CHUYEN PE SO NGUYEN TO

A/ TOM TAT LY THUYET CAN NHO
I/ PINH NGHIA

1) S6 nguyeén t6 1a nhitng so tu nhién 1én hon 1, chi ¢6 2 wdc s6 1a 1 va chinh no.

Vidu: 2, 3,5,711,13,17, 19....
2) Hop s6 1a s6 tw nhién 16n hon 1 va ¢6 nhiéu hon 2 udc.

Vidu:4c63udcso:1; 2 va 4nén 41a hop so.
3) Cac s6 0 va 1 khong phai la s6 nguyén t6 cting khong phai la hop s6
4) Bat ky s tu nhién 16n hon 1 nao cling ¢6 it nhat mot udce s6 nguyén t&

1I/ MOT SO PINH LY CO BAN

1) DBinh 1y 1: Day s6 nguyén t6 la day s6 vo han

Chitng minh:

Gia st chi c6 hitu han s6 nguyén t6 la p1; pz; p3 ....pn. trong d6 pn la s6 16n nhat
trong cic nguyén t8. Xét s6 N = p1 pz ...pn+1 thi N chia cho mbi s8 nguyén t& pi (i = 1, n)
déu du 1 )

Mat khac N 1a mot hop s6 (vi nd 16n hon s6 nguyén t6 1on nhat la pn) do dé N phai
c6 mot wdc nguyén to nao do, tiec la N chia hét cho mot trong cac sd pi (i= 1,n_). (2)

Ta thay (2) mau thuan (1).

Vay khong thé ¢ hitu han s6 nguyén to.

2/ Pinh 1y 2:

Moi s6 tw nhién 16n hon 1 déu phan tich dwoc ra thira s6 nguyén t6 moét cach duy
nhat (khong ké th tw cac thira sd).

Chitng minh:

* Moi s6 ty nhién 16n hon 1 déu phan tich duoc ra thira s6 nguyén to6:

That vay: gia stt diéu khang dinh trén la dting véi moi s8 m thoa man:  1<m<n

ta chitng minh diéu d6 dung véi moi n.

Néu n la nguyén t6, ta c6 diéu phai chitng minh.

Néu n la hgp s6, theo dinh nghia hop s6, ta cd: n=a.b (véia, b<n)

Theo gia thiét quy nap: a va b 1a tich cac thira s6 nho hon n nén n la tich cua cac
thira s6 nguyén to.

* Sue phan tich 1a duy nhat:

Gia st moi s6 m <n déu phan tich duoc ra thira s nguyén t6 mot cach duy nhat, ta
chitng minh diéu d6 dang véin:

Néu n la s6 nguyén td thi ta dwgc diéu phai chitng minh.
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Néu n la hop s6: Gia st ¢6 2 cach phan tich n ra thira s nguyén t6 khac nhau:
n=p.qr..

n=p.q.r...

Trong d6 p, q, r ..... va p, q, r'.... 1a cdc sO nguyén t6 va khong cd sd nguyén to nao
cting c6 mdt trong ca hai phan tich dé (vi néu co s6 thoa man diéu kién nhu trén, ta c6 thé
chia n cho s6 d¢6 lac d6 thuong sé nho hon n, thwong nay cé hai cach phan tich ra thira s6
nguyén t6 khac nhau, trai vdi gia thiét caa quy nap).

Khong mat tinh tong quat, ta c6 thé gia thiét p va p’ lan luot la cac s6 nguyén td nho
nhat trong phan tich th nhat va thi hai.

Vinlahop sdnénn >p?van>p?

Do p=p' =n>p.p

Xétm=n - pp < n duwoc phan tich ra thira s6 nguyén t& mot cach duy nhat ta
thay:

pln=pln-pphayp|m

pln=>pln-pphayplm

Khi phan tich ra thtra s& nguyén t6 ta co:

m=n-pp =pp -P.Q..véiP,Q € P (P latap cac sd nguyén t0)

= pp’ In=pp | pqr..=>p | qr..=p laudcnguyéntdctaqr..

(Cht y: ki hiéu p | nla n chia hét cho p)

Ma p’ khong trung véi mot thita s6 nao trong q,r ... (diéu nay trai véi gia thiét quy

nap la mot s6 nho hon n déu phan tich duoc ra thira s6 nguyén t6 mot cach duy nhat).

Vay, diéu gia st khong dung, n khong thé la hop s ma n phai la s6 nguyén to

(Pinh ly dugc chitng minh).
11/ CACH NHAN BIET SO NGUYEN TO
Cach 1:

Chia s6 d6 Ian luot cho cac nguyén td tir nhé dén 16n: 2; 3; 5; 7...

Néu c6 mot phép chia hét thi s6 d6 khong nguyeén to.

Néu thuee hién phép chia cho dén ltc thwong s6 nho hon s6 chia ma cac phép chia
van c6 s6 du thi s8 d6 1a nguyén t4.

