @b

2 2
S 2b C S 2c

b .
> ; >
J2+a? al+b’+c [fp24p? a*+b’+c?

Hoan toan tuong tu ta duoc

a b C

+ + >2
Jb2+c? 2 +a?  ai+b?

Cong theo v& cac bat dang thikc trén ta duoc

Vi dang thtic khdng xay ra nén ta c6 bat dang thitc
a b c

+ + >2
Jb2+c? 2 +a? Jai+Db?

Bai todn duogc chitng minh xong.

NAM HOC 2013-2014

Cau 198: [TS10 Chuyén Hai Duong, 2013-2014]
Cho tam gidc ABC c6 chu vi bang 2. Ky hiéu a, b, c 1a d6 dai ba canh cta tam giac.
Tim gia tri nhé nhat cta biéu thikc:
a 4b 9c

S= + +
b+c—a c+a-b a+b-c

Loi giai
Véia, b, cla do dai ba canh ctia tam giac c6 chu vi b@“mg 2nén a+b+c=2.

bat b+c-a=x; c+a-b=y;a+b-c=2z, doa, b, cla d¢ dai ba canh ctia tam giac

nén x;y;z>0.Khi dé ta dwoc x+y+z=2 Véa=y+z;b=X;Z;c=X;y
Khi do
S=y+z+4(X+Z)+9(X+y)=l y+z+4(X+Z)+9(X+y)
2x 2y 2z 2| x y z
:l X+4_X + E+9_X + g+9_y
2|{x vy X z y z
Ta co
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% <
X

<

2
X+4_X:{ —2\/:J +22>2
Xy

2
E+9_X:(\/Z—3\/£J +6>6
X z X z

2

4_Z+9_Y:{2\E_3\/2J +12>12
y z y z

Do dé S= %(4+ 6+12)=11. Dang thiic xay ra khi va chi khi

1

y =2x X=3
z =3x 2 5 2 1
oiy=—<a=—;b=—;c==
2z =3y 3 6 3 2

X+y+z=2 z=1

Khi dé a’=b’+c’. Vay gid tri nho nhat ctia S 1a 11 khi AABCvuédng .

Cau 199: [TS10 Chuyén Hai Duong, 2013-2014]
Cho x, y, z la cac s thuc duwong. Tim gia tri nho nhat ctia biéu thiec:

\/xz—xy+y2 +\/y2—yz+zz +\/z2 —zx+X°

X+y+2z y+2z+2x Z+X+2y

Loi giai

3(x+ )2 (x+ )2
Ta cé Xz—xy+y2:(X+y)2—3xy2(x+y)z— 4}’ - 4}7

P =Xy +y° . X+y

X+y+2z B 2(x+z+y+z)

Suy ra

Ap dung twong tu ta duoc

Szl X+y N y+z N Z+X
2\ y+z+z+X z+X+X+y X+y+y+z

bat a=x+y; b=y+2z; c=z+Xx, khi d6 ta dugc

SZl a4 b +-C 21.§=g
2\b+c c+a a+b) 22 4

Vi theo bt ding thitc Neibizt thi ——+—2— 4+ >3
b+c c+a a+b 2
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Vay ta dugc gia tri nho nhét cua S la % dat duoc tai x=y=z.

Cau 200: [TS10 Chuyén KHTN Ha Noi, 2013-2014]
Giastr a, b, ¢, d 1a cac s6 thye dwong thdéa man abc+bed +cda+dab=1

Tim gi4 tri nho nhét ctia bi€u thire P=4(a’+b’ +c’)+9¢’
Loi giai

Do vai trd cta a, b, ¢ nhu nhau nén ta du dodn ddu dang thirc xay ra tai
a=b=c=kd, vdikla s6 duong.

Khi d6 4p dung bat dang thitc AM-GM cho ba s& duong ta duoc

(a3 +b? +C2) > ?T;C
3 3
a—3+b—3+d3 > 3alzd
k> k k
3 3
]D—¥°’+]:)—3+d3 > 3b§d
k> k k
A al 3ca
kK K k2

1
12

—+—+d’>

Cong theo vé& cac bat dang thirc trén ta duoc

3(abc+abd +bcd +cad
(i+%)(a3+b3+c2)+3d32 (a cra = c Ca) ]:’2

K2 K2

3 6 9
Hay (P+Fj(a3+b3+c2)+9d32P

Ta can tim k dé %+%=4<:>4k3 —3k-6=0 va ta chon k la s8 duong.

2
bidt k= %(x + lj thay vao phuong trinh trén va bién doi ta thu dugc
X

X =123 +1=0

Giai phuong trinh nay ta dwoc x=36+/35, déyla (6+\/£)(6—«/£)=1 nén ta
3/6—@#/6%/%
2

tinh dwoc k=

36

.
(%_J@%@j

Do dé ta tinh dwgc gia tri nho nhét caa P la




Déng thirc xdy ra khiva chikhi a=b=c

=3/6—\/£+3/6+\/£ d
5 .

Céu 201: [TS10 Chuyeén KHTN Ha No¢i, 2013-2014]

Gia st day s0 thuee c6 the ty x, <x, <x, <...<X,,, thoa man diéu kién:

{x1+x2 +X; +..+x =0

|x1| +|x2| +|x3| +...+|x192| =2013
Chting minh rang; Xigp =X, 2 %
Loi giai

Trudc hét ta chiing minh bai toan phu sau: Véi a, <a, <a, <..<a_ thdéa man
{al +a,+a,+..+a, =0

|a1|+|a2|+|a3|+...+|an|:1

Khi d6 ta dwoc a_ —a, > 2 :
n

That vay, tir diéu kién ctia bai toan ta nhan thay ton tai sd ty nhién k dé

a,<a,<a,<..<a <0<a  <..<a,
.., . la,+ta,+a,+..+a =0
Khi do ti suy ra
|a1|+|a2|+|a3|+...+|an|=1

a,, +..+a _1

(a, +a,+a, +..+a, )+(a,,, +..+a )=0 I ke e
—(a, +a, +a, +..+a, )+(a,, +..+a,)=1 a1+a2+a3+...+ak:—l
2

Clngtlt a, <a,<a,<..<a, <0<a,  <..<a_ taduoc

a,<a,<a,<..<a, —a, S—i
1
a,,<..<a =a 2 2(n—k)
, 1 1 n 2n _z
Do d6 a, —a, ZW‘FE— 2(n_k)n > (n_k+n)2 = 0

Nhu vay bai todn dugc chitng minh xong.

Tt gia thiét cua bai todn trén ta viét lai nhu sau
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Xl XZ X3 n
+ ot =
2013 2013 2013 2013
X | X, | X3 | X100 | _ 1
2013| |2013| [2013| 2013
Ap dung két qua cta bai toan phu ta duoc
Xop Xy o 2 S 2013

> = Xy =X, 2 ———
2013 2013 192 %% T 96
Vay bai toan duoc chitng minh xong.

Cau 202: [TS10 Chuyén Vinh Phuc, 2013-2014]

Cho céc s6 thuc dwong a, b, c thoa man a” +b* +c” =1. Chitng minh:

ab+2c? bc +2a? ac +2b?
>+ >+ > >2+ab+ba+ca
1+ab-c 1+bc—-a l1+ac-b

Loi giai

Do a’+b*+c?*=1 nén ta co

\/ab+2c2 \/ ab+2¢” _\/ ab+2¢® ab+2c”
1+ab-¢?

“Na?+b+citab—c* a2+b2+ab_\/(ab+zc2)(a2+b2+ab)

Ap dung bat dang thicc AM-GM ta co

2c* +a’ +b* +2ab - 2(a2+b2 +C2)
2 B 2

2
Suy ra ’ab+2c ab+2¢” S 2a1b+22c _—ab+ 2
l+ab-c® \/ab+2c a +b2+ab) a’+b”+c
2 2
Tuong ty ta duoc 4/bc+—2az >bc+2a’%; ﬂ,ﬂ > ca+2b?
l1+bc—a l1+ca-b

Cong vé& theo vé& cac bat dang thiic trén két hop a” +b” +c” =1 ta 6 bat dang thiic
1

7

\/(ab+2c2)(a2+b2+ab)£ =a’+b*+c?

can chiing minh. Dang thitc xay ra khi va chi khi a=b=c=

Cau 203: [TS10 Chuyén Vinh Phuc, 2013-2014]
Cho a, b, c 1a cac s8 thuc duwong théa man abc =1. Chirng minh rang:

a b C >§

(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4
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Loi giai
B4t dang thitc can chitng minh tuong duong véi

4a(c+1)+4b(a+1)+4c(b+1)=3(a+1)(b+1)(c+1)
<:>4(ab+bc+ca)+4(a+b+c)23abc+3(ab+bc+ca)+3(a+b+c)+3

< ab+bc+cat+a+b+c=6

Ap dung bat dang thitc AM-GM cho cac s8 dwong ta dwoc
ab+bc+ca>3.3 (ab(:)2 =3;a+b+c>33abc =3
Cong theo vé& hai bat dang thitc trén ta dugc ab+bc+ca+a+b+c>6
Vay bat dang thitc duoc chitng minh. Dang thitc xay ra khi va chi khi a=b=c=1

Cau 204: [TS10 Chuyén TP. Ha Noi, 2013-2014]
Cho a, b, c la cac s thuc duwong thoa man a+b+c+ab+bc+ca=6abc.

. 1 1 1
Chirng minh rang: —+—+—23
g g a2 b2 C2
Loi giai
Gia thiét cua bai toan dwoc viét lai thanh
1 1 1 1 1 1
—F—+—+—+—+—=6
ab bc ca a b c
Ap dung bat dang thicc AM-GM ta duoc
11,21 1,2 1 1 2
a> b*> ab'b* ¢ bc ¢ a’ ca
l2+123;i+123;l2+12z
a a b ¢ C

Cong theo v& cac bat dang thtkc trén ta duoc
3 l2+i2+l2 +3>2 i+i+i+1+l+l =26=12
a~ b ¢ ab bc ca a b c
1 1 1
Hay a—2 + ? + C—2 >3
Vay bat dang thitic dwoc chiing minh. Dang thitc xay rakhi a=b=c=1
Céu 205: [TS10 Chuyeén Ninh Binh, 2013-2014]

4 2 ~ 2 N ./ . 7 A,
Cho x, y la cdc s6 thuc thoa man x° (x2 +2y° —3) + (y2 —2) =1 . Tim gid tri I6n nh4t
va gid tri nho nhat cua biéu thitc C=x*+y* .
Loi gidi

Ta co:
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X (3 +2y2 =3)(y? -2) =1 x* +2x%y2 -3 +y' ~4y? +4=1
<::>x4+2x2y2 +y4—4(x2+y2)+x2 +3=0

<:>(x2+y2)2 —4(x2 +y2)+3=—x2 <0 Vx

V6i x2+y? =C thitacé C*—4C+3<0¢ C*—4C+4<1(C-2) <1
©|C-2/<1<-1<C-2<1<1<C<3

Cote] 7P =0 o370 x=0
=l = ; C=3< =
X2+y2=1 y=+%1 x2+y2=3 y:i\/g

Vay minC =1khi X=0 va y=+1; maxC=3khi X=0 va y=+3.

