CHUYEN DE TINH DIEN TiCH TAM GIAC, DIEN TiCH TU GIAC
NHO SU DUNG CAC Ti SO LUONG GIAC
A. KIEN THUC CAN NHO

. . 1
.Ta di biét cich tinh dién tich tam gidc theo mgt cong thiic rit quen thujcla S = Eah, trong dé a la d¢ dai mgt

canh ctia tam gidc, h la chiéu cao ting vdi canh dé.
.Biy gio ta vin dung cdc ti s6 lugng gidc, cdc hé thifc vé canh va géc trong tam gidc vudng dé xdy dung thém cdc
cong thiic tinh dién tich tam gidc, tif gidc.
B. BAI TAP MINH HOA
Vi du 1. Chitng minh rang dién tich mot tam giac bang ntra tich hai canh nhan véi sin ctia géc
nhon tao boi cac duong thang chita hai canh ay.

Giai

Goi a la géc nhon tao boi hai duwong thfmg chtta hai canh AB, AC cua tam giac ABC. Vé duwong
cao CH. Xét AACH vuong tai H c6 CH = AC.sina

Dién tich AABC la S :%AB.CH. Dodé S = %AB.AC. sina.

Luu y: Néu a =90°, ta cd ngay S = %AB.AC

Nhu vay sin 90° =1, diéu nay sé hoc & cac 16p trén.
Vi du 2. T® gidc ABCD ¢6 AC =m, BD =n, goc nhon tao boi hai dwong chéo béng a.
Chting minh rang dién tich ctia tt gidc nay duoc tinh theo cong thirc

1 .
S =5mn sin . Giai

Goi O 1a giao diém cta AC va BD. Gia st BOC =a.

Vé AH 1 BD, CK 1 BD.

Ta cd6 AH = OAsina;

CK =0Csina va OA+0C = AC.
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Dién tich t& giac ABCD la:

1 1
§'=S.p +Scup = BD-AH +—BD.CK

= %BD(AH +CK)= %BD(OAsin a+0Csina)

:%BDsina(0A+0C):%AC.BDsina:%mnsina
Luuy:
* Néu AC L BD tacdngay S =%AC.BD =%mn

* Phuong phap tinh dién tich ctia tit gidc trong vi du nay la chia t gidc thanh hai tam giac
khong c6 diém trong chung, roi tinh dién tich cua tirng tam gidc.

Vi du 3. Cho tam giac nhon ABC. Goi d6 dai cac canh BC, CA, AB lan lwgtlaa, b, c. Tinh dién
tich tam giac ABC biét a = d2em, b= Scm, ¢ =Tcm.

Giai
Theo dinh i cosin ta cé: a® =b* + ¢ —2bccos A.

Do dé6 (4\/5)2 =5*4+7*-2.5.7.cos A

Suy ra cosA——:>smA 1-cos’ 1——5:%
1 1 4 >
Vay dién tich tam gidc ABC la: S—EbcsmA:E S.7. §=14(cm )

Nhan xét: Trong cach giai trén ta da tim cos 4 rdi suy ra sin 4. Ta cling cd thé van dung dinh li
cosin d€ tim cos B r6i suy ra sin B (hodc tim cos C rdi suy ra sinC)

Vi du 4. T gidc ABCD c6 AC + BD =12cm. Gbéc nhon gitra hai duong chéo la 45°. Tinh dién tich
16n nhat cta tk giac do.

Gidi
Goi O 1a giao diém ctia AC va BD.
Gia stv 40D =45°.
Dién tich t gidc ABCD la: B

1 yeBDa «E

S=L4cBDsinase =L acsp Y2 =2 4cBD
2 2 2 '
: : (AC+BDJ2 ) =
2

m
=
\

Theo bat dang thitc Co-si, ta c6: AC.BD <

2. TOAN HOC SO PO - THCS.TOANMATH.com



2 4

2
Do dé s S%(AC;BD) 2 o3 (em)

Vay max S =9v2em* khi AC = BD = 6¢m.
Vi du 5. Cho tam giac 4BC, A=60°. V& duwong phan giac AD.