Cach 2:

Mot s6 ¢ hai wde s6 16n hon 1 thi s6 d6 khong phai la s6 nguyén t6

Cho hoc sinh 16p 6 hoc cach nhan biét 1 s6 nguyén tS bang phwong phap thit nhat
(néu ¢ trén), la dwa vao dinh ly co ban:

Udc s6 nguyén t& nho nhat cia mot hop s6 a la mdt s6 khongvuot qua Ja.
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Dic biét: V6i day 25 sO nguyeén t6 nhé hon 100 nén cho hoc sinh hoc thudce, tuy
nhién khi gdp 1 s0 a nao do (a < 100) mudn xét xem a la s6 nguyén t6 hay hop s6 ta thw a
o chia hét cho 2; 3; 5; 7 hay khong.

+ Néu a chia hét cho 1 trong 4 s6 d6 thi a 1a hop s6.

+ Néu a khong chia hét cho s6 nao d6 trong 4 s6 trén thi a la s nguyén to.

Véi quy tac trén trong mot khoan thoi gian ngan, véi cac dau hiéu chia hét thi hoc
sinh nhanh chéng tra 1oi dugc mot s6 ¢d hai chit s6 nao dé la nguyén t6 hay khong.

Hé qua:

Néu c6 s6 a > 1 khong cé mot wdc s6 nguyén t6 nao tix 2 dén Ja thi a 1a mot
nguyeén to.

(Do hoc sinh 16p 6 chuwa hoc khai niém cén bac hai nén ta khong dat van dé ching
minh dinh ly nay, chi giéi thiéu dé€ hoc sinh tham khao.).

IV/ SO CAC UGC SO VA TONG CAC UGC SO cUA MOT SO

Gia str: A =prX. p2X2.....pn*"

Trong d6:pi € P ;xi € N;i=1,n

a) S8 cac ée s8 clia A tinh bang cong thitc:

T(A) = (x1 + 1)(x2 + 1) oo (X0 + 1)

Vi du: 30 = 2.3.5 thi T(A) = (1+ 1)1+ 1)(1 +1) = 8

That vay: U(30) ={1,2;3;5,6;10;15;30}

U(30) c6 8 phan tir

Ung dung: C6 thé khong can tim U(A) van biét A c¢6 bao nhiéu udc thong qua viéc

phan tich ra thira s6 nguyén to.
3100 ¢6 (100 + 1) =101 wdce
1000 000 000 = 10° = 2.59 ¢6 (9 + 1)(9+1) = 100 wdc

Y nghia: Khi thong bao cho hoc sinh cach tinh s6 wéc ctia mot s8 cac em c6 thé tin
treong khi viét mot tip hop wdc cia mot s§ va khang dinh da dt hay chua.
V/HAI SO NGUYEN TO CUNG NHAU

1- Hai s0 tu nhién duoc goi la nguyén t0 cung nhau khi va chi khi chiing cé wéc
chung 16n nhat (UCLN) bang 1.
a, b nguyén t6 cung nhau <=> (a,b) = 1 ab €N
2- Hai s0 tu nhién lién tiép ludn nguyén t6 cung nhau
3- Hai s0 nguyén t6 khac nhau ludn nguyén t6 cung nhau
4- Cac s0 a,b,c nguyén t6 cung nhau <=> (a,b,c) =1
5- a,b,c nguyén t6 sanh doi khi chung d6i mot nguyén t6 cung nhau

a,b,c nguyén td sanh doi <=> (a,b) = (b,c) = (c,a) =1
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VI/ MOT SO DINH LY DAC BIET
1) Pinh ly Dirichlet
Ton tai vo sO s6 nguyén td p c¢d dang:
p=ax+b  (x € N, a bla2s6nguyén té cung nhau).
Viéc chitng minh dinh ly nay kha phtc tap, trit mot sO treong hop dac biét.
Vi du: Chitng minh rang cé vo s6 s8 nguyén t& dang: 2x — 1; 3x — 1; 4x + 3; 6x + 5.....
2) DBinh ly Tchebycheff
Trong khoang tir s6 ty nhién n dén sd ty nhién 2n c6 it nhat mot sd nguyén t6
(n>2).
3) DBinh ly Vinogradow
Moi s6 1é 16n hon 3° 1a tong cta 3 s6 nguyén to.
Cac dinh 1y 2 va 3 ta c6 thé gidi thiéu cho hoc sinh tham khao va st dung dé giai
mot so bai tap.
B/ CAC DANG TOAN THUONG GAP
Dang 1: S&t dung phuwong phap phan tich thanh thira s6

Bail. Tim ne N* dé:
a) n*+4 la sd nguyén to. b) n** +n*” +1 1a s6 nguyén t0.

Loi giai
a) Ta co:
n*+4=(n"+4n” +4)—4n’ = (n* + 2)> —(2n)* = (n° + 2+ 2n)(n* + 2—-2n).
Néu n*+41a s8 nguyén t8 thi n’-2n+2=1<n=1.
Thtr lai: V&i n=1 thi n*+4=5 1a s8 nguyén t6.
Vay, v6i n=1 thi n* +4 1a sd nguyén t6.
b) Ta c6: N™® +n® % +1=n’("" - +n(n*® -1) +n’ +n+1.
Véi n>1 ta co:
n** —1in*~1in? +n+1 do d6: (n*™ +n*” +1)i(n’ +n+1) va n’+n+1>1 nén

2% +11a hop s6.

n2003 +n
Véin=1thi n”®+n*?+1=3 la sd nguyeén to.
Bai 2.
a) Tim cac s6 nguyén s6 p dé€ 2p + 1 1a 1ap phuong ctia mét sd ty nhién.
b) Tim cac s6 nguyén t6 p d€ 13p + 1 1a lap phuong ctia mot s6 twe nhén.
Loi giai
a) Gia st 2p+1=n° (véi neN);nlasd1énén n=2m+1 (meN), khi d6

2p+1=(2m+1)° = p=m(4m*+6m+3).
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Viplasonguyéntdnén m=1, suyra p=13.