Cau 206: [TS10 Chuyen TP. Ha N¢i, 2013-2014]
Cho a, b, c 1a cac s8 thuc duwong théa man abc =1. Chitng minh rang:
1 1 1 3

+ + <=
ab+a+2 bc+b+2 ca+c+2 4

Loi giai
. X y V4 ST A g . s
Dat a=—; b=<; c=—. Goi P la vé trai, khi d6 ta duoc
y z X
1 1 1
= + +
ab+a+2 bc+b+2 ca+c+2
yz zZX Xy

= + +
Xy +XZ+2yz Xy+yz+2xXz Xz+yz+2Xy
Bién d6i twong duong ta duoc

yz +1- Zx +1 Xy

Xy +Xz+2yz Xy +yZ+2xz _xz+yz+2xy

1 1 1
3—P=(xy+yz+xz) + +
Xy +Xz+2yz Xy+yz+2Xz XzZ+yz+2Xy

3-P=1-

Ap dung bat dang thitc AM-GM dang ENNE SRS SO S
A B C A+B+C

Ta co 3—P:(xy+yz+xz) 9 :2<:>Pg3_2:§
dxy +4yz+4xz 4 4 4

Vay bat ding thirc dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1

Cau 207: [TS10 Chuyén Phu Tho, 2013-2014]

a) Chting minh ring: a’+b’ >ab(a+b), vdia, b 1a hai s§ duong.
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b) Cho a, b 1a hai s6 duwong théa man a+b>1. Tim gia tri nho nhat cta biéu thic:

Fz(a3 +b3)2 +(a2 +b2)+§ab

Loi giai
a) Bat dang thtic can chiing minh tuwong duong voéi

(a+b)(a2 —ab+b2)—ab(a+b)20
«::>(a+b)(a2 —2ab+b2)20c:>(a+b)(a—b)2 >0

Ta thay vdi a, b 12 hai s§ dwong nén bat dang thitc da cho ludn dung.
b) Taco F=(a>+b°) +(a+b) ~Lab
2

\ A 7 A, < , 3 3 (a + b)3
Ma ta ludn c6 bat dang thiec a” +b” >

,véimoia, b>0.

2
4 ~, < . A 4 3 3 2 (a+b)3 1
Ap dung bat dang thtrc trén ta co (a +b ) > 1 >—.

Ap dung bat dang thicc AM-GM ta cé

2 2
P>li(arpp 20 1, 7(a*b) (1,7 15
16 8 16 8 16 8 16

Vay gia tri nho nhat ctia F 1a bang % dat duockhi a=b = % :
Cau 208: [TS10 Chuyén Binh Phuéc, 2013-2014]
a. Chting minh rang: a’ +b’ >ab(a +b), vdi a, b 1a hai s8 duwong.

b. Cho a, b la hai s6 dwong théa man a+b>1.
n .7 . » A, 2 . A? ’ 3 3 2 2 2 3
Tim gia tri nho nhat cta biéu thic: F = (a +b ) +(a +b )+Eab.

Loi giai

a) Ta cé bat dang thikc
(a+b)(a®—ab+b*)—ab(a+b) >0 < (a+b)(a*—2ab+b?*) >0 < (a +b)(a —b)* >0
Ta thdy véi a, b 12 hai s6 dwong nén bat dang thitc da cho luén dung.

D&u “=" xay ra khia=b.

THCS.TOANMATH.com FB TR/NH BINH



b)

Do d6 (a®+b*) 2[ab(a+b)] > (ab)?

+) Mat khac ta c6: F=a”+b” =(a+b)2 —2ab >
+) Do d6
Fz(ab)2+1—2ab+§ab (ab)’ b (ab)’ —2.ab.
2 2
a+b=1
+) Dau “=" xay ra < 1 <:>a=b=§
4

Ap dung bat dang thiic da chitng minh & cau (a) ta co:
(a3 +b° )2 >[ab(a +b)]2 ma theo gia thiét a+b>1

+) Vay gia tri nho nhét caa F 1a béng 1—2, dat duwockhi a=b= % .

Cau 209: [TS10 Chuyén Phu Tho, 2013-2014]
1

Cho ba s6 thyc duong a, b, ¢ thoa man 12 (iz +— 4=

a

1 1

1

Chting minh rang:

Loi giai

Theo mot danh gia quen thudc ta co

4(1 1 1j _12(1 i+l2j<3+1+11)+1

a b c a® b* ¢

1
+ + <=
4a+b+c a+4b+c a+b+4c 6

a

Suy ra 1+l 1—1 4 1+1 1 +3 (<0

a b c a b c
. 1 1 1 .
Do d6 ta duwoc —+—+—-<1vaa+b+c>9
a b c¢

bat = 1 + 1 + 1
4da+b+c a+4b+c a+b+4c

Ap dung bat dang thitc AM-GM dang Sl‘l‘l ta duogc

X+y X y

1-1ab

1,1 15 (4.1
4 16 16 4
1 1 1 1

5 5 <3+—+—+-—

b® ¢ a b c

C

2
_|_1_5>1_5
16 16
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1 1 1
= + +
4da+b+c a+4b+c a+b+4c
1( 1 1 1 1 1 1
< —+ +—+ +—+
4\3a a+b+c 3a a+b+c 3a a+b+c

11 1 1 3 11 1) 1
=—| —+—+—+ <—|=+=|==
4(3a 3b 3c a+b+cj 4(3 3) 6

Vay bat dang thiic duoc chitng minh. Dang thiic xay ra khi va chikhi a=b=c= L

Cau 210: [TS10 Chuyén Nam Dbinh, 2013-2014]
Cho cac s6 thuc duwong x, y, z thoa man x* +y” +z* = 3xyz . Chttng minh rang:

2 2 2
X sy .z 3
2

x'+yz y'+xz z'+xy

Loi giai

Ap dung bat dang thitc AM-GM ta c6

2
2 \Jyz <x* +yz < LIS , LI 4X <1
2x? yz X +yz X +yz 2 yz

2 1 1 1 1(1 1j
S—+-————=<—| —+—
\/Y_Z y z 2Jyz 4\y z

2
Tt hai bat dang thitc trén ta dwoc X < l(l + l}

4

x"+yz 4

2 2
Hoan toan twong tu ta co 4y Sl(l+lj; 4Z gl l+l
y +xz 4\x z) z+xy 4(x y

Cong theo v& cac bat dang thtkc trén ta duoc

2 2 2
X + y + z <l(1+1+1J=1w

x*+yz y'+xz z'+xy 2y z x) 2 Xyz
Mat khac ta lai co Xy +yzZ+zx<x* +y’ +2°
2 2 2
Do do ta dwoc Xy +z :3xyz:3
Xyz Xyz
2 2 2
Suy ra 4X + 4}’ + 42 SE
xX'+yz y +xz z +xy 2

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi x=y=z=1



Cau 211: [TS10 Chuyén Quang Nam, 2013-2014]
4

4
Cho hai 8 x va y théa man: xy(2013—X7y) = XZ+YZ — 2014

Tim gia tri 16n nhat va gia tri nhé nhat caa tich xy.

Loi giai
% X4 4 X4 y4

Ta cé: xy(2013—22) =X+ Y2014 > 2.,/X X 2014 ( theo BDT C6-Si) (*)
2 4 4 4 4

(*) © (xy)*—2013xy —2014<0

Ditt=xy thi (*) < £-2013t 2014 <0 < (t+1)(t-2014)<0 < -1 < t < 2014

GTLN cua xy 12 2014 khi x = y = /2014

GTNN ctia xy la -1 Khi (x=1; y=-1) hoac (x=-1; y=1)

Cau 212: [TS10 Chuyén KHTN Ha No¢i, 2013-2014]
Cho a, b, c 1a cac s8 thuc duong théa man ab+bc+ca =1. Chitng minh rang:

2abc(a+b+c)< g +a'b? +b*c® +c'a’?
Loi gidi
Ap dung bat dang thiic dang x* +y? + 2% > xy + yz +zx ta dugc

a’b? +b*c? +c*a® > abc (azb +b’c+ cza)

Bai todn quy vé chiing minh 2abc(a+b+c)< g +abc (azb +b’c+ c2a)

2 2 2
Hay 2(a+b+c)$9abc+(a b+bc+c a)
Ap dung bat dang thirc Cauchy ta duoc b4 — > 2_a; et > &; s>
9% 3 9 3 9a 3

Cong theo v& cac bat dang thikc trén ta duoc

a2b+b2c+cza+i+i+i22_a+&+£
9a 9p 9¢ 3 3 3

Hay a2b+b2c+c2a+mzz(a+b+c)
9abc

Nhu vay ta can chi ra duoc 2(a+b+c)£ +z(a+b+c)

9abc
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4abc(a+b+c) 4

Hay 3 S§<:>3abc(a+b+c)S1

Dénh gia cudi cung la mot danh gia dang vi 1= (ab +bc+ ca)2 > 3abc(a +b+ c)

Vay bat dang thiic duoc chiing minh. Dang thikc xay ra khi va chi khi a=b=c= % .

NAM HOC 2012-2013

Céau 213: [TS10 Chuyeén Ngh¢ An, 2012-2013]

Cho ba sd duong x,y,z thoa man 1 + 1 +==1. Chttng minh ring:
X y z

\/x+yz+\/y+zx+\/z+xy2\/xyz+x/;+ y+\/;.
Loi giai
B4t dang thitc da cho tuong duong voéi
Ja+be ++b+ca ++e+ab =1+ ab + vbe + vka,

Ta cé: Va+bce :\/a(a+b+c)+bc

=\,Ia2 +a(b+c)+bc 2\/a2 +2a+/bc +be =a ++/bc.

Tuong tu: Jb+ca 2b+\/c_a;xlc+ab 2c+\/£.

Tt &6 ta c6 dpem. D&u bang xay ra khi x=y=z=3.

Cau 214: [TS10 Chuyén TP. H4 Chi Minh, 2012-2013]

Cho ba s duong a, b, ¢ thoa man a+b+c=1. Tim gia tri nho nhat caa:

ab+bc+ca

A=14(a’ +b*+? )+
( ) a’b+b’c+c’a

Loi giai
1—(512 +b? +c2)
2

Dé dang tinh dwoc ab+bc+ca = .Laico

a’+b*+c? =(a+b+c)(a2 +b? +c2)=a3+b2a+b3+bc2 +c®+ca’+a’b+b’c+cla

Ap dung bat dang thiic Cauchy ta cd
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a’ +b%a>2a’b; b’ +bc? >2b%c; ¢ +ca’ >2c%a

Do d6 suy ra
a’+b*+c? =a’+b%a+b’ +bc? +c® +ca? +a2b+b2c+c2a23(a2b+b2c+c2a)

1
2 2 2 2 2 32 2
a‘b+b°c+ca a“+b +c

Tt do ta dwoc

ab+bc+ca >C-B(ab+bc+ca) 3—3(a2+b2+c2)
a’b+bic+c’a a’+b*+cd 2(a2+b2+c2)

Hay

o 1 . \ «A? ’ .« A . \
Pitt=a’+b*+c*=>t> 3 Khi nay biéu thirc duoc viét lai thanh

A:14t+ﬂ:&+i_i:%+i t 3
2t 2 2t 2t 2 2t 2 2

Ap dung bat dang thitc Cauchy ta c6 27t +i >2, ,Ei =9
2 2t 2 2t

Mat khac 1—ézl—éz—é.Suyra A29—é:§.
2 2 6 2 3 3 3

Vay gia tri nhé nhat ctia A la % . Déng thitc x4y ra khi va chikhi a=b=c= %

Cau 215: [TS10 Chuyén KHTN, 2012-2013]
Cho a, b, ¢ 1a cac s6 thuc duong thoaman a<b<3<c;c>b+1;a+b2>c

2ab+a+b+c(ab—1)

Tim gia tri nho nhat ctia biéu thiic: Q =

(a+1)(b+1)(c+1)
Loi giai
Ta co
_2ab+a+b+c(ab—1)_(a+1)(b+1)+(ab—1)(c+1)
B (a+1)(b+1)(c+1) B (a+1)(b+1)(c+1)
1 ab-1 1 ab-1
= + = +
c+1 (a+1)(b+1) a+b+1 ab+a+b+1
Tu gia thiét

a+b2c2b+l=b>a>1=(a-1)(b-1)20=ab>a+b-12c—-1>2

1 ab-1
S > +
vy ra Q ab+2 2(ab+1)
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Dt x=ab = x>2, khi d6 ta duoc Q> 1, x-1
x+2 2(x+1)

Suy ra 05y 1, x1 5 (x=2)(x+5) g
12 x+2 2(x+1) 12 12(x+1)(x+2)

Do dé tacé Q> % Vay gi4 tri nho nhét caa Q 14 % Déing thitc x&y ra khi va chi
khi a=1,b=2;c=3
Cau 216: [TS10 Chuyén Binh Phudéc, 2012-2013]
Cho a, b, c la cac s6 thuc duwong thoa man ab+bc+ca =3abc.