1 B3

Chttng minh réng: L ="
AB AC AD

Giai
Ta co

S 1 AB.AD.sin 30" = lAB.AD.l fi
2 2 2

ABD —

1

S lAC.AD. sin30°:lAC.AD.—.
2 2 2

ACD —

] 1 NE) D

S s =— AB.AC.sin60° = — AB.AC.~=
2 2 2

| 11 11 NE)

Mt khac S, + S, = S e 18N = AB.AD.~+— AC.AD.— == AB.AC.~=
g ABD ACD ABC 2 2 2 2 2 2
Do d6 AD(AB+ AC)= AB.AC\3

AB+AC 3 1 1 3
= ha +

Suy ra = y—t——=—.
ABAC AD AB AC AD

Nhan xét: Phuong phap giai trong vi du nay dwa trén quan hé tong dién tich cac tam giac ABD
va tam giac ACD bang dién tich tam gidc ABC.

Vi du 6. Tam gidc ABC c6 mdi canh déu nhé hon 4cm. Chitng minh rang tam giac nay c6 dién
tich nhé hon 7em’

Giastt A<B<C, khi d6 A<60° va sinAgg

Dién tich tam gidc ABC la:

s-Lapacsina<taadd 43=6,92..<7(cm*).
2 2 2
Nhén xét: Do vai tro cac goc A, B, C cua tam gidc ABC 1a nhu nhau nén ta cé thé gia sw

ZSZAS’SE’, ttt d6 suy ra 21360", dan téi sinAS?3
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C. BAITAP TU LUYEN

* Tinh dién tich
Bai 1. Chéing minh ring dién tich ctia hinh binh hanh bang dién tich ctia hai canh ké nhan véi
sin ctia géc nhon tao boi hai duong thang chita hai canh dy.

Bai 2. Cho hinh chit nhat 4BCD, AC =a va BAC = a (0°<a <45°). Chtng minh ring dién tich

clia hinh chit nhat ABCD I S = %az sin 2

Bai 3. Cho goc nhon xOy. Trén tia Ox 1ay diém A va C, trén tia Oy 1dy diém B va D sao cho
o4 m,% = n. Chttng minh rang
ocC 0D

S
—H% —m.n

COoD

Bai 4. Tam gidc nhon ABC c6 BC =a, CA=b, AB =c. Goi dién tich tam gidc ABCla S. Chting
b’ +c’—a’

. Ap dung v6i a=39, b=40, c=41 va A=45° Tinh S.
4cot A

minh rang S =

Bai 5. Cho goc xOy c6 s8 do bang 45°. Trén hai canh Ox va Oy lan luot 18y hai diém A va B sao
cho OA4+ OB =8cm. Tinh dién tich 16n nhat cua tam gidc AOB.

Bai 6. Cho tam giac nhon ABC. Trén cac canh AB, BC, CA lan luwot 18y cac diém M, N, P sao cho

AM = %AB, BN =% BC, CP= %CA. Chting minh rang dién tich tam gidc MNP nhé hon % dién
tich tam giac ABC.

Bai 7. Cho doan thang 4B = 5cm. Lay diém O nam gitta A va B sao cho OA = 2cm. Trén mot nira
mat phang bo AB vé céc tia Ax, By ciing vudng goc véi AB. Mot goc vuong dinh O c6 hai canh
cat cac tia Ax, By 1an luot tai D va E. Tinh dién tich nhé nhat ctia tam gidc DOE.

