CHUYEN PE CHUNG MINH BAT PANG THUC
ON THI VAO LGP 10
1. Mot s vi du
Vidu 1: Cho a, b,c 1a cac s6 khong 4m ching minh rang
(atb)(b+c)(ct+a)>8abc
Giai:
Céch 1: Dung bét dang thirc phu: (x+ y)* > 4xy
Tacod (a+b) >4ab; (b+c) >4bc ; (c+a) > 4ac
= (a+b) (b+c) (c+a) = 64a’b*c? = (8abc)’
= (atb)(b+c)(ct+a)>8abc
Diu “="xdyrakhia=b=c
Vidu 2:
1) Choa,b,c>0vaa+b+c=1CMR: 5%%29 (403-1001)

2)Chox,y,z>0vax+y+z=1CMR:x+2y+z241-x)1-y)1-2)

3)Choa>0,b>0,c>0
CMR: -4 ;. b , ¢ .3
b+c c¢c+a a+b 2

4) Cho x>0,y>0 thoa man 2vx —./y =1 ;CMR: x+y2%

Vidu 3: Cho a>b>c>0va o’ +b> +c* =1
. 3 3 3

Chimg minh rang—%—+ b PN

b+c a+c a+b 2

Giai:

Do a, b, ¢ dbi xung,gid st a>b>c = { a_ _ b c
b+c a+c a+b
Ap dung BDT Tré- bu-sép ta co

, a , b , ¢ a2+b2+c2( a b c j_13_1

a. +b°. +c”. > ) + + = =

b+c a+c a+b 3 b+c a+c a+b) 32 2
a’ b’ c? 1 1

Va + + > - DAu bang xay ra khi a=b=c=——
'yb+c a+c a+b 2 8 xay NE)

Vidu 4:
Cho a, b, c,d >0 va abcd = 1.Ching minh ré“mg :
a’+b>+c’+d’ +alb+c)+blc+d)+d(c+a)>10
Giai:
Tacd a® +b> >2ab
¢’ +d* >2cd
1

Do abcd =1 nén cd=i (dung x+lz )
ab x 2
Taco a’> +b*> +¢? 22(ab+cd)=2(ab+ib)24 (1)
a

Mat khac: a(b+c)+b(c+d)+d(c+a)
=(ab+cd)+(ac+bd)+(bc+ad)



=[ab+ij+[ac+ij+(bc+L]22+2+2
ab ac bc

Vaya® +b> +c* +d* +alb+c)+blc+d)+d(c+a)=10
Vi du 5: Cho 4 s6 a, b, ¢, d bat ky chimg minh rang:
\/(a+c)2 +(b+d)? <Na®+b> +c? +d?
Giai: Dung bat dang thirc Bunhiacopski
tacd actbd< a® +b> Alc? +d>
ma (a+c) +(b+d) =a* +b> +2(ac+bd)+c* +d*
<(a*+b?)+2Va +b7 NP +d” + ¢+ d?
= J(a+c) +(b+d)* <Na® +b* +c* +d>
I1. Mt s bai tap thwong gip trong cac dé thi vao 16p 10

, 2 2 2
Bai 1: Cho céc s6 thuc duong a, b, c. CMR: 4 4 b + £ > atbtc
b+c a+c b+a 2
Bai giai:
2
Véia,b,c>0taco: * +”Zcza(ép dung bat ding thirc C6 si)
+c
2 2
Tuong tu ta co: + are > b;va ¢ +a+b20
a+c 4 b+a 4
2 2 2
4 +b 4 C +a+b+cza+b+C
b+tc a+c b+a 2
2 2 2
a . b TN a+b+c (dpem)
b+c a+c b+a 2
2 2 2
Vaya +b L .C 2a+b+c
b+c a+c b+a 2
Bai 2: Cho x, y>0; thodx +y=1. Tim Min A = ; ! ; + L Bai gidi:
x“+y- XY
Ap dung bét ding thirc (a + b2 dab=> 272> 4 1. 1, 4 450

ab a+b a b a+b

2 , 9
Mit khac: x +y > 2,/xy =>xy < %= i(ép dung bat dang thirc Co si)

A=1+1+122§r +1:42+1z4+1=4+2=6
x> +y? 2xy 2xy X +y +2xy 2xy (x+y) 2xy 2.1
4
VéyMinA=6khiX:y=%
Bai 3.
Cho a,b,c>0:abc=1
CMR ! ! ! <l

: + + <
@20 +3 P42 +3 P H24°+3 2
Hudng dan

Tacod: a’ +b* >2ab; b*+122b=a’ +2b*+322(ab+b+1)