1 N 1 N 1
a®+1 b*+1 *+1

Tim gid tri I6n nhét caa biéu thiee: P =
Loi giai
Ap dung bat dang thitc Cauchy ta dwoc
1 1 1 1 1 1 ab+bc+ca_3

= + + <—d— ="
a’+1 b*+1 c*+1 2a 2b 2a 2abc 2

Vay gia tri I6n nhat cua P la g . Dang thitc xay ra khi va chikhi a=b=c=1

Céu 217: [TS10 Chuyén Su Pham Ha Noi, 2012-2013]

Cho n s6 thuc x,, x,, ..., X, v6i n>3.Kihiéu Max{xl, X,, ..., X} 1250 16n nhat

2

trong cac sd X,, X,, ..., X, .Chttng minh rang:

S x1+x2+_,_+xn +|X1—X2|+|X2—X3|+...+|Xn—X1|

Max{x X X }
17 RN n
n 2n

Loi giai

D€'y la trong hai s0 thuec x, y bat ki ta ludn c6

_ \ X+y+x—y|
Min{x, y} <x,y <Max{x,y} va Max{x,y} = —
7 . ) X+y+ |x — y| )
St dung dang thiec Max{x,y} = — ta co:

X, X, ek X +|x1 =X, | xy =3+t [x, = x|
n 2n
XX g x| X, X, =X

2| 3| Xn+Xl+|Xn_X1|

+ +...+

2n 2n 2n
< Max{x,, x,}+Max{x,,x} + Max{x_,x,} < Max{x.; X, X_ ]
n
Vay bai todn dugc chiing minh. Déang thitc xdy ra khi va chi khi x, =x, =...=x_
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Céu 218: [TS10 Chuyén Phu The, 2012-2013]
Cho x, y, z la cac s6 khong am thoa man x+y+z= % .
Tim gia trinhé nhat:  S=x"+y’ +2° +x*y’Z’
Loi giai
Ap dung bat dang thitc Bunyakoskicopxki ta c6

(2 ) o) o )

Hay %(X3+y3+z3)2(x2 +y? +z2)2 oxX+y’+2° 2%(x2+yz+zz)2 *)

Mt khac, dé dang chttng minh dwoc

xyz2(x+y_z)(x+z_y)(y+z_x){g_zzj@_szG_ZyJ

:%—%(x+y+z)+6(xy+yz+xz)_gxyz
2 2 2 \2
(x+y+z)2

Dit t=x"+y*+2° > :%.Khidétadu’cyc

3

8 3

39 4 64 9 4 64 6

4

2 2 2 2 2
SZE’[2+ 3t 2t t t 9:7’( t 9 1 ¢ 3 +Et2+32§vaygié
3 8 64 64

tri nho nhét cua S la g . Déng thiic xay ra khi va chikhi x=y=z= %

Cau 219: [TS10 Chuyén Phu Tho, 2012-2013]
Cho a,b,c 1a cac s6 dwong thoa man ab+bc+ca =3. Chting minh rang:

1+3a 1+3b+1+3c

+ >6
1+b*> 1+c® 1+a’

Loi giai

Ta viét lai v€ trai thanh

1+3a 1+3b 1+3c 1 1 1 3a 3b 3c
+ + = + + + + +
1+b> 1+¢® 1+a®> 1+b* 1+ 1+a® 1+b* 1+ 1+a’
. 7 /4 \Z ’ 1 b2 b2 b
Khi d6 ap dung ta dang thitc Cauchy ta dwoc: —=1-——-21-—=1-—
b +1 b”+1 2b 2
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>1-6, 1 4.3

2 +1 27 a%2+1 2

Hoan toan tuong tu ta duoc

Khi d6 ta c6 bét déng thite: — -+ -+ L >3 atb+c

b*+1 +1 a’+1 2
Mat khac ta lai co 2a + 2b + 2C 2a+b+c—m=a+b+c—§
b +1 c“+1 a"+1 2 2
5(a+b+c
Do d6 ta duoc : >+ 12+ 12+ 3a2+ 3b2+ 3C223+M—226
1+b° 1+c¢ 1+a° 1+b° 1+c 1+a 2 2

Vay bat ding thikc dwoc chiing minh.
Cau220:  [TS10 Chuyén Hai Duong, 2012-2013]

Cho 2 s6 duong a, b thoa man 1 + 1 2. Tim gi4 tri 16n nhat cta biéu thic
a
1 1

- + )
a*+b?+2ab*> b*+a’+2ba’

Loi giai
Véi a>0;b>0tacod: (a°-b)*>0<>a*—2a’b+b*>0=a*+b*>2a’b

1
< 1
a*+b’+2ab>  2ab(a+Db) M

< at +b? +2ab* >2a’b+2ab* <

! <1 (2). T (1) va(2) = Q<

Tuong tw co

b*+a’+2a’b  2ab(a+b) ab(a+b)
Vi 1+l—2<:>a+b—2abmé1 a+b>2\/£<:>ab>1:>Q< L 1
a b - - T 2(ab)? 27

Khia=b=1thi =Q= % Vay gi4 tri 16n nhat ctia biéu thic Ia %

Céu 221: [TS10 Chuyén Phu Tho, 2012-2013]
Cho a, b, c la cac s thuc duwong thoa man a+b+c=1. Tim gia tri nho nhat ctaa biéu
1 1

thitc: P= +
abc 1—2(ab+bc+ca)

Loi giai

Do a+b+c=1:>1—2(ab+bc+ca)=az+b2+c2

Suv ra p_ 1 +a+b+c_ 1 1 1 1
y a’+b?+c? abc a’+b*+c* ab bc ca
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Dé chting minh: i+—+i2L
ab bc ca ab+bc+ca

Do d6 ta c6 bat dang thirc

1 1 1 1 S 1 9
B I R N ST ST
a“+b°+c ab bc ca a“+b°+c” ab+bc+ca

Ap dung tiép danh gia trén ta duoc

_ 12 _— 1 + 1 <a2+b2+c2+2ab+2bc+2ca)29
a“+b°+c” ab+bc+ca ab+bc+ca

Ha L + 2
Y a’+b’+c> ab+bc+ca
Ll . 7
Mat khac ta lai co —2>21
ab+bc+ca
A N o1 v 3k A 1 1 1 1
COng theo vé cac bat dang thitc trén ta dwoc —————+—+—+—2>30.

a’+b*>+c* ab bc ca

Vay bat dang thitc duoc chiing minh.

Vay gid tri nho nhat cta P 1a 30. Dang thitc xay ra khi va chikhi a=b=c= % :

Cau 222: [TS10 Chuyén Su Pham Ha Noi, 2012-2013]

Cho cac s0 thuc duong x, y thoa man diéu kién: ,/xy (x —y) =x+y . Tim gid tri nho
nhat ctia biéu thtec P=x+y
Loi giai.

Tt gia thiét suy ra: x>y >0, Ap dung bat dang thikc Cauchy ta co:

2
1 1| 4xy+(x+ 2—4 1
(x+y)2 =xy(x_y)2 =Z,4xy((x+y)2_4xy)sz{ Xy (X 2}’) XYJ _

Do dd x+y =4 .Vay minA=4 khi x=2+22;y=2-+2.

Cau 223: [TS10 Chuyén Vinh Phuc, 2012-2013]

Cho cac s thuc dwong a, b, ¢ théa man abe <1.Chting minh rang:

a b ¢
—3+—3+—32a+b+c
b ¢ a

Loi giai
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2 1 %y7>1. Khi d6 bat déng thitc duoc viét lai thanh
C

[V} |H
'~<

Il

I

Il

Xy 2.1 1 1
—t—t—2—+—+—
z X y X 'y z

Ap dung bat dang thikc Binhiacopexki ta duoc

2
(x2+y2+z2) , .
22X +y +z

y z
z X y XX+ YZ+2ZX

Phép chiing minh sé hoan tat néu ta chi ra duwoc x* +y* +2° >1 —+— L + 1
x y z

That vay theo mot danh gia quen thudc va gia thiét xyz>1 ta c6

Xy+yz+zx 1 l+1
Xyz X y z

X +y?+2° Xy +yz+zX >

Vay bat dang thiic duoc chitng minh. Déng thitc xay ra khi va chi khi a=b=c=1
Cau 224: [TS10 Chuyén KHTN, 2012-2013]
Gia str a, b la cac s6 thuc duwong thoa man diéu kién: (\/; + 1)(\/; + 1) >4 . Tim gia

2 2

. 2 Y 2 o« A? ’ X
tri nho nhat caa biéu thic: P=—+ y—.
y X
Loi giai.
Ta co:

x+y x+1 y+1 y
(\/;+1)(\/;+1)24<:>4£ xy+\ll;+ y+1< > + > + > +1< x+y =2 Mat

2 2
khac: X—+y22y, Y ix>2x
y X
Do d6P=>x+y =2
Vay gid tri nhé nhat caaPla2 khi x=y=1.

Cau 225: [TS10 Chuyén Bac Ninh, 2012-2013]
Cho ba s duong a, b, ¢ thoa man a+b+c=1. Chitng minh rang:

(1+a)(1+b)(1+c)=8(1-a)(1-b)(1-c)
Loi giai
Via, b, clacacs6é duwong va a+b+c=1néntacod a,b,c<1.

Ap dung bét dang thiic Cauchy ta duwoc
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l+a=1-b+1-c>2,/(1-b)(1-c)

Tuong tetacd 1+b>2 (1—c)(1—a); 1+c=2 (1—a)(1—b)
Nhan theo vé& ba bat dang thtc trén ta duoc

(1+a)(1+b)(1+c)28(1-a)(1-b)(1-c)
Vay bat ding thikc dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c= %

Cau 226: [TS10 Chuyén Hai Duong, 2012-2013]

Cho 3s0 a, b, c théa man 0<a<b<c<1.Tim gia tri 16n nhat cua biéu thirc:

A=(a+b+c+1) LI
a+1l b+1 c+1
Loi giai
bat x=1+c,y=1+b,z=1+a. Tkt 0<a<b<c<1 taduwgc 1<x<y<z<2

Ta viét lai biéu thac A 1a A=(x+y+z)(l+l+lj=3+§+§+X+X+E+E
X 'y Zz Yy z X Z X 'Yy

(1—5J{1—X]20@1—5—X+X'—y20@5+Xsi+1
y z y z yz y z z

y
SRR AN P NN, BN SN A NS | R )
y z y X Z X y Z X zZ X Yy z X

~ 1 14
bat t=§:>—£t£1.Dodotadu’Qc
z

£+1_20-5t+2 5_ (2t—1)(t—2)+§
t 2t 2 2t 2

(2t-1)(t-2)
2t

X z 1
—F—=t+-=
Z X t

x z_5
suyra —+—<—

1 ~ ,
Do —=<t<1 néntacod
2 z X 2

Tt d6 ta duwoc A£3+2.§+2=10

Vay gid tri lon nhat caa A 1a 10. Dang thiic xay ra khi va chi khi.
Céu 227: [TS10 Chuyén Hai Phong, 2012-2013]
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Cho ba s6 duong a,b,c .Chiing minh rang; ba - 4b + 9Cb >4
+c c+a a+

Loi giai
L 4b + o >4 & (a+b+c)( ! + 4 + ? )>18
b+c c+a a+b b+c a+c a+b
That vay:
[(b+c)+(a+c)+a+Db)]( 1 + 4 + ? )>(\/b+c+ 4(aJrC)+ 9(aer))2:36
b+c a+c a+b b+c (a+c) (a+b)
1 4 9
b 18 (d
< (a+ +C)(b+C+a+C+a+b)> (dpcm)