Bai 8. Cho hinh binh hanh ABCD, géc B nhon. Goi H va K lan luwot la hinh chiéu ctia A trén cac
duong thang DC va BC.

a) Chttng minh rang AKAH ~ AABC,tlr d6 suy ra KH = AC.sin B;
b) Cho 4B =a, BC=b va B=60°. Tinh dién tich AdHK va t gidc AKCH.
* Chitng minh cdc hé thirc
Bai 9. Cho tam gidc ABC(AB < AC), A=60°. Duong phan giac ngoai tai dinh A cat duong thang
1 1

BC tai N. Chttng minh rf?mg: L—— -
AB AC AN

Bai 10. Cho tam gidc ABC vudng tai 4 (4B < AC). Cac duong phén gidc trong va ngoai tai dinh
A ctia tam giac cat duong thang BC tai M va N. Chting minh rang:

1 2 11 2

a) —— 4+ b) — ——=
AM AN AC

AM AN AB
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Bai 11. Cho tam gidc 4BC, A=a=90". V& duong phan gidc AD. Chitng minh rang:

a
1 | 20055

JES— + R

AB  AC AD

Bai 12. Cho géc xOy c6 s do bang 30°. Trén tia phan giac ctia goc d6 18y diém A sao choO4=a.
Qua A vé mot duong théng cit Ox va Oy theo thtt tu tai B va C.

Tinh gia tri ctia tong 1L
OB OC

Bai 13. Cho hinh binh hanh ABCD, géc nhon gifta hai duong chéo bang géc nhon cta hinh binh
hanh. Chiing minh rang d6 dai hai duong chéo ti 16 véi do dai hai canh ké ctia hinh binh hanh.

* Tinh s6 do goc. Tinh d6 dai

Bai 14. Tam gidc nhon ABC c6 4B =4,6cm; BC =5,5cm va c6 dién tich 1a 9,69¢m’. Tinh s do

goc B (lam tron dén do).

Bai 15. Cho hinh binh hanh ABCD, B <90°. Biét AB = 4cm, BC =3cm va dién tich ctia hinh binh
hanh 1a 6+/3¢m®. Tinh s8 do cac goc ctia hinh binh hanh.

Bai 16. Cho tam giac ABC c6 dién tich § = 50cm’, A=a<90°. Trén hai canh AB va AC Ian luot

1ay cac diém D va E sao cho AADE nhon, c6 dién tich1a S, = %S. Chting minh rang

DE > lO,/tan%(cm)

Bai 17. Cho tam gidc ABC, dudng phan gidc AD. Biét 4B =4,7cm, AC =5,3cm va A=72°. Tinh
d6 dai AD (lam tron dén hang phan muoi).

Bai 18. Cho tam gidc ABC, AB =6cm, AC =12cm, A=120°. V& dwong phan gidc AD. Tinh d6 dai
AD.

Bai 19. Cho tam gidc ABC, AB =5cm, BC =7cm, CA =8cm. Vé duong phan giac AD. Tinh d¢ dai

AD.
Bai 20. Cho tam giac ABC, duong phan giac AD. Biét S L, tinh s6 do goc BAC.
AB AC AD
HUONG DAN
Bai 1. Xét hinh binh hanh ABCD, D =a <90°. i
B
Vé duong cao AH.
Xét tam giac ADH vuong tai H, ta co:
Py C

AH = AD.sin«
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Dién tich hinh binh hanh ABCD la:
S=CD.AH =CD.AD.sin c.

Vay S=A4D.DC.sina.

Bai 2. Xét A4BC vuodng tai B c6

AB=ACcosa=acosa; BC=ACsina =asina =

Dién tich hinh ch® nhat ABCD la:

S=ABBC =acosa.asina =a’sina cosa

=la2.25inacosa =la2 sin 2«

2 2

‘s . 1 . 1 .
Bai 3. Taco S, = EOA.OB sina; Scp = EOC.OD sina.

1 .
—0A.OBsina
Do d6 SAOB: 04 OB

O

1 = . =m.n
Scop ,0CODsina oc oD 0]

Bai 4. Vi AABC nhon nén theo dinh li cosin ta cé a* =b* +c* —2bccos A

b’ +c’-a’
=cosd=——
2bc
Ta co cot 4= cosd_b e’ —a” b - (vi S—lbcsinA)
sin 4 2bcsin A 45 2
2,2 2
Do dé S:m
4cot A

Ap dung: V6i a =39, b=40, c =41 va A=45° ta co:

2 2 a2
S = w =440 (dvdt)
4cot45

Bai 5. Ta dat dién tich tam gidac AOB la S.