. l2 < 1
a’ +2b* +3 2(ab+b+1)
Tuong tu =>

1 1 1 1 1 1 1
2 2 T3 2 T 2 S_( + + )
a +2b-+3 b"+2¢c°+3 ¢ +2a°+3 2\ab+b+1 bc+c+l ca+a+l
Mat khac:
1 1 1 1 ab b
+ + = +— + =
ab+b+1 bc+c+1 ca+a+1 ab+b+1 abc+abc+ab beca+ab+b
1 N 1 N 1 1
a2+2b2+3’ b*+2c*+3 A +2a*+3 2
Bai 4: Cho ba s0 x,y,z duong va xyz = 1.
s s Fie e | ] ] -
VK -1~}‘ -1~'l+\z 9 -1~'l+'r.%‘ -1~z‘ +1Eﬁ'ﬁ:’3
CMR : LS ya J
Bai giai
Taco x*+y° +1>33x’y’ =3xy

24y #1233y =32y

X+ +1>23x°2 =3xz

Nén vé trai = “3xy+u3zy+ 3xz=\/§ ! + 1 + 1 23ﬁ3;=3\/§
Xy zy Xz \/E vz \/E\/;\/)TZ

Vixyz=,1.Déu“=“khix=y=z ‘
Bai 5: Cho 3 s0 duong a, b, ¢ chirng minh rang:

a’ b? ¢ _a b c
ST T2+~
b C a b ¢ a

Giai

=>

Vén dung bat déng thire Cosi, ta co:

3 3
2 v A v1232 )
b* Vb’ b
3 3
,/ +‘/b—+123E (2)
3 C
C C
— +,—=+12>23= (3)
\/a: a’ a
Cong vé theo vé (1) (2) va (3) ta c6:

3 3 3
2(\/51 +\/b—3+\/c—3)+322(3+h+£)+3+h+£

—

w

? C a b ¢ a b ¢ a
22(i+2+£)+3
c a

Va /a3+/b3+/c3>a+b+c
ay: 1 |—= — — 22— +—+—
Y b 3 a> b ¢ a



Bai 6. (1d) (Pic Lic 12 — 13)

Cho hai s6 duong x, y thda man: x + 2y = 3. Ching minh rang: 1,253
XYy

HD: Ap dung 1/x+ l/y + 1/z>9/(x +y + z)

Bai 7: (Hai Duong 12 — 13)

Cho 2 s6 dwong a, b thoa man l+% =2. Tim gia tri 16n nhat cta biéu thirc
a

1 1
= + .
at+b* +2ab* b +a’ +2ba’
Hudng dan

Vb1 a>0,b>0tacod: (a*-b)Y 20 a* -2a°b+b*> >0=a* +b* >24°b

1 1
4 2 2 < )
a’ +b”+2ab 2ab(a+b)

& at +b*+2ab’ > 2a°h+2ab’ <

1

1
Tuong tu co < ). Tu(l)va(2Q) >0 ———
gt b*+a* +2a’b 2ab(a+b) @ ( ) (2) Q ab(a+b)
Vi l+l=2<:>a+b=2abm2‘1 a+b>2\ab < ab>1= Q< ! 2£l.
a b 2(ab)” 2

Khia=b=1thi =0 :% . Vay gi4 tri 16n nhét ciia bidu thirc 1a %

Bai 8: (Ha Noi 12 — 13) Véi x, y 1a cac s duong thoa man diéu kién x >2y, tim gié tri
x*+y’
Xy

nhé nhét cua biéu thirc: M =

Hudéng din
. ¥+y. Xy x y x y. 3x
TaCOMZ—:—+—:—+—:(_+_)+_
Xy xy xy y x 4y x4y

Vix,y> 0, ap dung bdt Co si cho 2 s duong ——;2 tacoé —+2>2 |-~ L =1,
4y x 4y x 4y x

dau “=” xay ra < x =2y
\ X 3 x_6 3 Al w9 2 —
Vix>2y=>=-22=>>2>—== dau“="xdyra < x =2y
y 4y 4 2
Tird(')tacc')MZ1+%=§,déu“=”xéyra<:>x=2y
Vay GTNN ciia M 1a %,dat dugc khi x = 2y

Bai 9: )
(1,0 diém)
l

: coa ]
. Cho x>0,y >0. Ching minh rang —+—2
X Yy X+Yy

. Dau «=» xay ra khi nao ?