Cau 228: [TS10 Chuyén Nam binh, 2012-2013]
Cho a, b, ¢ ,d 1a céc s6 thuc duwong thdoa man diéu kién a+b+c+d =3. Tim gi4 tri
a*+b*+c* +d*
a’+b’+c’+d°

nho nhat ctuia biéu thic: P=
Loi giai
Ap dung bat dang thitc Bunhiacopxki ta duwgc

4(a4 +b* +c* +d4)2(a2 +b* +¢? +d2)2;

(a4 +b* +c* +d4)(a2 +b*+¢? +d2)2(a3 +b*+¢° +d3)2
Nhan theo vé& cac bat dang thiic trén ta duoc

4(a4 +b* +¢* +d4)2 > (a3 +b’+¢c° +d3)2 (a2 +b* +¢? +d2)

Hay 16(a4 +b* +c* +d4)2 24(a3 +b’+c’ +d3)2 (a2 +b* +¢? +d2)
Mit khéc ciing theo bat dang thitc Bunhiacopxki ta c6

4(a2+b2+c2+d2)2(a+b+c+d)2 =9

Do vay 4(a3 +b’+c° +d3)2 (a2 +b*+¢? +d2)29(a3 +b’+¢° +d3)2
Suy ra ta duoc 16(;;14 +b* +c* +d4)2 29(a3 +b’+¢° +d‘°’)2
Hay 4(a4+b4+c4+d4)23(a3+b3+c3+d3)

4 4 4 4
Do d6 ta duoc P:a3+b3+c3+d3 Zé
a+b’+c’+d” 4
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Suy ra gid tri nho nhat cua P 1a %, dat dwockhi a=b=c=d =%

NAM HOC 2011-2012

Cau 229: [TS10 Chuyén Binh Phudc, 2011-2012]
Cho a, b, cla ba s6 duong thoa man diéu kién a+b+c<3. Chtiing minh rf?mg:

1 1 1 3
+ + > =
1+ab 1+bc 14+ca 2

Loi giai
Ap dung bat dang thitc Cauchy ta co

1 ab ab «/eE

=1- >1- =1-—
1+ab 1+ab 2«/ab 2
Tuong tw ta co L >1- ‘bc; L >1-Y4
1+bc 2 " 1+ca 2

Cong theo vé& theo vé& cac bat dang thitc trén va 4p dung bat dang thitc Cauchy ta
duoc:

1 1 + 1 23—%(«/5+\/§+\/c_a)

+
1+ab 1+bc 1+4ca
23_1(a+b b+c c+aj:3_a+b+c 3

+ +
20 2 2 2 2 2
Bai todn dwoc chitng minh xong.

Céu 230: [TS10 Chuyén Su Pham Ha Noi, 2011-2012]
Chiing minh bat dang thic:

1 1 1

1
T Bt Bk e

Loi giai
1 1 1 1 1

x 4 1
Dé tha > ; S
Y iz V23 Bida Jaida 794480 80 +8l

Do d6 ta duoc

1 1 1 1 1

1
+ +...+ > + +...+
NN N N N O R TN N /N RN




Suy ra
1 1 1 1

1 1
2[ﬁ+ﬁ+ﬁ+ﬁ+"'+ﬁ+@}ﬁ+ﬁ+ﬁ+ﬁ+"'+m
J> 2—1+\/§—\/5+...+x/8_1—\/@

1

1 1
Hay 2(ﬁ+\/§+\/§+\/z+...+\/%+@

1 1

1
Neén ta duwoc + +.t+ >4
J1+42 B+ 794480

Vay bat ding thikc dwoc chiing minh.

Cau 231: [TS10 Chuyén Ngh¢ An, 2011-2012]
Cho a, b, ¢ 1a cac 6 thiee duong tuy y. Chitng minh rang:

\/(azb +b’c+ cza)(ab2 +bc? +ca’ ) > abc + gll(a3 + abc)(b3 + abc)(c3 + abc)

Loi giai

Bat dang thitc can chiing minh teong dwong véi

2 2 2
3+E+S E+£+E >143 211 b—+1 £
c a b)lc a b bc ca ab

b.
CI

Détx=%;y= z=£:>x;y;z>0;xyz=1
a

Khi d6 bat dang thtic trén tré thanh

J(xy+yz+zx)(x+y+z)21+i/(§+11§+1j(§+1}

o )y 2)(zex)rxyz 2 1+ 3J<x+y><§;zz><z+x>

<:>\/(x+y)(y+z)(z+x)+1 21+{/(x+y)(y+z)(z+x)

bat t= gl(x +y)(y+2)(z+x) suy ra t>2.Khi d6 ta viét lai bat dang thitc ¢an chiing

minh thanh

VE 121+t o 412142t 4+ S t(t-2)(t+1)20
Bat dang thitc cudi cting luén ding do t>2.

Vay bai todn dugc chtiing minh xong. Dang thiic xay ra khi va chi khi a=b=c
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Céu 232: [TS10 Chuyeén Thanh Hoéa, 2011-2012]

Cho a, b, cla ba s6 thuc duwong thoa man a+b+c=2. Tinh gid tri I6n nhat cta biéu

ab bc ca

thiee: P= + +
\/ab +2c \/bc +2a \/ca +2b

Loi gidi
D&y dén gia thiét a+b+c=2 tacd ab+2c=ab+c(a+b+c)=(b+c)(c+a)

Do d6 theo bat dang thirc Cauchy ta dwoc

ab _ ab <2ab+2ab
Jab+2c \/(b+c)(c+a)_b+c c+a

2bc  2bc ca 2ca  2ca
< + ; < +
Jbc+2a a+b c+a Jca+2b a+b b+c

Hoan toan tuong tu ta duoc

Cong theo vé& cac bat dang thitc trén ta dugc

ab bc ca 2ab 2ab 2bc  2bc 2ca 2ca
+ + + + +
Jab+2c bc+2a Jca+2b b+c c+a a+b c+a a+b b+c
= 2(a+b+c) =4

Hay P <4.Vay gia tri 16n nhat ctia P la 4.

Déng thtic xay ra khi va chikhia=b=c=

WIN

Cau 233: [TS10 Chuyén Kién Giang, 2011-2012]

Chting minh rang: 21.(a+%}+3.(b+lj>31 , voi a,b >0
a
Loi giai
*Ta co: 21. a+l +3. b+ 21a+§+3b+—
b a b a

Véi a, b>0. Ap dung bat dang thic Cosi, ta duoc:

21a+§22,/21a-§=6\/; 1)
a a
3b+?>2,/3b—_6\/_ @)

Cong tirng vé cua (1) va (2) ta duoc: 21-(a + 1J+ 3- ( bj > 1247
a
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Ma: 1247 = /1447 = /1008 : 31=+/312 =/961 = 127 > 31

= 21-La+lJ+3-Lb+%J >31 (dpcm)
a

Cau 234: [TS10 Chuyén Vinh Phuc, 2011-2012]

Cho a, b, c la cac s thuc duwong thoa man abc = % . Chting minh rang;

a®+b’+c >avb+c+byatrct+ca+b
Loi giai

Ap dung bat dang thitc Cauchy ta co

ad+b® S ab(a+b) S ab(a+b) _ ab(a+b) _ a+b
2 2 9 abc C
4
3 3
Tt d6 ta co A +2 ;b >c3+a+b22cx/a+b
C

Tuong tw ta cé

3 3
be+2 erc >b3+aTtCZZb«/a+c

3 3
a3+b ;—C >a“°’+b+C >2ayb+c

a

Cong vé& theo vé& cac bat dang thiic trén ta duoc:

A +b’+c® >avb+c+blatrc+ca+b
Bai todn duogc chitng minh xong.

Cau 235: [TS10 Chuyén Vinh Phic, 2011-2012]
Cho céc s6 thuc duong a, b, c. Chiing minh rang:

54 (abc)3

(a+b-+c) y/(ab)* +(be)’ +(ca)’

e (@b ) vad (b ey o2 (a2

Loi giai

Theo bat dang thizc Cauchy ta c6
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\/c2 (a2 +b? )2 +a’ (b2 +c? )2 +b? (c2 +a’ )2 > \/c2 (2ab)2 +a’ (2bc)2 +b? (2ca)2
= 12a%b%c? = 24/3abc

(a+b+c) y(ab)' +(be) +(ca)’ 2 (3¢abe) Va3a"be” =9y33abic’ Aa'bc’

—9\/3ab?c?

Nhan theo vé& hai bat dang thitc trén ta dugc

\/cz (a2 +b’ )2 +a’ (b2 +c* )2 +b? (C2 +a’ )2 (a+b+c)2 \/(ab)4 +(bc)4 +(ca)4

= 2/3abc.9v3a%b?c? = 54(abc)3

Hay ,[c?(a+b?) +a2(b?+c?) +b*(c? +a2) > 54(abc)3
R R R RS e reveves

Vay bat dang thitc dugc chitng minh. Dang thitc xay ra khi va chikhi a=b=c.

Cau 236: [TS10 Chuyeén Viing Tau, 2011-2012]

Cho cac s6 duong a,b,c thay doi va thoa man3a+4b+5c=12. Tim gia tri 16n nhat

s em , ab 2ac 3bc
cua biéu theec: S= + +
ab+a+b ac+a+c bc+b+c

Loi giai

Ta viét lai biéu thitc S thanh

1 2 3
T T "1
—+—+1 —+—4+1 —+-+1
a c a b c
Ap dung bat dang thiic L Sl(l+l+— ta ¢
Xx+y+z 9(x y z

2(c+a+1) 3(b+c+1
g__ L .2 3 _atb+l (c+a )+ (b+c+1)
1 1 1 1 1 1 9 9 9
—+—+1 —4+—4+1 —+—+1
a c a b ¢

_6+3a+4b+5c 18
9 9

2

Vay gid tri lon nhat cta biéu thitc S 1a 2. Dang thikc xay ra khi va chi khi
a=b=c=1.
Céu 237: [TS10 Chuyén KHTN Ha No¢i, 2011-2012]

Cho a, b la cac s6 thuc duwong. Tim gia tri nho nhat cta biéu thic:
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Loi giai

Biéu thitc P dwoc viétlaila P= \]
1

Dit t= b 0. Kni 46 bat dang thiic duoc viét lai 1a

a
3

P ’ 1 - 4t i

14887 \[£7 +(1+1)

Ap dung bat dang thitc Cauchy ta co

(2+4¢ )2

1+8t3=(1+2t)(1—2t+4t2)s :(1+2t2)2

1 1 1
Suy ra 7 < 7= 2
1+ 8t (1+2t2) 1+2t

4t S 2t
’c3+(1+t)3 1+2t°

Ta sé chitng minh

That vay, bat dang thic trén twong duong véi

3 2
4t >( 2t

2
t3+(1+t)3 = 1+2t2j ©(1+2t2)22t4+t(1+t)3<:>(t_1)2(2t2+t+1)20

Bat dang thitc cudi cling dting véi moi t.

Do d6 ta duoc

\/ 1 4¢3 1 2t
= + > + =1
1+8t° 4|3 +(1+t)3 1+2t*  1+2t°

Vay gia tri nho nhat ctia biéu thikc P 1a 1. Dang thitc xay ra khi va chi khi a=b

Cau 238: [TS10 Chuyén KHTN Ha Noi, 2011-2012]
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Cho céc s0 thue duong a, b, ¢ théa man ab+bc+ca=5. Tim gia tri nhd nhét caa
3a+3b+2c

\/6(a2 +5) +\ll6(b2 +5) +3c2 +5

biéu thic: P=

Loi giai
Tt gia thiét ab+bc+ca=5 ta cd

a’+5=a’ +ab+bc+ca=(a+b)(c+a)

Ap dung bét dang thiec Cauchy ta c6

\/6(T+5)=\/6(a+b)(c+a) < 3(a+b);2(c+a) _ 5a+3f+2c

Chttng minh tuong tw ta dugc

6(b2+5)s3a+52b+2c; \/CZTSSa+l)2+2C

Cong theo vé& cac bat dang thirc trén ta duoc

J6(a% +3) +f6(b +5) + Ve +5 gw

2(3a+3b+2
Suyra P- 3a+3b+2c ,2(5a c) 2

\/6(a2+5)+\/6(b2+5)+\/(;2+5_ 9a+9b+6¢ 3

Vay gi4 tri nhé nhét caa bi€u thire P 1a % .
Déng thitc x4y ra khi va chikhi a=b=1;c=2.