Tacod S = %OA.OB sinO = %OA.OB sin 45°

= lOA.OB.Q = QOA.OB
2 2 4
2 2
Nhung OA4.0B < (Mj = (§j =16 o
2 2
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Do d6 Ssg.l6:4x/§(cm2) khi OA4=OB =4cm
Vay max S = 4/2cm’

‘. , 1 3
Bai 6. Taco AM =ZAB:BM =ZAB;

BNzéBC: CN =§BC;

CleCA = AleCA.
2 2

< \ C
Ta dat Sar =505 Sy =55 Sep =8, va S0 =8 S N
Khi do:
1 . 11 1 11 1
S, ==AM .APsinA=—.—AB.—AC.sinA=—.—AB.AC.sin4=—-S§
2 2 4 2 82 8
S, =1BM.BNsinB=l EAB 1BC smB—l lBABC smB—lS
2 2 4 3 4 2 4
S, =lCN.CPsinC=l gCB 1 .CA. s1nC—l lCB CA. smC—lS
2 23 2 32 3
1 1 1 17 17 7
Vay §;+8,+S8,=|—+—+—-|S=—8.Dodd S,,, =S—5=—3S5
Ay 9 2 3 (8 4 3j 24 MNP 24 24

7 8 1
S,p=—S<—S==8.
24T 247 3
Cach giai khac: (khong dung ti s6 luong giac) (h.5.10)

Vé doan thang AN. Xét cdc tam giac NMB va NAB c6 BM =% AB va chung chiéu cao vé tir 4
, A 3
dinh N nén S, =ZSNAB. (1)

Xét cac tam gidc ABN va ABC c6 BN = %BC nén

1
S av =§S(2)

Tk (1) va(2)suyra S, =

Chttng minh teong ty ta duoc S, = %S; S, = %S
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Do d6 S,y =S| 1+islls=LgBg_1g
8 4 3)° 247 247 3

Bai 7. Ta c6 AOD = BEO (cung phu véi Z?O\E).

Ta dit AOD = a thi BEO =«

A y
Xét AAOD vuong tai O, ta c6: OD = o4 __2
cosa  Ccosa
E
Xét ABEO vuong tai B, ta c6: OF = _OB = _3
sina sina D
Dién tich tam giac DOE la: all Ea S . Og
SleD.OEzl. 2 . ,3 =— 6 *)
2 2 cosa sina 2sinacosa

Ap dung bat dang thiic x* +y* > 2xy ta duoc:

sin’ @ +cos’ @ > 2sina cosa hay 1= 2sinacosa

Thay vao (*) ta duoc: S = # > ¢
2sinacosa 1

(dau “=" xay ra khi sina = cosa < a =45°)
Vay min S = 6cm® khi o =45°

Nhan xét: Viéc dit 40D =a giup ta tinh dugc cac canh goc vudng cua ADOE, tir d6 tinh dwoc
dién tich cua tam gidc nay theo cac ti s6 lwong gidc ciia goc @. Do d6 viéc tim min S dwa vé tim

max (sina cos) don gian hon.

Bai 8.a) Ta co AB//CD ma AH L CD nén AH 1 AB.
o AADH va AABK c6: H =K =90°

D=B (hai gc d6i cta hinh binh hanh).

Do d6 AADH - AABK (g.g).

AD AH
Suyra —=—
AB AK
AK AH AH
Do d6 = = vi AD = BC
48~ ap  BC | ) 4 B
o AKAH va AABC c6 KAH =B (cung phu voi BAK); i
AK _ AH . v
AB~ BC’ H C

Do d6 AKAH - AABC (c.g.c).
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Xét AABK vuong tai K co sin B = AR
AB
Vay % =sin B hay KH = AC.sin B

\/_

b) Dién tich tam gidc ABCla S = %AB BC.sinB = %ab sin 60° = (dvdt).