Thtr lai: 2p+1=2.13+1=27=3. Vay p=13.

b) Gid st 13p+1=n°’(neN);p>2 suyra Nn>3.
13p+1=n*=13p=(n-1)(n*+n+1).
13 va p la cac s8 nguyén t6, ma n—1>1 van®+n+1>1 nén n-1=13 hoic
n-1=p.
i) Véi n—1=13 thi n=14, khi d6 13p=n®-1=2743= p =211 la s6 nguyén 5.
ii) Véi n—1=p thi n® +n+1=13=n=3, khi d6 p=2 la sd nguyén t6.
Vay v6i p =2, p =211 thi 13p + 1 la 1ap phuong ctia mét s6 tw nhién.
Bai 3. Tim t4t ca cac s6 nguyén t& X,y thoa X*-2y” =1.
Loi giai
Gia str X,y 1a cac s6 nguyén t6 thoa: x° —2y?=1. Khi d6 x* =2y’ +1, suy ra x la s6 1&, dat
x=2n+1(ne N*). Ta cé:
(2n+1)° =2y* +1=4n° +4n+1=2y* +1= y* =2(n* +n)i2 = yi2, ma y la s6 nguyén t& nén
suy ray = 2.
Véiy=2,taco X=3.
Thtrlai v6i x=3,y=2thi x> -2y’ =1.
Bai 4. Tim cac sO nguyén td X, Y,z thoa x’ +1=1z.
Loi giai
Vi X,y la cacsO nguyén tdnén x>2,y>2 suyra Z=5.
zla s nguyén t&1é nén X’ 1a s8 chan suy rax =2, khi d6 z=2" +1.
Néu y 1é thi 2’ +1:3, suy ra z:3, vo li. Vay y chén, suy ray=2,z=2°+1=5.
Vay céc sd nguyén t6 can tim la x=y=2;z=5.
Bai 5. Chting minh rang néu 1+2" +4"(ne N*) 1a s6 nguyén t& thi n=3“ véi ke N,
Loi giai
DPit n=3"m véi (m, 3)=1. Gia st m > 1, xét hai treong hop:
i) m=3l+1(I e N*). Ta co:
142" +4" =14 27 G L 476G -1 4 @) 4 gD (y6i a=2"), suy ra
1+2"+4" =a(@® -)+a’*(@” -Y+a*+a+lia’ +a+1=1+2"+4" la hop sd.
ii) m=3l+2,( e N*). Ta c6:

Kk k .
142" +4" =14 20 CD 4 7000 =14 g2 4 g% = (@ 1) +a’(@” -] +a’ +a+lia’ +a+l

(véi a=2%).
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Suy ra 1+ 2" +4" la hop so.

Vay m=1 titclan =3~
Bai 6. Cho a,b,c,d e N* thoa man ab=cd. Chting minh rang: A=a"+b"+c"+d" 1a hop
sO véimoi ne N,

Loi giai
Gia st (a, b) =t, khi d6: a=ta,c=tc, vdi (a,c)=1.

Ttr ab = cd suy ra ab=cd = b:c,.

Dat: b=kc, =>cd=a ke, = d=Kka.
Khi d6: A=a"+b"+c"+d" =t"a +k"c] +t"c] +k"a = (k" +t")(& +¢/).
Vi k,t,a,¢c, € N* nén A la hgp s6.

Bai 7. Tim tat ca cac s6 nguyén t6 p dang @—1 (nx1).
Loi giai
Ta co:
o- n(n+1)_1_ n+n-2 (n-1)(n+2)
2 2 2 '

Véin=2tacop=2.

Véin=3tacop=>5.

Véin >3 thi n; >1van+2>1nén p la hgp s6.

Vay véin =2, n=3 thi p la s6 nguyén t5 c6 dang W—l.

o N N x g e o b . . A x
Bai 8. Tim tat ca cac s0 c6 hai chit s6 ab sao cho W la s6 nguyeén to.

Loi giai

Vi a,b c6 vai tro nhu nhau nén c6 thé gia st a > b.

=P voip la s6 nguyén t6.*

Suyra abip=aip hoac bip=pe{2,357}.

Tt * ta cd ab=ap - bp (a+ p)(p-b) = p? Q{Ztszlpz Q{Z: Ez_—lp
Véip=2taco ab=21 hodc ab=12.

Véip=3taco ab=62 hosic ab=26.
Véip=5vap="7tacodaco?2chirso (loai).