Cau 239: [TS10 Chuyeén Vinh Phtc, 2011-2012]
Cho hai s8 x,y lién hé v6i nhau boi dang thitc x* +2xy +7(x+y)+2y> +10=0. Tim
gia tri 16n nhat va gia tri nho nhat cta biéu thirc S=x+y+1.
Loi giai
Viét lai biéu thitc da cho thanh (x+y+1)* +5(x+y+1)+4=—y* (¥).
Nhu vay véi moi x vamoi y taludn cd §* +55+4 <0 (véi S=x+y+1)
Suy ra: (S+4)(S+1)<0<—4<S<-1.

L .| x=-5
T ddco: S =—4, khi {
y=0
=2
S, =-1, khi {X
y=0
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Cau 240: [TS10 Chuyén Bic Ninh, 2011-2012]

Cho a, b, c 1a cac s6 thuc duong théa man a+b+c=1. Tim gia tri 16n nhat cta

biéu thic: P =/a® +abc ++/b? +abc ++/c? +abc +9+/abe
Loi giai
Ta co a2+abc:a2(a+b+c)+abc=a(a+b)(a+c)
\/a_(a+b+a+c) \jg(a-Fl)

7 2 _ _
Do do ta duwoc x/a +abc—\/a(a+b)(a+c)g > = 5

Chttng minh tuong tw ta dugc

x/b2+abc£M' \/c2+abc<\/g(c+1)
2 S22

Do do ta dwoc

Ja® +abc ++/b? +abc ++/c? +abe < \/a_(;+1)+\/g(:+l)+\/g<;+1)

Mit khac theo bat dang thiic Cauchy ta lai ¢6

2

Chttng minh tuong tw ta dugc

«/_(b+1)+m Jb; \/_(C+1)+\/gﬁ 5
Nhu vay ta co

P =+/a% +abc ++/b? +abc ++/c? +abe +9v/abe < fa ++/b ++c +6:fabe

Ma ta co

\/a_+\/];+\/gg\/m:\/§; 6/abe <6 [a+]§+cj3:%

5 _5B

NéntasuyraPS\/g+i= =—.

3 B3
w’_

Vay gid tri 1én nhat cta P 1la —— . Dang thtec xdy ra khi va chikhi a=b=c —%

Cau 241: [TS10 Chuyén Phu Tho, 2011-2012]
Cho a, b, c la s6 thuc duwong. Chirng minh rfmg:
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2ab N 3bc N 3ca < a+2b+3c
3a+8b+6¢c 3b+6¢c+a 9c+4a+4b 9

Loi giai
Ap dung bét dang thitc Bunhiacopxki dang phan thitc ta c6

xy  xy  (6+2+1) <ﬂ( 18 2 1}

— =2 < +=+—
3x+4y+2z 81 2(x+y+z)+2y+x 8l\x+y+z y x

2xy +2x+y
9(x+y+z) 81

Hoan toan tuong tu ta duoc

yz 2y +z 2yz zZX 2Z+X 27X
< + ; < +
3y +4z+2x 81 9(x+y+z) 3z +4x+2y 81 9(x+y+z)

Cong theo vé& cac bat dang thitc trén ta dugc

Xy N yz N zZX <x+y+z+2(xy+yz+zx)
3x+4y+2z 3y+4z+2x 3z+4x+2y_ 27 9(x+y+z)

bén day chtiing minh hoan toan twong ty nhw trén.

Cau 242: [TS10 Chuyén Hai Duwong, 2011-2012]
Gia str a, b, c1a cac s6 dwong thoa man abc =1. Tim gid tri I6n nhét cta biéu thic:

M= a + b + ¢
b’+c*+a c?+a’+b a’+b’+c
Loi giai

Ta chttng minh M <1

Dét%:x;%:y;%:z, khidoé x; y; z>0 va xyz=1

Bat dang thitc can chitng minh tro thanh

3 3 3

X z
6 6 3+6 y6 3+6 6 3S1
y+z°+x 2 +x 4y’ X +y°+z

Dé thay (y—z)(y5—25)203y6+262y52+y25
Suy ra y6+zé+x4yzzyz(x4+y4+z4)
Tt d6 ta duwoc 1 < 1

6 6 3
y +z +X yz(x4+y4+z4)
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4 4
x'yz X
6 }67 3S 4 4 4
Vo 4z +x X 4y +z

Hay

x° x*

Do do ta duvoc <
yo+zt+x> xtyt+zt

3 4 3 4
y - y . z - z
< ; <
22 +xX° 4y’ Xyt zt X +y 42 Xyt

Twong tu ta co

Cong theo vé& ba bat dang thtkc trén ta duoc

3 3 3
X z
6 6 3+ 6 y6 3+ 6 6 3S1
y +Z +X Z +X +y X +y +Z

Vay gid tri 16n nhat cia M 1a 1. Dang thtic xay ra khi va chikhi a=b=c=1.
Cau 243: [TS10 Chuyén Ha Tinh, 2011-2012]

1-4Jx  2x

2x+1  x*+1

Tim gia tri nho nhat cua biéu thiee: F =

Loi gidi. Diéu kién: x>0

_ _1\2 _1)\2
! 4&+1_ 2x +1_2=2(\/§ L x=1

2>-2.
2x+1 x> +1 2x+1 x*+1

Vay MinF = - 2 khi va chi khi x=1.
Cau 244: [TS10 Chuyén Thai Binh, 2011-2012]
Cho a, b, c 1a cac s6 dwong thoa man abc =1. Chttng minh rang:
a’ b’ c’

b(c+a) c(a+b) a(b+c)

.3
2

Loi giai
Ap dung bét dang thic Cauchy cho cac s§ duong ta dugc

3
+E+a+b Zéb, C—+E+wzéc
2 4 2

a’ b cta 3 b
2 a(b+c) 2 4

b(c+a)+E+T_Ea’ c(a+b)

Cong theo v& cic bat dang thitc trén ta dugc

a’ + b’ + ¢ +a+b+c2—3(a+b+c)
b(c+a) c(a+b) a(b+c)
Hay a’ N b’ c’ Jatb+c

b(c+a) c(a+b)+a(b+c)_ 2
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Mit khac theo bat déng thitc Cauchy ta lai c6 a+b+c>33abc =3

. a’ b’ c’ 3
Nén ta duoc b(c+a)+c(a+b)+a(b+c)25

B4t dang thitc duoc chitng minh. Dau dang thitc xay rakhi a=b=c=1.
NAM HOQC 2010-2011

Cau 245: [TS10 Chuyén KHTN, 2010-2011]
Gia st x, y, z la cac s0 thuc duwong thoa man diéu kién x+y+z=1.

2 2
\jxy+z+\/2x +2y 1
1+4xy

Chting minh rang:

Loi giai

Ta sé& quy bai toan vé viéc chitng minh bat dang thitc cting bac la

\/xy+z(x+y+z)+\/2x2+2y2 1
x+y+z+\/;

<:>\/(x+z)(y+z)+\/2x2+2y2 >x+y+z+xy

St dung bat dang thirc Cauchy ta cd ([2x* +2y” > x+y

Do d6 ta chi can chiing minh ,(z+x)(z+y) >z +\/;

B4t dang thiic trén tuong duong véi

2’ +xy+2z(X+y) 22" +xy +2z4[xy @z(x/;—\/}_l)z >0

;2z=0.

N | =

Bai toan duoc chitng minh hoan toan. Dang thtec xay ra khi x =y =

Cau 246: [TS10 Chuyén TP. H6 Chi Minh, 2010-2011]

Cho a, b 1a cic s6 duong théa a* +2b” <3c¢* .Chiing minh 1 +% >3
a c
Loi giai
1.2 9
Tacé:—+—= (1)<:>(a+2b)(b+2a)29ab
a b a+2b

< 2a” —4ab+2b* 20« 2(a—b) >0 ( dung)

a+2b < [3(a*+2b%) (2)= (a+2b) <3(a*+2b?)



& 2a% —4ab+2b* 20 < 2(a~b) 20 (dung)

fo(l)vé(Z)suyra:1+32 J >#2E
C

> (do a*+2b* <3c¢?) (dpem)
a b a+2b 3(a2+2b2)

Cau 247: [TS10 Chuyén KHTN, 2010-2011]
Cho a, b, c 1a cac s6 duong thoa man a+b+c+ab+bc+ca=6. Chitng minh ring:

3 3 3

a c
—+—+—2a’+b*+* >3
b ¢ a
Loi giai
a3 3 C3
Trwde hét ta chirng minh bat dang thitc —+—+—>a’ +b”* +¢’
c a

That vay, theo bat dang thitc Bunhiacopxki dang phan thtic ta duoc

2
P2 b A (a2+b2+c2)
—_—t—t—>— 7
c a ab+bc+ac

Theo mot danh gia quen thudc ta c6 a® +b* +c” >ab+bc+ca

Do d6 ta duoc (a2 +b? +C2)2 > (a2 +b? +c2)(ab +bc+ca)

(a2 +b* +c? )2

ab+bc+ac

Neén ta cé >a’+b*+c?

a> b
Do d6 ta suy ra €+?+;2a2 +b*+¢?
+ Chtng minh a’ +b* +c*>>3.
That vay, 4p dung bat dang thizc Cauchy ta c6
a’+b*>2ab; b* +c? >2bc;  +a’ >2ca; a’ +1>2a;b* +1>2b;c? +1>2¢
Cong theo v& cac bat dang thikc trén ta duoc
3(312 +b? +C2)+322(ab+bc+ca+a+b+c)=12
Hay a’+b*+c¢* >3

3 3 3
N, . N, 2 A a C
K&t hop hai két qua trén ta dwgc —+—+—=>a’+b*+c* >3
c a

Vay bai todn duegc chitng minh xong. Dang thitc xay ra khi va chikhi a=b=c=1.
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Cau 248: [TS10 Chuyén Phu Tho, 2010-2011]

Cho cac s0 duong a, b, ¢ thoda man a+b+c=abc. Tim gia tri 16n nhat ctia biéu thic:

a b C

) \/bc(1+a2) ' \/ca(1+b2) ' \/ab(1+cz)

S

Loi giai

Két hop vdi gia thiét ta co

\/bc(1+a2) —Jbc+abe :\/bc+a(a+b+c):\/(a+b)(a+c)

Hoan toan twong tu ta dwoc

1’ca(1+b2) =«f(a+b)(b+c); 1’ba(1+c2) =,/(a+c)(b+c);
Neén

a b C

Jarb)are) Jarb)(bro) Jare)bro)
:\/aib'aic+\/bic'bic+\/cib’aic

Ap dung bat dang thiec Cauchy ta duoc

=

a a 1 a a
. <— +
a+b a+c 2a+b a+c

Hoan toan tuwong tu ta duoc

1( a a b b C C 3
S<— + + + + + =—
2la+b a+c b+c a+b a+c b+c) 2

Vay gia tri I6n nhat ctia S la g . Déang thtic xdy ra khi va chikhi a=b=c= 3.
Cau 249: [TS10 Chuyeén Pht Tho, 2010-2011]
Cho cac s6 duong a, b ¢ .Tim gid tri nho nhat cta biéu thiee

c(ab+1)2 a(bc+1)2 b(ca+1)2
= + +
b? (bc+1) c’ (Ca+1) a’ (ab+1)