2. Chox>0,y>0va2x+3y<2. Tim gia tri nho nhat ctia biéu thire:
4 9
=E—t—
4x* +9y°  xy
Hwéng dan:




Ta thay
4 9 4 4 26 16
=— et —=— ~+ + >
4x* +9y*  xy 4x+9y° 12xy 3xy (2x+3y) 3xy
qua caua). (1)
Laico2x +3y<2 & 2x+3y) <4 = 4x°+ 9y + 12xy <4 (2)

Mat khac 4x* + 9y* = 12xy (Bat dang thire Cosi cho x, y> 0) (3)

(theo két

Tu (1) va (2) suy ra 12xy + lzxy<4<=>3xy<l(4}
16 26
Tu (1) va (4) suyra A>?+] =4+52=56
2
I

Vay minA = 56 khi khi x :% va y:E

Bai 10 (Ha Nam: 12 — 13)
Cho ba sb thuc a, b, ¢ thoa man a>1;b>4;c>9
beva—1+cavb—4 +ab/c—
abc

Tim gia tri 16n nhat cta biéu thic: P =

Huéng din: |
beafa—1+cayb—4 +abyfc—9 _ Ja-1 B Jb—4 +Jc—9

abc a b v

P=

Viaxl b>4:c29 Ap dung bil ding thirc Cd-si cho cic so dwong ta duoc:

~a—1 lwa-— {1+a ! EDa\u ="xavra<r4a-1 l<ra 2
wh—4= b 4+b 4—9 Din"="xayra< yb-4=2<h=8
40—923' i_ <9+c— = Dan"="xayra<> yo—-9=3<c=18

3 6 6
Ja-1 | Jb—1 lJc—Qc, a b oe_n

i b C _‘Ea 4b be 12

Suyra P=

Vay P dat gid tri Ién nhat [a P, = Q@ a=2b=8c=9
Bai 11: (Hung Yén 12 — 13)
Cho cac s0 thyc duong x, y, zthéaman x +y + z=4.

Chtng minh rang I

Xy Xz
HD iﬁ-L:l l+l > 4 4
Xy xz x\y z x(y+z) x(4—x)

Bai 12: (Thanh’H()a 12-13) ‘
Cho hai so6 thyc a; b thay doi, thoa man dieukiéna+b > 1vaa>0
8a’ +b

4a

Tim gi4 tri nho nhat cta biéu thirc A = +b°

Hudéng dén



) 1
Drdodn difm :I'-:i'.I.J.='|J=;

Er

cdeban of &p didm roi 'L'I.iJ.='|:I=% hade 1=% bhale h=%
Ta ch

ixr+d LA e __,i-_l_ﬁ:

= Er R el T
ﬂﬂ-;a—%—%ﬁ—f Doi4bz1
= oazl-leliw_aedl ria ]l possbzi=maz1-b

4 4a 4a 4
" 1 1. 1

= A2 a+—+F+l-b-C ma+—+{E5—=F ==
== a o b a P (% :fr ;

Tir (1) vi (2} =» A2

k| i

= Gid mjnhd phftcna A B 4 -2, Khi

a=b=0,5
Bai 13: (Quang Ngai 12 — 13)

Cho x>0,y >0 thoa man x* +y* =1. Tim gié tri nho nhat ca biéu thic A:1_2xy :
+ Xy
Hwo"ngdc‘;n:Vé’ix>0,y>0tac<')
x4 7 1 3 2 2 _4
2xyyoxyi-—ol+tyi-—c > - >—
2 2 2 1+xy 3 1+xy 3
Dodo A=Y _ 5, 2 5> 5,4 2
1+ xy 1+ xy 3 3
Dau “="xay rakhi x=y.
x>0,y>0
\ \/E
Tu{x=y :>x=y=7
x* 4y =1

Vay minAz—% khi xzyzg.

Bai 14: (Quang nam 12 — 13)

Choa,b>0vaa+b<2. Chingminh: 28,1220, 8

l+a 142b 7

Huoéng dén:

Bét dang thirc can chirg minh twong duong voi: NEEENS.
l+a 1+2b 7
o1 2 1 1 1 A
Ta co: + + >2 (1) (bdt Cosi)

12041 a+l , 1
A /(a+1)(b+;)



1 a+1+b+1 7
la+1)b +) s%sz (bdt Cb si)

:;2§(2)

‘/(a+l)(b+;)
2 8

1
Tu (1) va(2 P— >—
u(1)va(2)suyra l+a+l+2b 7

DAu “=" xay ra chi khi : a + 1 =b+% via+b=2oa=
Bai 15: Chuyén lam Son Thanh Hoa 11 — 12 (Vong 01)
Cho a, b, c 1a ba s6 thuc duong t/m a+ b + ¢ =2 Tim Max P

biét P = ab + be +—
\/ab+2c \/bc+2a \/ac+2b

Va‘1b=é
4

nlw

Huéng din
*Via+btc=2 2ctab= c(atbtc)t+ab= catcb+c*+ ab = (cat ¢?)+(bc + ab)
= c(at+c) + b(atc)=(ct+a)(ctb) = 2c+ab = (c+a)(c+b)

via;b;c>0nén >0va >0 ap dung cosi ta co
a+c b+c
1 1 1 A 1 1
+ >2., |———dau (=) < = = atc=b+tc=a=b
a+c b+c (a+c)b+c) a+c b+c