Vay cac s§ ab can tim 12 12, 21, 26, 62.
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Bai 9. Cho cac s8 p=b°+a,gq=a’+c,r=c*+b 1a cic s8 nguyén t5 (a,b,ce N*). Ching
minh rang ba s& p, q, r ¢ it nhat hai s§ bang nhau.
Loi gidi
Ba sO a, b, ¢ ¢d it nhat hai s6 cd cung tinh chin lé.
Gia st a,b cing chdn hodc cling 1¢, khi d6 p =b° +ala sd nguyén td chén, vay p = 2.
Tedésuyraa=b=1,q=c+1lvar=c+1lnénq=r.
Bai 10.
a) Cho 2* +1 1a s8 nguyén t3 (goi 1a nguyén t& Fermat). Chtrng minh rang k = 0 hodc k =
2n,
b) Cho 2%- 1 1a s8 nguyén t3 (goi 1a s6 nguyén t& Mersenne). Chting minh rang k 1a s&
nguyeén to.
Loi giai

a) Gia stt phan chiing rang k >0 va k # 2" v6i moi n.
Khidok=2".t, véitlé>1. Vo li v6i2k+1 la sd nguyén to.
Vay k=0 hoac k =2~

b) Gidstk=m.tvéil<t<k, khidé2+-1= (Zt)m ~1:2'-1=> 2" -1 la hgp s6 vi 2t-1 >1.

Vay k 1a s6 nguyén to.
Dang 2: Tim sd nguyén t6 p théa man diéu kién cho trudc
* Trong n s6' nguyén lién tiép c6 mgt va chi mot so chia hét cho n.

* Moi s6'nguyén to'lon hon 2 déu c6 dang 4n+1.

* Moi s0'nguyén t0'lon hon 3 déu cé dang 3k £1 .

* Moi s6'nguyén t6'lon hon 3 déu cé dang 6n+1,
Chitng minh:
*) Goi m la s6"nguyén t6'lén hon 2
MOi s6 tw nhién khi chia cho 4 ¢6 mgt trong cdc s6'dw 0, 1, 2, 3 do dé moi s6 tw nhién déu viét dwoc
dwoidang 4n—-1;4n;4n+1;4n+2.
Do m la s6'nguyén t6'lon hon 2 nén khong thé' chia hét 2 do d6 m khong cé dang 4n va 4n + 2.
Vay moi s6' nguyén t6'lom hon 2 dé c6 dang: 4n+1
Khéng phai moi s6'co dang 4n+1 déu la s6' nguyén 6.
Ching han 4.4 - 1= 15 khong la s6 nguyén to'.
*) Goi m la s6"nguyén t6'lén hon 3
Moi 56"ty nhién khi chia cho 6 cé mot trong cdc s6'dw 0, 1, 2, 3, 4, 5 do d6 moi s0 tw nhién déu viét
dwoc dwdidang én—1;,6n;6n+1;,6n+2;6n+3
Do m la s6'nguyén t6'lon hon 3 nén khong thé’ chia hét 2 va 3 do dé m khong cé dang 4n va 6n; 6n
+2; 6n+ 3.
Vay moi s6' nguyén to'lon hon 3 dé cé dang: 6n+1.
Khong phai moi s6'co dang 6n+1(ne N) déu la s6' nguyén t.

Ching han 6.4 +1 =25 khong la s0 nguyén to.
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Vi du minh hoa:
Bai 1. Tim tat ca s6 nguyén t6 p sao cho p +2 va p +4 la cac sd nguyén to.
Loi giai
Voip=2thip+2=4vap+4=6khong phaila cic s6 nguyén to.
Voip=3thip+2=5vap+4=7lacacsdnguyén to.
Vi p >3 ma p 1a s6 nguyén td nén p c6 dang p =3k +1 hodc p =3k + 2
Néu p=3k+1 thi p+2=3k+3=3(3k+1):3 khong la sd nguyén td.
Néu p =3k +2 thi p+4=3k+6=3(3k+2):3 khong la s6 nguyén t3;
Vay voi p=3 thip+2 vap+4lasonguyén to.
Bai 2. Tim tat ca s6 nguyén t6 p sao chop+2; p+6; p+8; p + 14 déu la cac sd nguyén to.
Loi giai
Truwong hop 1: p = 5k ma p nguyén t6 nén p =5, khi do:
p+2=7 p+6=11,p+8=13;p+14=19 déu la s6 nguyén t6 nén p =5 thoa man bai toan.
Truong hop 2: p =5k + 1, khi d6: p + 14 =5k + 15=5(k + 3) cd it nhédt la 3 wéc 1, 5 va (p + 14)
nén p + 14 khong la s6 nguyén t6.
Vay véi p = 5k + 1 khong c6 ton tai p nguyén to thoa man bai toan
Truong hop 3: p =5k + 2, khi d6: p + 8 =5k + 10 = 5(k + 2) 6 it nhat 1a 3 wéc 1, 5 va (p + 10)
nén p +10 khong la sd nguyén to.
Vay véi p = 5k + 2 khong c6 ton tai p nguyén to thoa man bai toan
Truong hop 4: p =5k + 3, khi d6: p + 2 =5k + 5 =5(k + 1) c6 it nhat 1a 3 wéc 1, 5 va (p + 2)
nén p + 2 khong la sd nguyén to.
Vay véi p = 5k + 3 khong c6 ton tai p nguyén to thoa man bai toan
Truong hop 5: p =5k + 4, khi d6: p + 6 = 5k + 10 = 5(k + 2) c6 it nhat 1a 3 uwéc 1, 5 va (p + 6)
nén p + 6 khong la s6 nguyén to.
Vay vdi p = 5k + 4 khong ¢6 ton tai p nguyén td thdéa man bai toan
Do d6 p=>51as0 can tim.
Bai 3. Tim tat ca cac gia tri cia s6 nguyén to p d& p +10 va p + 14 cling la s6 nguyén to.
Loi giai