Loi giai

Ap dung bat dang thitc Cauchy dang x+y +z> 343/xyz ta duoc
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823§/C(ab+1)2 _a(bc+1)2 _b(ca+1)2 :3§/(ab+1)(bc+1)(ac+1)

b? (bc+1).c2 (ac+1).a12 (ab+1) abc

>33J2\/£2\/E.2\/§ i
- abc -

Vay gia tri nhé nhat cua Sla 6, déng thirc xay ra khi va chikhi a=b=c=1
Cau 250: [TS10 Chuyén Pai Hoc Vinh, 2010-2011]
Cho x, y, z la cac sO duong thoa man x+y+z= 18\/5 . Chttng minh rf?mg:

11 1 1
4

Ko+ () ey

Loi giai
Bat dang thiic can chiing minh tuong duong véi
1 1 1

o 1
\lZX(y+z) +\/2y(z+x) +\/22(x+y) N

Ap dung bt dang thic Cauchy ta c6 2, fo(y+ z) <2x+y+z,do do ta duoc

1 S 2

2x(y+z) C2x+y+z

Hoan toan twong tu ta duoc bat dang thikc

1 1 1 ( 1 1 1 J
+ + >2 + +
\/2x(y+z) \/2y(z+x) \/22(x+y) 2X+y+z X+2y+z X+y+2z

Phép chiing minh s€ hoan tat néu ta chi ra duoc

1 1 1 S 1

+ + >
2Xx+y+z X+2y+z XxX+y+2z 8\/5

That vay theo bat dang thirc Cauchy ta dwoc

1 1 1 9 9 1
+ + > = =
2x+y+z X+2y+z x+y+2z 4(x+y+z) 4_18\/5 8\/5

Vay bai todn dugc chiing minh xong. Dang thitc xay ra khi va chi khi x=y =z= 62

Cau 251: [TS10 Chuyén Vinh Phtc, 2010-2011]
Cho a, b, c 1a cac s6 thuc duwong théa man abc = 1. Chitng minh rang:
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3 S 6

1+ >
a+b+c ab+bc+ca

Loi giai
B4t dang thitc da cho tuwong duong:

(a+b+c)(ab+bc+ca)+3(ab+bc+ca)26(a+b+c)

Dé'y rang (ab+bc+ca)223abc(a+b+c):3(a+b+c)

Nén bai toan quy vé chitng minh 1,C‘v(a+b+c)3 +3,/3(a+b+c) > 6(a+b+c)

Bat dang thirc trén teong dwong voi \/3(a +b+c) (\/a +b+c— \/5)2 >0

Bat dang thitc cudi cting 1a mot bat dang thitc ding. Vay bai toan duoc chiing
minh.

Déng thitc xay ra khi va chikhi a=b=c=1

Cau 252: [TS10 Chuyén Lam Son, 2010-2011]
Cho 3 s6 thuc khong am a, b, ¢ thoa man a+b+c=1. Chiing minh réng:
b+c>16abc.

Déng thitc xay ra khi nao?

Loi giai.

Ta c6: (a+b+c)* =(a+(b+c))”> >4a(b+c).

Do a+b+c=1nén ti bat dang thitc trén suy ra: 1>4a(b+c) < b+c>4a(b+c)’.
Lai c6: (b+c)” > 4bc=b+c>16abc.

;b=c=l.

Déng thitc xay ra khi a = % 1

Cau 253: [TS10 Chuyén Hai Phong, 2010-2011]
Cho a, b, c 1a cac s6 thuc duwong théa man a+b+c <2. Chiing minh rang:

\/a2+i2 +\/b2+l2+\/c2+l2 > N7
b C a 2

Ap dung bat dang thitic Bunhiacopxki ta duoc

Loi giai
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Ha — 2 +—==Za+—
Y 1

Chitng minh twong tu ta duoc

@ b2+l2 +i £ +—22c+i
4 C 4c” 4 a 4a

Cong theo v& cac bat dang thitc trén ta dugc

@ \/a2+i+\/ 2+l+\/c2+l >asbrcrof Lyl
4 b? c? a’ 4la b c

\ . 1 1
Ma ta lai co —t—F—>

Do do ta duwoc

\/a2+i2 +Jb2+l2 +\/c2+l2 > 2 laibres——0L
b C a®  Jo7 4(a+b+c)

Ta can ching minh 4 a+b+ct 81 2\/9_7
ﬁ 4(a+b+c) 2
81 97
H b = >
ay a+ +C+4(a+b+c) .

That vay, 4p dung bat dang thitc Cauchy ta dugc

81 65
a+b+c+—=a+b+c+ +
4(a+b+c) a+b+c 4(a+b+c)

>2,/(a+b+c) 4 65 4+§:2
a+b+c 42 8 8

Bat dang thitc da duoc chitng minh. Déng thitc xay ra khi va chikhi a=b=c= %

Cau 254: [TS10 Chuyén Ha Tinh, 2010-2011]
ChocidcsO a, b, ce [1;2] . Chting minhrfmg:

a’+b* b*+c® +a
+ +
ab bc ca

<7

Loi giai
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Bat c’[:fmg thitc can chitng minh twong duong véi
a’b+ab® +b*c+bc* +c?a+ca’ <7abc
= c(ab—ca—b2 +bc)+a(ab—ca—b2 +bc)+5abc—2bc2 -2a’b>0
(:)(ab—ca—b2 +bc)(c+a)+b(4ca—2c2 -2a’ +ca)20
= (a—b)(b—c)(c+a)+b(2a—c)(2c—a)20

Vi vai tro ctia a, b, ¢ nhu nhau nén khdng mat tinh tong quat ta gia sw
2>a>b>c>1khidod taduwoc 2a>2>¢c;, 2c>2>a. Do doé ta duoc

(a—b)(b—c)(c+a)20; b(2a—c)(2c—a)20

Nén bat dang thitc cudi cting ludn dting. Vay bat dang thitc dugc chiing minh.
Déng thitc xdy ra khi va chi khi a=b=2; c=1 va cac hoén vi.

Cau 255: [TS10 Chuyén Binh Dinh, 2010-2011]
Cho a, b, c la cac s6 thuc dwong théa man a +b + ¢ < 1. Chiing minh réng:

1 1 1
> +— +- >9.
a“+2bc b“+2ca c¢"+2ab

Loi giai.

.. .~ o1 1 1 9
Vdix, y, z la cac so theec dwong ta co: —+—+—2
X YV z X+y+z

()
That vay, theo bat dang thitc Cauchy ta co:

1 1 1 1 1 1 1 9
X+y+z)| —+—+— 23,3/x B—=9=>—+—+—-2
( y Z)[X y Zj ye-3 XYZ

Vay (*) dueoc chitng minh.

Déng thitc xay ra khix =y =z.

Ap dung BDT (*) ta co:
1 1 1 9 9 9
+ + > - >2 =
a’+2bc b’+2ca c*+2ab a’+b’+c’+2ab+2bc+2ca (a+b+c) 1

Bat dang thitc da cho duwoc chiing minh.
Déng thiic xay rakhia=b=c.

Cau 256: [TS10 Chuyén Dai hoc Vinh, 2010-2011]
Tim gia tri nhé nhat ctia bi€u thiee:

P=x*+x—-2xy +y* +y—2y~/x +2010.
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Loi giai.
Ta c6: P=(x—[y)* +(y —Vx)? +2010 > 2010 (¥x > 0;y > 0).

Déng thitc xay ra khi va chi khix =y =1hodcx =y =0.

Cau 257: [TS10 Chuyén Nghé An, 2010-2011]

Cho a, b, c la cac s0 thuc duong khong am thoéa man a+b+c=_3. Tim gia tri 16n

nhat cta biéu thic: P =a+/b +by/c +cv/a—+fabe

Loi giai

Dit x=+/a; yzﬁ; z=+Jc. T gia thiét ta dwoc xX* +y° +2° =3.

Khi nay biéu thitc P tré thanh ~ P=x’y+y’z+2z°x—xyz

Dé thay P >0 theo bat dang thitc Cauchy

Khong mat tinh tong quat ta gia st y 1a s6 nam gitta x, z. Khi d6 ta c6
z(y-z)(y—x)<0 e y’z+2’x—xyz<z’y

Do dd6 ta ¢é P:x2y+yzz+zzx—xyz£x2y+zzy:y(x2+z2)

Mt khac theo bat dang thitc Cauchy ta c6

292 (x2 + 22 (52 + 22 2x* +2y° +27° ’
y (X +z )(x +2z )S 3 =8

Suy ra y(x2 + zz) <2 nén ta duoc P<2.Déng thiic xay ra khi va chi khi

. a=b=c=1 .
z=0 vaciachoanvi < va cac hoan vi
a=2;b=1,¢c=0

Vay gia tri 16n nhat cua biéu thic P la 2.

Déng thirc xay ra khi va chikhi a=b=c=1 hodc a=2; b=1;, ¢c=0 va cdc hoan vi.

Céu 258: [TS10 Chuyén Hoa Binh, 2010-2011]

THCS.TOANMATH.com

Cho x, y 1 hai s6 khong am. Chitng minh rang
x* +8y°® > 2x%y +4xy’
Loi giai

Ta cac
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x* +8y° > 2x°y +4xy’
S (x+2y) (X =2xy +4y?) = 2xy(x +2y)
& (x+2y)(x* —4xy +4y*) =0

< (x+2y)(x=2y)* =0 Vx>0,y>0 (dung)

Vay bat déng thiic duwoc chiing minh.

Cau 259: [TS10 Chuyén Hung Yén, 2010-2011]
Cho ba s duong a, b, ¢ thoda man ab+bc +ca =1. Chtiing minh rang:
Ja’+1-a N Jb?+1-b . V2 +1-c 11

be ac ab

1
+—+=
a b c

Loi giai

Déyla a’+1=a’+ab+bc+ca=(a+b)(c+a), do d6 ta duoc

Ja+1 :\/(a+b)(c+a)

Ap dung bat dang thitc Cauchy ta duwoc

2a+b+c
\a’ +1 -a xé a+b c+a a_b+c 1( +1)
C

bc 2bc 2

Hoan toan tuwong tu ta duoc

«/bz+1—b<l(1+1j_ JZ +1-c 1(
ac C ’

“2la ab 2

Cong theo v& ba bat dang thtkc trén ta duoc

Ja’ +1 -a \/ -b \/c +1 —C 1+1+1
a b c

Vay bai todn dugc chiing minh. Dang thitc xdy ra khi va chikhi a=b=c=

&=

Cau 260: [TS10 Chuyén Vinh Phtc, 2010-2011]
1 1 N 1 N 1 (a+b+c+\/abc)
a+b b+c c+a zﬂfabc (a+b)(b+c)(c+a)

Chttng minh rf?mg (va,b,c>0)
Loi giai.
Dé thay: (a+b)(b+c)(c+a)=c’(a+b)+a’(b+c)+b*(c+a)+2abc.

Ap dung bat dang thitc Co-si va bat dang thitc Bu-nhi-a-cSp-xki ta duwgc:
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(Cz(a+b)+a2(b+C)+b2(C+a)+2abC)-[ Pt 1j

+ + +
a+b b+c c+a 2«3/abc

Z[C\/a+b.L+a«/b+C +byc+a. +«/2abc j c+a+b+«\/abc)
c+a Jb+c c

Suy ra diéu phai chitng minh, dang thitc xay ra kh1 a=b=c.