AKY
Vi S > S e NéN M:(_j =(s1nB)2=E

S e AB 4
3 3 ab3 3fab
Suyra S, =4SABC Y (dvdt)
ab\/_

Tacd S,z =absin60° = (dvdt)

= %BA.BK.sin 60° = %.BA.(BA c0s60°).sin 60°

S on = %DA.DH.sin 60° = %.DA.(DA ¢0s60°).sin 60°

£ b 1;/5 (dvdb)

pr L
2

Nl»-

Mat khac S ke =S asep —Sask —Sapu

abﬁ_azﬁ_bzﬁ_ﬁ(wb_ >
8

2 8 8

Nén S 0y = b*) (dvdt)

Bai 9. Ta co @:@:(180‘)—600):2=60°

= %AN.AC. sin 60°

SANC

= % AN .AB.sin 60°

S ANB

S s = %AB.A C.sin 60°

Vi SANC _SANB = SABC
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nén %AN.AC.sin 60° —%AN.AB. sin 60° = %AB.AC.sin 60°

Do d6 AN(AC—AB)= AB.AC

AC—-AB 1 h 1 1 1

= a = —
AB.AC AN yAB AC AN

5.10. a) AM, AN la hai duong phan giac cta hai goc ké bu nén AM L AN.

1 1 J2

S iy = 5 AB.AM sin45° = 5 AB.AM.T ;

1 2

S gy == AB.AN.sin45° = Lpan 2 ;
2 2 2

S

AMN

:% AM AN (vi AAMN vudng tai A).

Mat khéc, S, +S 5y =S 4,y DEN: N

1 NG V2

—AB.AM.—+1AB.AN.— = 1 AM AN
2 2 2 2 2

NG

Do d6 AB(AM + AN).== = AM.AN.

AM + AN 1 ] 1 2
AM .AN 4B Q AM AN AB
)

4

b) Géc nhon tao boi hai duong thang AN, AC 1a 45°.

1 2

Tacd S, = %AC.AN. Sin45° =~ AC.AN. ==

1 1 J2

SAMC =EAC.AM.sin45° ZEACAMT,

S =%AM.AN (Vi AAMN vuong tai A).

Mt khic, S, 8,0 =S, nén L acan Y2 Lacam Y2 2L garan
2 2 2 2 2
Do d6 AC(AN - AM).% =AM .AN
AN — AM 1 11 2
Suy ra = hay - =
AMAN c V2 AM AN AC
)
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Bai 11.
* Truong hop goc A nhon
Ra dat A=a

, 1 .
Taco S,,, = EAB.AD.sm%

s =Licapsin®:s
2 2

ACD — ABC —

lAB.AC.sinOt
2
Mat khac, S,,, +S,, =S,5c Nén

Lapapsin®+Lacapsin® =1 ap.acsina A
2 272 272

Suy ra AB.AD.sin%Jr AC.AD. sin% = AB.AC.2.sin%cos%

a «
Vvl sin @ = 2sin —cos — B C
( " 05 ) .

Do d6 AD(AB+ AC)= AB.AC.Z.COS%

2.¢cos @ 2.cos a

AB . - - . -
FAC T 2 fhntoi v 2
AB.AC AD AB AC AD

Suy ra
* Truong hop goc A tu

Ta dit BAC=a thi BAx=180°-a.
Khi d6 BAx la g6c nhon.