+Néup=3 thip+10=3+10=13

vap+14=3+14=17 déu la cac s6 nguyeén t6

= p=3lagia tri can tim

+ Néu p # 3 => p c6 dang 3k + 1 hoac dang 3k - 1

*Néup=3k+1thip+14=3k+15=3(k+5):3

*Néup=3k-1thip+10=3k+9 =3(k+3):3

Vay néu p # 3 thi hodc p + 10 hodc p + 14 1a hop s6.
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=>khong théa man bai ra
Do d¢: gid tri duy nhat can tim la: p=3
Bai 4. Tim k dé€ trong 10 s6 tw nhién lién tiép: k + 1; k +2; k +3;....k +10 ¢4 nhiéu sd nguyén
t0 nhat.
Loi giai

Gido vién huéng dan hoc sinh rat ra nhan xét: Trong 10 sO tu nhién lién tiép, cd 5 sd
chén va 5 s8 1é (trong 5 s6 chdn, c6 nhiéu nhat 1a 1 s8 nguyén t& chdn 1a 2).

Vay: trong 10 s6 d6 c6 khong qua 6 sd nguyén to

+) Néu k=0, ttr 1 dén 10 c6 4 s6 nguyeén to: 2; 3; 5; 7

+)Néu k=1 t&r 2 dén 11 ¢6 5 sd nguyén to: 2; 3; 5, 7; 11

+) Néu k > 1 tir 3 tr¢ di khong ¢6 s6 chan nao la s& nguyén t8. Trong 5 sd 1¢ lién ti€p,
it nhat c6 1 s6 la bdi sd cua 3 do d96, day sé co it hon 5 sd nguyén t6.

Vay véi k =1, day tuwong tng: k + 1; k +2, ..... k + 10 ¢ chita nhiéu s6 nguyén t6

nhat (5 s6 nguyén t0).

Bai 6. Tim tdt ca cac s6 nguyeén t6 p dé: 2¢ + p? cling la s6 nguyén t&
Giai:
Xét hai treong hop:

+) p<3<=p=2hodcp=3
*Neup=2=>20+p2=22+22=8¢ P
*Néup=3=>2+p2=22432=17 € P
+) p>3taco2r+p=(p>-1)+(2r+1)
viple=>  (2¢+1):3
vap*-1=(p+1)(p-1):3=>20+p2gP
Vay: Cé duy nhat 1 gia tri p = 3 thoa méan bai ra.
Bai 7. Tim tdt ca cac s6 nguyén t6 sao cho: pl2r+1
Giai:
Vip €P pl2P+l1=>p=#2
Tathdy:2 lpvi p#2
Theo dinh ly Fermatm ta co: p | 2P1 -1
Map | 20 +1 (gid thist) =>pl2201-2+3
=>p | 2(2r1-1)+3
=>p |3 [vip | 2021 -1)]
Vip €P pl3=>p=3
Vay: p =3 1a s6 nguyén t6 thoa man tinh chatp | 2¢ +1
Tom lai:
Cac bai toan thudc dang: Tim s nguyén t6 thoa méan cac diéu kién cho trudc 1a loai

toan khong kho trong céc loai bai toan vé s6 nguyén td. Qua loai toan nay, gido vién can cd
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gang trang bi cho hoc sinh nhitng kién thitc co ban nhat vé s nguyén t6. Dac biét gitip hoc
sinh nam vitng: S8 2 1a s8 nguyén t& chdn duy nhat va nho nhat cua tap s6 nguyén t6.

Dua vao cach viét s6 nguyén t6 dang a.x + b, (a,b) = 1. Ren ky nang xét cac truong
hop cé thé xay ra, phuong phap loai trit cac treong hop dan dén diéu vo ly.

Qua dang toan nay, gido vién can gitp hoc sinh ren luyén tw duy 16gic, tw duy sang
tao, tinh tich circ cht dong khi lam bai.
Dang 3: Nhén biét s6 nguyén td, s phan b6 s6 nguyén td trong N
Bai 1: Cho p la s6 nguyén t6 va mdt trong 2 sO 8p +1 va 8p-1 la 2 s6 nguyén t0, hdi s6 thiz 3
(ngoai 2 s6 nguyén tG, s6 con lai) la s6 nguyén td hay hop s6?