Cau 261: [TS10 Chuyén Kién Giang, 2010-2011]
Tim a, b d€ biéu thic: X = 2a* + 9b? + 2a — 18b — 6ab + 2010 dat gia tri nho nhat.
Tim gid tri nhé nhat dé.
Loi giai
Ta co:
X=3b)?-2.3b.(3+a)+9+6a+a%+a?-4a+4+1997
=(3b)?-2.3b.(3 +a) + (3 +a)>+ (a2 —4a +4) + 1997

= (3b-3-a)+(a-2)2+1997 > 1997

=
a-2=0 a=2
a=

¢ I = - _2 = =
Dau “=" xay ra khi {3b 3-a=0 <:>{3b 3 0 b

N WOl

Vay véia=2vab= g thi Ximex = 1997

Cau 262: [TS10 Chuyén Phu Yén, 2010-2011]

a) Cho 2 s6 duong a va b. Chting minh rang : L =< i[l +%)
a+ a

b) Cho 3 s6 duong x, y, z thoa man 1 + 1 + 1 =2010. Tim GTLN cuia biéu thtec:
X y z
1 1 1
+ +
2X+y+z X+2y+z X+y+2z

P:

Loi giai

a) Bién ddi twong duwong bat dang thikc trén nhuw sau

1 <1(1+1J<:>4ab<(a+b) <:>O£(a—b)2
a+b 4 b

Bat dang thitc cudi cting ludn ding. Vay bai toan duoc chitng minh. Dang thikc
xay ra khiva chikhi a=b

b) Ap dung bat dang thitc trén ta duwgc
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1 11 1 1 1(2 1 1
<— + <—| —+—+—
2x+y+z 4{(x+y x+z) 16\x y z
Hoan toan tuong tu ta duoc
—1 Si l 2+1 —1 <l 1+l+g
x+2y+z 16\x y z) x+y+2z 16(x y z

Cong theo v& cac bat dang thitc trén ta dugc

X'y z

1 1 1 {1 1 1 2010 1005
P= + + L<—|—-—+—+—|=—=—
2Xx+y+z X+2y+z x+y+2z 4 4 2

005

Vay gia tri lon nhat cta P la 1005 Déng thitc xdy ra khi va chi khi x=y =2z=670

NAM HOC 2009-2010

Cau 263: [TS10 Chuyén Thai Binh, 2009-2010]

1 1
Giai phuong trinh: —— -3
P 8 f \/2x (\/4x 3 \/5x 6}

Loi giai

Ta chirg minh:

1 1 1 .
\/_[\/a+2b +\/b+2c +\/c+2aJ 0

J_J_J_

voia>0;b>0;c>0

+Véia>0;b>0tacs: va+2vb < [3(a+2b) (1)

1.2 9
+Do [\/_ J_j(f+2JB) nén ==z Q)

£ Tt (1) va (2) ta cb —= 4= >

\/a_ b +a+2b

&

3) (Véia>0; b>0; c>0)

+ Ap dung (3) ta cé:

1 1 1 1 1 1
>3 + + voia>0;b>0;c>0
Ja b e [«/a+2b Jb+2c «/c+2a]

1 1

Phwong trinh \/_
& J_ \/ZX («/4x 3 J5x 6

Ap dung bt dang thitc (*) véia=x;b=x; c=2x -3 ta co:

jcéDK: x>E
2

1.1 1 >\/§(1+ 1, 1 j
ok V2x-3 0 \WBx Bx—6 Jax—3



1 1

QA e S e A

Dau“="xay ra <> x=2x-3<x=3

Vay phuong trinh ¢6 nghiém duy nhat x = 3.
Cau 264: [TS10 Chuyén Hai Phong, 2009-2010]

a) Cho céac s§ duong a, b, ¢ tity y. Chitng minh rang: (a +b+ c)(l + % + 1j >9
a C

b) Cho c4c s8 duong a, b, ¢ thoa man a+b+c<3. Chttng ming rang:

1 2009 > 670
a’+b’>+c® ab+bc+ca
Loi giai
a) Ap dung bat dang thikc Cb si cho 3 s6 dwong a+b+c > Jabc; —+ L +— L >3 L
b ¢ Jabc
1 11

S a+b+c)|—+—+—1(29
uy ra ( )(a o Cj

B4t dang thitc duoc chiing minh. Dau déng thitc xay ra khi va chi khi a=b=c

(a+b+c)2 <3

b)Tacé ab+bc+ca<a’+b*+c®=ab+bc+ca<

Suy ra 2007 > 669
ab+bc+ca

Ap dung bat dang thiic trong cau a, ta cd

2 12 2T L + 1 (a2+b2+C2+2ab+2bc+2ca)29
a"+b"+c° ab+bc+ca ab+bc+ca

Suy ra 1 + 1 > 2 >1
Y a’+b’>+c’ ab+bc+ca_(&H_]OWLC)2 B
Do d¢ ta duoc — 1 + 2009 >670.

a’+b*+c* ab+bc+ca

Vay bat dang thiic dwoc chiing minh. Dau dang thiic xay ra khi va chi khi
a=b=c=1.

Cau 265: [TS10 Chuyeén Phu Yén, 2009-2010]
a) Chox,V, z a, b, cla cac s6 duong. Chttng minh rang:

Jabe + 3 Xyz < il(a +x)(b+y)c+z).
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b) T® dé suy ra: 3/3+§/§+3j3—3/§£23/§

Loi giai

a) Ta co: {fabe +%/xyz < Ql(a +x)(b+y)(c+z) (1)

Lap phuong 2 vé€ cua (1) ta dugc:

abc + xyz + 3%/(abc)2xyz +3%/abc(xyz)2 <(a+x)(b+y)(c+z)

< abe + xyz+ 3%/(abc)2xyz +3%/abc(xyz)2 <abc +xyz + abz + ayc + ayz + xbc + xyc + xbz

N 3{’/(abc)2xyz + ?)%/"abc(xyz)2 <(abz + ayc + xbc) + (ayz + xbz + xyc) (2)

Theo bat dang thitc Cauchy, ta c6 :

(abz + ayc + xbc) > 3«3/(abc)2xyz (3)
(ayz +xbz + xyc) > Ci?’fabc(xyz)2 4)

Cong hai bat dang thitc (3) va (4) ta duoc bat dang thikc (2), do d6 (1) dwoc chiing
minh.

b) Ap dung BDT (1) véi a =3+3/3,b=1,c=1,x=3-3,y=1,2z=1
Tacod:abc=3+ %,xyz=3-3/§,a+x=6,b+y=2,c+z=2

T d6: 3+33 +33- 3 <6.22 =233 (dpem).

Céu 266: [TS10 Chuyén Da Nang, 2009-2010]

Cho ba s6 thuc khéng am a, b, ¢ thoa man diéu kién a + b + ¢ = 1. Chirng minh

rang a’ +b? +c? >4(ab+bc+ca)—1.

Loi giai
Tacod: a2+b2>2ab;b?2+c2>2bc;c2+a?2>2ca
= a?+b?+c2> ab+bc+ca (1)
Laico: a?+b2+c?=a?+b2+2+(a+b+c)>—1
Hay a?+b?+c2=2(a?+b?+c?)+2(ab+bc+ca)—-1 (2)
(I)yva(2)= a2+b?+c?>4(ab+bc+ca)-1dpcm
Cau 267: [TS10 Chuyén Binh Pinh, 2009-2010]

Vi s6 tu nhién n>3. Chiing minh rang S, < % .
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1 1 1
+..+

Y S0 52 B) T (ane 1)V + )
Loi giai
Véin=3 ,tacod

1 _Vn+1-vn_ vn+1-vn

(2n+1)(Yn+vn+1) 2041 Jandran+d

<M—JH:M-\/H:1[L_LJ
J4n? +4n 2dn+1dn 2\¢n n+1

Do d6 ta duoc

Vay bat dang thiic duoc chitng minh.

Cau 268: [TS10 Chuyén Hai Duong, 2009-2010]

Tim gia tri 16n nhat cua biéu thire: P = ‘\/x2 —4x+5-— \/x2 +6X+ 13‘

Loi giai

Ta c6: I):‘\/(x—z)2 1 - (x+3) 422

Trén mit phang toa d6 Oxy 14y cac diém A(x-2; 1), B(x+3; 2)

Ta chitng minh dwoc: AB = \l(x—Z—x—B)Z +(1—2)2 = \/25+1 = \/%

OA=(x-2) +1, OB=,[(x+3) +2°

Mt khc ta c6: [OA—OB| < AB = ‘\/(x—z)2 o1 - (x+3) 422

<26

Dau “=" xay ra khi A thudc doan OB hoac B thudc doan OA

X2 1 7 Thirlaix="7 thi A5; 1); B(10; 2).
x+3 2

Cau 269: [TS10 Chuyén Binh Dinh, 2009-2010]
m_ \/E > ;, vi moi s6 nguyén m, n.
n

(&

Chting minh rang

Loi giai
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\ \ /4 ~ A A m \ ~ ~ 2 \ \ ~ A 2 Py m
Vim, nla cic s§ nguyén nén — la s hiru ti va 2 1as8 v tinén ——+2 0.
n n

Ta xét hai treong hop sau

+ Truong hop 1: Véi — > /2, khi d6 ta dwoc
n

m?>2n® = m? >2n’+1 hay m>+/2n>+1

Tt d6 suy ra

m_ gl

n

2
Nntel oo 2+ L2
n n

1
B 2+¥—2 ) 1 1

ko o i) TR

+ Truong hop 2: Voi 2 <2, khi @6 ta duoc
n

m” <2n’ = m’ <2n” -1 hay m<+2n’ -1
Ttr d6 suy ra

1

‘_—\/_‘ 2__>\/__C \/_\/7 2- 2+—

| F
] o

Cau 270: [TS10 Chuyén Vinh Phuc, 2009-2010]
Cho ba s8 thyc a, b, ¢ d6i mot phan biét. Chitng minh rang:

Vay bai toan dugc chitng minh.

2 2 2
a b C
+ + >2

(b—c)" (c-a) (a-b)

Loi giai

Bat dang thitc can chitng minh twong duong véi
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[bic +cl—)a+abe2 22+2((b—ca)l()c—a)+(C—a;)(ca—b)+(a—b;?b—c)]
Ma ta lai 6

ab bc ca

(b=c){c=a) (c-a)(a-b) (a-b)(bc)

_ ab(a—b)+bc(b—c)+ca(c—a) (a—b)(b—c)(c—a

_ )
Gbb-dlea) (@ B)b o) a)

2
Do 6 bét déng thitc trén tré thanh | ——+—2 | >0,
b-c c-a a-b

Bat dang thitc cudi cung la mot bat dang thitc ding. Vay bai todn duwgc chiing

minh.

Cau 271: [TS10 Chuyén Lam Son, 2009-2010]
Cho biéu thitc P=a” +b* +c* +d* +ac+bd, trong d6 ad—bc=1.

Chting minh rang: P> J3
Loi giai
Ta co

ac+bd) +(ad—bc)’ = a2c? +2abed +b2d? +a2d? — 2abed + b2
( ) +( )
a2(c2+d2)+b2(d2+c2)=(a2+b2)(c2+d2)

Vi ad-be=1nén 1+(ac+bd) =(a*+b*)(c+d?) (1)

Ap dung bat dang thitc Cauchy ta dwoc

P=a’+b*+c? +d? +ac+bd22\/(a2+b2)(c2 +d?) +ac+bd

Suy ta P>2 1+(ac+bd)2 +ac+bd.Rorang P>0 vi 2 1+(ac+bd)2 >|a1c+bd|2

bat x=ac+bd, khi d6 ta dwoc

P>2yJ1+x* +x < P? 24(1+x2)+4xﬂ\/1+x2 +x2 :(1+x2)+4xxil+x2 +4x*+3
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2 ?
Hay P? > (\/1+x2 +2x) +3>3. Do dé ta duoc P >+/3. Vay bét ding thic duoc

ad-bc=1
chting minh. Ding thitc xay ra khi va chi khi {2a=+/3d-c
2b=—\/3c-d
Cau 272: [TS10 Chuyén Nghé An, 2009-2010]

Cho a, b, c1a cac s6 thuc duwong thay d6i thoa man a+b+c=3. Tim gia tri nho nhat
cuia biéu thic:

ab+bc+ca
a’b+b’c+c’a

P=a’+b*+c+
Loi giai
Du doan duwoc ddu dang thitc xay ra tai a=b=c=1 va gia tri nhé nhat cta P 1a 4.
Ta quy bai todn vé chitng minh bat dang thitc
ab+bc+ca

a’+b’ +c” +— ——— >4
a’b+b°c+ca

That vay, két hop véi gia thiét ta co
3(a2 +b’ +c2) = (a+b+c)(a2 +b’ +c2)
=a’+b’+c’+a’b+b’c+c’a+ab’ +bc’ +ca’
Ap dung bat dangr thitc Cauchy ta cé
a’ +ab? >2a’b; b’ + bc? > 2b’c; ¢ +ca’ >2c%a
Suy ra 3(a2+b2+c2)23(a2b+b2c+c2a)>0

ab+bc+ca , ab+bc+ca

>a’?+b*+c +
a’b+b’c+c’a a’+b*+c?