1 1 1 1
<= +
(c+a)c+b) 2 c+a c+b
ab ab l( ab ab
< +

- V2¢+ab z\/(c+a)(c+b) “2\lc+a c+b

hay

) (1) ddu bang < a=b

Tuong tu: be sl[ b , ke j(Z) ddu biang < b=c
Jbe+2a 2\a+b a+c
ac sl( “@ ;- j(3)déube°1ngc>a=c
V2b+ca 2\ c+b b+a
cong vé véi vé cua (1) ; (2) ; (3) ta co
P ab bc ca <1 ab+ab+cb+cb+ac ac

: P= + + <— +
Jab+2c ~bc+2a Aeca+2b 2 c+a c¢+b b+a c+a b+a c+b

:Pgll:(ab+6b)+ ab+ac ch ac}

)+ ( +
2|l ¢c+a c+a b+c c+b a+b a+b
_1 {(a+c).b N a.(b+c) N c.(b+a)} 1

—(a+b+c)=l.2=1
2 c+a b+c a+b 2 2
_ab bc ca
= + +
Jab+2c bc+2a  ca+2b

Vay min P=1khia=b= =§
Bai 16: (Vinh Phiic 11— 12)

Cho a, b, ¢ 1a ba sb thuc duong thdéa man diéukiéna+b+c=1. Tim gia tri 16n
nhét cta biéu thire: P = \/ ab +\/ be +\/ ca

c+ab a+bc b+ca
Huwéng dan: Tra+b+c=1=>ac+bc+c?=c(Doc>0)

= P Sldéubﬁng©a=b=c=§




Vi vay: ¢ +ab = ac + ab + bc + ¢ = (b+c)(cta)
a b

b ab e .
Do dé ab  _ <atc b+c A
0ds \/c+ab \/(b+c)(c+a) 7 (Co=sh

C a

b c
bc b+c+c+a ca c+a+a+b
T tu: < ; <
vong \a+bc 2 "\ b+ca 2

a+c+b+c a+b

3
Vay p<atc b+c a+b_>
Do dé: MinP =3/2, xay rakhia=b=c=1/2
Bai 17: (Ha Noi 11— 12)

V6i x > 0, tim gid tri nho nhat cua bidu thire: M = 4x% —3x + 4i +2011.
X
Huéng din

M =4x* —3x+L+2011=4x2 —4x+1+x+4L+2010
X X

=(2x-1)° +(x+i)+2010
4x

Vi 2x-1)>>0 vax>0 :>4i>0, Ap dung bdt Cosi cho 2 sé duong ta c6: x +
X

L22 x.L=2

L
4x 4 2

= M =(2x—1)2+(x+4i)+zo1o >0+1+2010=2011
X

1
X==
2x-1=0 |*73
A 2 1 2 1 1 _1
= M2>2011;Dau“="xayra &ix=— oix’=—i|x== &X=—
4x 4 2 2
x>0 x>0 1
X=——=
2
x>0

Vay Mmin = 2011 dat dugc khi x =
Bai 18. (Hai Dwong 11 - 12) ‘
Cho x, y, z 1a ba s6 duong thod man x + y + z =3. Chimg minh rang:

X y z
+ + <1.
X+3x+yz y+3y+zx z+.3z+xy

Hudéng dén

1
2

Tir (x—yyz) 206 x> +yz22xyz (*) Déu “=" khi x> = yz

- C03X +yz - (X+ y+ Z)X " yz > +yz+ X(y+ Z) . (y+z) +2X\/;

Suy ra 3x+yz 2\/X(y+z)+2x\/y_ =\/;(\/§+\/;) (Ap dung (*))




X Jx
N < 1
x+3x+yz 2Vx (Vx + y+\/2):>x+\/3x+yz<\/;+ y+\/2 )

Tuong tu ta co: Y < \/§ 2), Jz 3
& y+\/3y+zx \/_ y+ () Z+\/3Z+Xy \/;-i- y+\/_ ( )

Tu (1), (2), (3) tacd = + Y + - =
( ) ( ) ( ) +\/3X+yZ y+\/3y+zx Z+\/32+Xy
Dau “="xay rakhix=y=z= |

25
Bai 19: Cho céc s a, b, ¢ déu 16n hon —— . Tim gia tri nho nhat cta biéu thic:

4 -
b

0= a_ . L€
Wb=5 WJe=5 2Na-5

25
Do a, b, c>—(*)nensuyra 2Wa-5>0, 2/b- 5>0, 2\/— 5>0

| Ap dung bat dang thitc C6 si cho 2 sb dLrO‘ng, taco:

+20b-5>2Va (1)

(_
2\/__ +2de=5220b (2)
2\/__ +23a—5>2c (3)

Cong vétheo véciia ()2 va(3), tace: 0253=15.

DAy “=> xay ra &a= b c=25 (thoa man dleu klen (*))
VayMinQ=15 < a=b=c=25