Loi giai
Voip=3taco8p+1=25lahop sd, con 8p -1 la s6 nguyén to.
Véi p#3 tacod8p-1, 8p, 8p +11a3 sd nguyén td lién ti€p nén c6 mot s6 chia hét cho 3.
Do p la nguyén t6 khéc 3 nén 8p khong chia hét cho 3,do d6 8p -1 hodc 8p+1 c6 mot sd chia hét
cho 3.
Vay s0 tht 3 ngoai hai s6 nguyén t6 la hop so.
Bai 2: Néu p <5 va 2p + 1 la cac s6 nguyén t6 thi 4p + 1 la nguyén t6 hay hop s6
Loi giai

Xét 3 sO tu nhién lién tiép: 4p; 4p + 1; 4p + 2

Trong 3 s6 4t c6 mdt s6 1a bdi cta 3

Ma p<5, p € P nén p ¢6 dang 3k + 1 hodc 3k + 2

+)Néup=3k+1thi4p=4Bk+1)<=>3Q+1=p

vadp+2=43k+1)+2<=>p=3.Q:3

Mit khac: 4p +2 = 2(2p +1) = 3Q nén 3Q : 3

=>2(2p+1):3; (2,3)=1nén 2p + 1) : 3 (trai véi gia thiét)

+) Néu p ¢ dang 3k +2

Khi d64p+1=4Bk+2)+1=12k+9=3M:3

=>4p +11a hop s6

Vay trong 3 sd 4t c6 mot sd 1a bdi cta 3.
Bai 3: Trong day sO tw nhién c6 thé tim dwgc 1997 s6 lién ti€p nhau ma khong cé s6

nguyén t6 nao hay khong ?

Giai:

Chon day s6:

a1 =1998! + 2 ar:?2
a2=1998! + 3 a:3
as=1998! + 4 as: 4

aier = 1998! + 1998 aigr : 1998
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Nhu vay: Day s6 ai; az; as; ..... a7 gom c6 1997 s6 tw nhién lién ti€p khong c6 sd nao
la s6 nguyén to.

Bai tap s6 4: (Tong quat bai sd 3)

Chting minh rang c6 thé tim duwoc 1 day s8 gom n s6 ty nhién lién tiép (n > 1) khong
c6 sO nao 1a sd nguyén to ?
Giai:

Ta chon day s6 sau:

ai= (n+1)! +2 a2 a>2nénai la hop sd
a2=(n+1)! +3 az3 a3 nén az1a hop s6
an = (n+1)! + (n+1) an:(n+1) an > (n+1) nén an 1a hop sd

Day ai; a; as; .....an 0 trén sé gom 6 n sO ty nhién lién ti€p trong dé khong co s6 nao
la s6 nguyén t6 ca.

Tom lai:

Qua cac bai toan dang: Nhan biét sd nguyén td, su phan biét sd nguyén t6 trong N,
gido vién can giup cho hoc sinh hudng suy nghi dé chiing minh hodc xem xét 1 sd c6 phai
la s6 nguyén t6 hay khong? Thong qua viéc phan tich va xét hét kha nang c6 thé xay ra,
ddi chiéu vdi gia thiét va cac dinh ly, hé qua da hoc dé€ loai bo cac truong hgp mau thuan.
Bai tap s6 3 la bai tap tong quat vé sy phan bd s6 nguyén td trong N. Qua do gido vién cho
hoc sinh thdy duoc si phan bd s6 nguyén t6 “cang vé sau cang roi rac”. Tt bai toan nay c6
thé phat trién thanh bai toan khac gitup hoc sinh ren luyén ky xao chitng minh.

Dang 4: Cac bai todn chirng minh s6 nguyén to
Bai 1: Chting minh rang: (p — 1)! chia hét cho p néu p 1a hop s6, khong chia hét cho p néu
p la s& nguyén to.

Loi giai

+) Xét truong hop p 1a hop so:

Néu p la hop s6 thi p 1a tich cta cac thira s6 nguyén t6 nhd hon p va s6 mi cac
luy thtra nay khong thé 16n hon s& mii cta chinh cac luy thira &y chia trong (p - 1)!.

Vay: (p-1):p (diéu phai chttng minh).

+) Xét treong hop p la s6 nguyén to:

Vip € P =>pnguyén t6 cung nhau v6i moi thita s6 cta (p —1)!

(vip>p-1=(p-1)!:p (diéu phai chitng minh)

Bai2: Cho2™-11a s nguyén td
Chting minh rang m ciing 1a s6 nguyén t3.
Loi giai

Giastmlahopsd=m=p.q(p,q € N;p, q>1)
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Khi do:2m—-1=2pra - 1 =(2r)a-1
= (2p = 1)(2p@D) + 2P@2) + ..+ 1)

vip >1 (gia thiét) cta diéu gia skt =>2r-1>1

Vva (2P + 206D 4+ 1)> 1

Dan dén 2™ - 11a hop s6 (trdi voi gia thiét 2= ~1 1a s8 nguyén t3)

= Diéu gia sit khong thé xay ra.

Vay m phai la s6 nguyén t6 (diéu phai chiing minh)
Bai 3: Chitng minh rang: moi wéc nguyén t& ctia 1994! — 1 déu 16n hon 1994,
Loi giai

Goi p la wéc sO nguyén to ctia (1994! - 1)

Gia st p<1994=>1994.1993 ....3.2.1:p

<=>1994!: p

ma (1994!-1):p=>1:p (vOly)

Vay: p khong thé nhé hon hodc bang 1994 hay p > 1994 (diéu phai chitng minh).
Bai 4: Chting minh rang: n > 2 thi gitta n va n! ¢ it nhat 1 s6 nguyén t3 (tr d6 suy ra c6 v
s0 sO nguyén t0).