Do d6 ta dwgc a®+b*+c* +

Phép chitng minh sé hoan tat néu ta chi ra duoc

ab+bc+ca
aZ +b2+C2+ﬁ24
a“+b +c

9—(a2 +b? +c2)

2(a2+b2+c2) =

Hay a’+b’+c*+

Pat t=a>+b*+c”.

Tt gia thiét a+b+c=3=a’+b’ +c* >3, do d6 ta duoc t>3
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B4t dang thic trén trd thanh

t+2 a0 19 t28t < (t-3)(2t-3)20
2t
B4t dang thitc cudi cling ludn ding do t > 3. Vay bai toan duoc chitng minh xong.

Cau 273: [TS10 Chuyén Lam Son, 2009-2010]
Goi a, b, cla d6 dai ba canh ctia mét tam giac c6 ba goc nhon. Chiing minh rf?mg vOoi

moi s6 thuc x, y, z ta ludn cé:

2

72 2xX*+ 2y2 +27°
— >

2
+y_2+ 2 2 2
C a“+b +c

suN|><
log

Loi giai
Bat dang thitc can chirng minh twong dwong véi

+ -

a’ a’+b*+c? b? at+b*+c® & a*+b’+c
xz(b2+c2—a2) yz(a2+c2—b2) zz(a2+b2—cz)

>0

az(a2+b2+c2)+b2(a2+b2+c2)+c2(a2+b2+c2)

Do a, b, cla do dai cac canh ciia mot tam gidc nhon nén
a’+b*>c* b*+c* >a%; ? +a’ >b’
Nén ta duoc b*+c*—a’>0;a’+c*—b* >0; a>+b*—c* >0
Do vay bat dang thitc trén ludn dting. Bai todn duoc chitng minh xong,.

Cau 274: [TS10 Chuyén KHTN, 2009-2010]
Véi a, b, ¢ 1a nhiing s8 thuc duong. Chiing minh rang:
a’ b* c? a+b+c
+ + >
J3a’+8b’+14ab /3b>+8c*+14bc \3c*+8a’+14ca O

Loi giai
Ap dung bat dang thitc Cauchy ta dwoc
3a’ +8b* +14ab = 3a° +8b” +12ab+2ab < 4a’ +9b* +12ab = (2a +3b)’
2 2 2
a > a = a
V3a>+8b> +14ab (2a+3b) 2a+3b

Suy ra

Ap dung tuong tu ta thu duoc
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a’ b? c?
+ +
J3a2+8b2+14ab 3b%+8c?+14bc  \/3c? +8a% +14ca
a’ b2 2
> + +
2a+3b 2b+3c 2c+3a

Mit khéc theo bat dang thitc Bunhiacopxki dang phan thic ta dwoc

2
a’ b’ c? >(a+b+c) _a+b+c

+ + >
2a+3b 2b+3c 2c+3a 5(a+b+c) 5

a’ b? c’ >a+b+<:

Do d6 ta duoc: + + >
J3a2+8b2+14ab +/3b2+8c?+14bc  +/3c? +8a% +14ca 5

Vay bai todn dugc chiing minh xong. Dang thitc xay ra khi va chi khi a=b=c

Cau 275: [TS10 Chuyén KHTN, 2009-2010]
Gia st x, y, z la nhitng s6 thuc thoa man diéu kién 0<x, y, z<2 va x+y+z=3.

Tim gia tri nhd nhat va 16n nhat cta biéu thic:
M=x*+y*+z* +12(1—X)(1—y)(1—z)
Loi giai
bat a=x-1, b=y-1, c=z-1, taduwgc -1<a; b; c<1 va a+b+c=0. Biéu
thttc M duwoc viét lai thanh

M:a4+b4+c4+4(a3+b3+c3)+6(a2+b2+c2)+4(a+b+c)+3—12abc
béylakhi a+b+c=0 thi a’ +b’ +¢c® —3abc =0 nén biéu thitc trén tht thanh
M=a4+b4+c4+6(a2+b2+c2)+3

Theo mot danh gia quen thudc thi
a4+b4+c42abc(a+b+c)=0
a2+b2+c22%(a+b+c)2:0

Do d6 suy ra M >3 hay gia tri nho nhat cia M la 3.

Diéng thitc xdy ra khi va chikhi a=b=c=0 hay x=y=z=1.

Mat khacdo —1<a; b; c<1 nén ta co b

a

; |bl; c|£1.T1‘rdétacé

a*<a’<

al; b* <b? S|b|; ct<c? £|c|
Suy ra M:a4+b4+c4+6(a2+b2+c2)+3£7(|a|+|b|+|c|)+3
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Ma ta lai c6 a+b+c=0 nén trong ba sd a, b, c c6 mot hodc hai s6 am, tirc la ludn ton
tai hai s6 cuing dau. Khong mat tinh tong quat ta gia st hai s6 d6 la b va c. Khi d6 ta duoc

[bl+le|=[b+<|=la|
bén day ta c6 M < 14|a| +3<17 hay gid tri 1én nhat caia M 1a 17. Dang thitc xdy ra khi va
chikhi a=1; b=-1;c=0 va cachodn vi hay x=2; y=0; z=1 va cac hoan vi

Cau 276: [TS10 Chuyén Thai Binh, 2009-2010]
a) Cho k 1a s6 nguyén duong bat ki. Chting minh bat dang thtkc sau:

1 1 1
—<2 -
(k+1)«f§ [«/E «/k+1}

. 1 1 1 1 88
hi inhrdne: —4+—4+— 4oeeqp— =
b) Chiing minh rang 2+3\/§+4\/§+ +2010 ,_2009 <45

Loi giai

a) Bat dang thtic can chting minh twong duwong véi

(k+1)\E< 2%&@2k+1—2m>0@(m_&)2 -0

Bat dang thitc cudi cting luon dung véi moi k nguyén duong,.

Vay bat déng thiic dwoc chting minh.
b) Ap dung két qua cau a ta c6
T= 1 + 1 + 1 +---+;

241 3J2 43 20102009

1 1 1 1 1 1

L2 —=-—F=|+2| =——F=|++2 —

(ﬁ ﬁj (ﬁ ﬁJ (42009 «/2010]

1 1 88

=2|1- <2|1-—|=—=VP

( VZOle ( 45} 5

Vay bat dang thic duoc chitng minh xong.

V

Cau 277: [TS10 Chuyén TP. H6 Chi Minh, 2009-2010]
a) Cho 3 s6 thuc a, b, ¢ bat ki. Chttng minh rang:

(a-b)’ (b= (c-a)

26 6 2009

a’+b*+c*>ab+bc+ca+

b) Cho a>0; b<0. Cht’rngminhréng l2%+2 e >
a a—
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Loi giai

a) Bat dang thtic can chiing minh tuong duong véi

(-b) (b-c) (c-a) (a-b) (b= (c-a)

+ > +

2 2 2 26 6 2009
12(a~b)" (b—c)" 2007(c-a)’
Hay 3 + 3 + > >0

Bat dang thitc cudi cting ludn ding.
Vay bai todn duregc chitng minh. Déang thiic xay ra khi va chikhi a=b=c.
b) B4t dang thitc can chiing minh twong duong véi

12>8

a -b 2a-b

Pat c=-b, do b<0 nén ta dwoc ¢ >0, khi d6 bat déng thirc trén duoc viét lai
thanh

1,2, 8

a ¢ 2a+c

Theo mot danh gia quen thudc ta dwoc

1 2 2 2 2.4 8
— 4 —= +—
a C C

L 1E2> =
2a 2a+c  2a+c
Vay bat dang thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi 2a=-b.

Cau 278: [TS10 Chuyén Phu Tho 2009-2010]
Cho x, y, z 1a cac s6 thuc dwong sao cho xyz =x+y+z+2. Chting minh rang:

11 1.3

Sy vz a2

Loi gidi

111
+

Gia thiét cta bai toan duwoc viét lai thanh + =1.
x+1 y+1 z+1

bat a= 1 ;b= 1 ; C= 1 . Khi d6 ta dwgc a+b+c=1. Ttt d6 suy ra
x+1 y+1 z+1
X_l—a_b+c. ~1-b c+a _ 1-c a+b
a a ’ b b’ C a

Bat dang thitc can chiing minh dwoc viét lai thanh:
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\/(b+<3]zc+a) +\/(c+al))(ca+b) +\/(a+bc)?b+c) =

Ap dung bét dang thitc Cauchy ta duoc:

ab <1 b N a
(b+c (c+a)_2 b+c c+a
bc <1 c . b
(c+a)(a+b)_2 c+a a+b

ca <l a N C
a+b)(b+c) 2la+b b+c
(a+b)(b+c)

Cong theo vé& cac bat dang thiic trén ta dugc:

\/(b+c3]zc+a) +\/(c+a])3(ca+b) +\/(a+b;?b+c) =

Vay bat dang thitc dugc chitng minh. Dang thikc xay ra khi va chikhi a=b=c=2

Cau 279: [TS10 Chuyeén Pht Tho 2009-2010]
Cho céac s6 thwc khong am a, b, ¢ sao cho ab+bc+ca =3. Chiitng minh réng:

1 1 1 <1
a’+2 b*+2 ’+2

Loi giai
Bat dang thitc can chiing minh teong dwong véi

a’ b? c?
2 + 2 + 2 2
a“+2 b"+2 " +2

Ap dung bat dang thiic Bunhiacopxki dang phan thitc ta duoc

a’ b? c? . (a+b+c)2 ~ (a+b+c)2

+ + > = =1
a’?+2 b>+2 +2 at+b*+c?+6 a2+b2+c2+2(ab+bc+ca)

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chi khi a=b=c=1.

Cau 280: [TS10 Chuyén Dai hoc Vinh 2009-2010]
Cho x, y, z 1a cac s6 dwong thoa man x+2y +3z=18. Chting minh rang:

2y+3z+5+3z+x+5+x+2y+5 , ol
1+x 1+2y 143z 7

Loi giai
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Dit a=x; b=_2y; c=3x, khi d6 gia thiét tré thanh a+b+c =18 va bat ding thiic

duoc viét lai thanh

b+c+5 c+a+5 a+b+5_ 51
+ >

+
1+a 1+b 1+c 7

Bat dang thitc trén trong dwong véi

b+c+5+1+c+a+5+1+a+b+5+12%+3

1+a 1+b 1+c

Hay (a+b+c+6)( 1 1 + 1 ]>E

+ >
1+a 1+b 1+c 7

Phép chiing minh sé hoan tat néu ta chi ra duoc

1 1 1
+ +
1+a 1+b 1+c

>3
7

That vay theo bat dang thitc Cauchy ta c6

1 1 1 9 9 3
+ + > = =
1+a 1+b 1+4c 3+a+b+c 21 7

Vay bai toan dwoc chitng minh.

Déng thitc x4y ra khi va chikhi a=b=c=6 hay x=6; y=3; z=2.

Cau 281: [TS10 Chuyén Dai hoc Vinh 2009-2010]

Cho cac sO thuc x, y théa man: x >8y >0. Hay tim gia tri nho nhat ctia biéu thic:

PoX4—— .
y(x-8y)

Loi giai

St dung BDT Cauchy cho ba s6 dwong ta cé:

P=(x-8y)+8y+——>6.
y(x-8y)
x—8y =8y x =16y X =4
Déng thtic xay ra khi va chi khi gy = 1 o9, 1e 1
yx-8y) Y Tea UUTa

Vay minP = 6. khiva chikhix=4vay=

AP
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