Ta co SABD +SACD = SABC

Do d6 %AB.AD.sin%Jr%AC.AD.sin% - %AB.AC. sin (180°— )

LB ac2.sinBY =% 0518022 _ 1 p 402.sin[ 900 % |cos| 900— &
2 2 2 2 2 2

lAB.AC.2.c0szsing
2 2 2

Suy ra AD(AB+AC)= AB.AC.ZCOS%

2.cos L 2.cos L

AB+AC .C052 1 1 .COS2
- hay — +——=

ABAC  AD AB AC 4D

Do dé6
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1 1 V2

Nhan xét: Néu A=90° thi ta chting minh duwgc — +—— =—-—, van phu hop v6i két luén cta
AB AC AD
bai toan.
Bai 12.
. 1 . 10

Taco S, = EOA.OB.smlS X

1 . B
S oc ZEOA.OC.SlnISO A

1 .
Ssoc = EOB.OC.sm 30 9] C y

Mat khac, S,,5 +S,0c = Sz0c
A1 ) 1 . 1 .
nén 50A.OB.sm15° +50A.OC.s1n15° = EOB.OC.2 sin15°cos15°

Do d6 04(0B+0C)=20B.0C cos15°.

OB+0C  2cos15° 11 2(\/3+\/5) Je++2
Suy ra = hay —+ =
OB.OC 04 OB OC a4 2a

Bai 13. Goi O 1a giao diém hai duwong chéo.

Ta dat OC=04=x, OD=0OB=y, AD=m, CD =n.
Gia sit 40D = ADC = o < 90°.

Xét AOCD c6 AOD la gbc ngoai nén

D,+C,=4A0D=a

Mat khac l/)\z+a=1ﬂ)\C:a. Suy ra azl/)\,

. 1 L 1 —
Taco S,,, =3 m.ysinD; Sy, =5n.xsmC1

Mat khac S,,, =S,., nén m.y = n.x.

m 2x mh ﬂ_AD

Dodé 2=222 2 ay =—

y n 2y n BD DC

A
Bail4.Tacd S = lAB.BC sin B
2 4.6
=sinB = 25 = 2.9,69 ~ sin 50"
ABBC 4,655 »
B 55 C
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Vay B~50°.

Bai 15. Tac6 S = AB.AC.sin B

S _63_3_

= = in 60°
AB.BC 43 2

sinB =
Vay B=60°=>D=60% A=C=120°.
Bai 16. Ta dat AD =x, AE = y.

Khi d6 dién tich AADE 14 S, :% rysina:

S, :lS =25cm’
2

Ta c6 DE* = x>+ y*> —2xycosa
Mat khac x* +y* > 2xy (d&u “=” xay ra khi x = y).

Do d6 DE? >2xy—2xycosa =2xy(1—cosa)

. 100.2sin> %
2 1- 4S8, (1-
_ xysm()f( cosa): 1(. cosa): 2 _100wn?
sin sinx 25in % cos & 2
2

Vay DE>,[100tan< =10, tan <

2 2

a

4 2cos—

Bai17. Ta cd ——+—4- =2 (bai5.11)

AB AC AD

1 1 _2cos36°<:> 10 _2005360
4,7 5,3 AD 4,7.5,3 AD

4,7.5,3.2.cos36°

Suy ra AD = 0 ~4,0(cm)
a
2¢cos—
Bai18.Taco 4+ L - 2
AB AC AD
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11 2 11

Dodo Lyt =200800 11 p_4(cm)

6 12 AD 4 AD A
Bai 19. Vi canh CA 1a canh 16n nhat nén goc B la goc 16n nhat trong
AABC.

5 8

Ta thdy AC* < AB*+BC” (vi 8 <5*+7%) nén goc B 1a géc nhon, do
dé A4BC la tam gidc nhon.

1 A , B C
Theo dinh li c6sin ta co: D 7

BC? = AB*+ AC* =2bccos A<= 7* =5 +8*—-2.5.8cos A

Do d6 cosA=%:;1=60°

, A 2¢c0s30°
Tacoé: —+—=
AB AC AD
2\6
513 B 403
=t s—=—= =—(cm)
5 8 AD 40 AD

_— 1 1 2cosd
Bai 20. Ta dat BAC=a. Taco —+——= 2
AB AC AD

1 1 1

Midt khac—+—=——
AB AC AD
2cos— o a 1
Suy ra =——. Do d6 2cos—=1=cos— =— =cos 60°
AD AD 2 2 2
, 0 0
Do d6 E:cos60 =a=120
—————————— Toan Hoc So B6---------
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