Loi giai

Vin>2nénk=n!-1>1, do do6 k ¢ it nhat mot wdc s6 nguyén to p.

Ta chting minh p >n .That vay: néu p <nthin!:p

Ma k:p=(n!-1):p.Dodo: 1:p (voly)

Vay: p>n=n<p<n!-1<n! (Diéu phai chitng minh)

Dang 5: C6 bao nhiéu s6 nguyén t6 dangax+b (véix € N va(ab)=1)

Bai 1: Chiing minh rang: c6 vo sd s8 nguyén t3 ¢6 dang: 3x — 1 (x<1)
Giai:
Gido vién goi y va hudng dan hoc sinh d€ hoc sinh ty rtt ra nhan xét:
Moi s6 tw nhién khong nho hon 2 ¢6 1 trong 3 dang: 3x; 3x + 1; hodc 3x - 1
+) Nhitng s6 ¢6 dang 3x (véi x>1) 1a hop s6
+) Xét 2 s6 c6 dang 3x + 1: d6 lasd 3m + 1) vasd (3n +1)
Xéttich Bm+1)3n+1)=9mn+3m+3n+1=3x+1

Tich trén c6 dang: 3x + 1

+) Lay mot s6 nguyén td p ¢b dang 3x — 1 (v6i p bat ky € P) ta lap tich caa p vdi
tat ca cac sd nguyén t6 nho hon p roi trir di ta co:

M=2357..p-1=3257..p)-1

M c6 dang: 3x - 1

C6 2 kha nang xay ra:

THCS.TOANMATH.com TAI LIEU TOAN HOC




* Kha nang 1: M 1a s6 nguyén t0, d6 la sd nguyén t5 c6 dang (3x — 1) > p, bai toan
dwoc chitng minh.

* Kha ndng 2: M la hop s6: Ta chia M cho 2, 3, 5,....,p déu ton tai mot s6 du khac 0
nén cac wdc nguyén td ctia M déu 16n hon p, trong cac wéc nay khong cé sd nao c6 dang 3x
+1 (da chting minh trén). Do d6 it nhdt mét trong cac wéc nguyén t6 cia M phai ¢6 dang
3x (hop s0) hoac 3x + 1....

Vi néu tdt ca c6 dang 3x + 1 thi M phai c6 dang 3x + 1 (da chitng minh trén). Do d¢,
it nhat mot trong cac wdc nguyén td ctia M phai c6 dang 3x + 1, wdc nay ludén 1én hon p.

Vay: C6 v0 s sO nguyén to dang 3x — 1.

Bai 2: Chiing minh rang: C6 v6 s6 s6 nguyeén t& c6 dang 4x + 3 (véix € N)

Nhan xét: Cac s6 nguyén t5 1é khong thé c6 dang 4x hodc 4x + 2.

Vay ching chi c6 thé ton tai dudi 1 trong 2 dang

4x + 1 hodc 4x + 3. Ta sé chiing minh ¢6 v s sd nguyén td ¢6 dang 4x + 3

+) Xét tich2s6 cd dang 4x +11a:4m+1va4n+1

Ta cé: (4dm +1)(4n + 1) =16mn+4m+4n+1

=4(4mn+m+n)+1
= 4x +1

Vay tich cua 2 s c6 dang 4x + 1 1a mdt s6 cling c6 dang 4x + 1

+) Lay mot s6 nguyén t6 p bat ky c¢d dang 4x — 1, ta 1ap tich ctia 4p véi tat ca cac sd
nguyén t6 nho hon p roi trir di 1 khi d6 ta co:

N=4(2357...p)-1 C6 2 kha nang xay ra

* Kha ndng 1:

N la s6 nguyén t6 => N =4(2.3.5.7....p) — 1 c6 dang 4x — 1.

Nhitng s6 nguyeén t6 c6 dang 4x — 1 cling chinh la nhiing s6 c6 dang 4x + 3 va bai
toan duoc ching minh.

* Kha ndng 2:

N lahopso: ChiaN cho2, 3,5, ..., p déu duoc cac s6 du khac 0 => cadc wdc nguyén
t6 caa N déu 16n hon p.

Céc wdc nay khong thé c6 dang 4x hodc 4x + 2 (vi d6 la hop s6). Ciing khong thé
toan cac wéc ¢d dang 4x + 1 vi nhu thé N phai ¢6 dang 4x + 1. Nhu vay trong cac wdc
nguyén td cua N ¢é it nhat 1 wdc ¢d dang 4x — 1 ma wdc nay hién nhién 16n hon p.

Vay: C6 v s0 s6 nguyén t6 ¢ dang 4x—1 (hay c6 dang 4x + 3).

Trén day la md s6 bai toan chiing minh don gian ctia dinh ly Dirielet: C6 v6 s0 s6
nguyén td dang ax +b trong d6 x€ N ,(a,b)=1.

Muc dich ctia nhitng bai tap dang nay la: Ren luyén cho hoc sinh kha nang tw

duy sau, cach xem xét va két luan vé mot van dé toan hoc bang cach xét hét cac kha
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nang co6 thé xay ra, dung nhitng van dé toan hoc da dwoc chitng minh hoac da biét dé
loai bo cac kha nang khong thé xay ra va lam sang t6 van dé can phai chiing minh.

Sau khi thanh thao dang toan nay hoc sinh 16p 6 hiéu dwgc sau sdc hon, c6 khai
niém rd rang hon. Thé nao 1a chtiing minh mot van dé toan hoc va c¢é duoc nhiing ky nang,
ky xao chitng minh can thiét.

Tuy nhién, véi dang toan nay, ¢ trinh d¢ 16p 6 cac em chi giai quyét duoc
nhitng bai tap & dang don gian. Viéc chitng cac bai tap 6 dang nay phtc tap hon, cac
em sé gdp nhiéu khé khin cht khong thé dé dang chiing minh dwoc. Chiang han
chttng minh vé v6 so s6 nguyeén t6 c6 dang 4a+1; 6a+1...... phttc tap hon nhiéu.
Dang 6: Ap dung dinh ly Fermat

p la so'nguyén to'va (a,p) =1 thi a** =1 (mod p).
Bai 1. Nha toan hoc Phdp Fermat da dwa ra cong thitc 2*" +1 d€ tim cdc s6 nguyeén t8 voi
moi n ti nhién.

1. Hay tinh gia tri ctia cong thitc nay khin = 4.

2. Véi gid tri nay hay ching to ba tinh chat sau:

a) Tong hai chit s6 dau va cudi bang tdng cac chit s6 con lai.

b) Tong binh phuwong cac chit s6 1a s6 chinh phuwong.

c) Hiéu gitra tong cac binh phuong cua hai chit s6 dau va cudi véi tong cac binh
phuong ctia cac chir s8 con lai bang tong cac chit s3 ctia s8 do.

Loi giai
1. Ta thay n= 4 vao cong thitc Fermat va duwoc:
2% +1=65537 1 s nguyén 3.
2.58 nguyén t6 65537 o ba tinh chat sau:

a) Tong hai chit s§ dau va cudi 6+7=13 dung bang tong ba chir s& con lai 5+5+3=13.
b) Tong binh phuong cac chit s8 6 +5° +5° +3° +7° =36+25+25+9+49=144 1a s3 chinh
phuong vi 144 =122,
¢) Téng binh phuong cta hai chit s§ dau va cudi la 6° +7? =36+49=85. Tong cac binh
phuong ctia ba chit s8 con lai la  5°+5°+3°=25+25+9=59. Tong cac chit s6 do la
6+5+5+3+7=26.
Ta nhan thay rang 85—-59=26. Hiéu nay ding bang tong cac chit s8 ctia s§ nguyén t&
65537.

10n+1 34n+1

Bai 2. Cho ne N7, chting minh re‘ing: 227 419 va 2
Loi giai

24 n+l

+3"  +5 la nhitng hop so.

Ta chitng minh 22 +19:23 véimoi N>1.

Ta c6: 2" =1(mod1) = 2" = 2(mod 22) = 2'"*" = 22k + 2, (k € N).
Theo dinh ly Fermat:

22 =1(mod 23) = 22" = 222 = 4(mod 23) = 27" +19:23.
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Mit khac: 22 +19> 23 nén 22" +19 1a hop s6 v6imoi ne N *,
Ta chitng minh: 2% 437" 45111 véi moi N>1.
Bai 3. Tim s0 nguyén td p sao cho 2° +1 chia hét cho p.
Loi giai
Gia st p 1a s6 nguyén td thoa: 2° +1:p.
Theo dinh ly Fermat:
2P =2(mod p)=> 2" -2:p=>3=(2"+1)-(2"-2):p= p=3.
Véip=3tacd 2° +1=9:3.
Bai 4. Cho p 1a s6 nguyén t8 16n hon 2. Chting minh rang cé vd s3 s6 tu nhién n thoa
n.2" —1 chia hét cho p.
Loi giai
Ta co 2P =1(mod p), ta tim n=(p—1)sao cho n.2" =1(mod p).
Ta cé: n.2" =m(p-1).2""(mod p) = n.2"=-m=1(mod p) => m=kp -1, (k € N*).
Vay, v6i n=(kp-1)(p-1),(k e N*) thi n.2"-1ip.
Bai 5. Cho p la s6 nguyén t5, chitng minh rang s§ 2° -1 chi c6 wéc nguyén t& c6 dang
2pk +1.
Loi giai
Goi q la wdc nguyén t6 cua 2° -1 thi q 1é, nén theo dinh li Fermat:
20 -1ig=> (2P -1,27" 1) =29 —1ig= q-1ip, vinéu (q-1 p) =1 thiliq, vo i
M3t khéc: g-1 chdn suy ra q—1:2p = q=2pk +1.

p

Bai 6. Gia st p la sO nguyén t6 1é va m= . Chttng minh rdng m 1a hop s6 1é khong
chia hét cho 3 va 3"* =1 (mod m).
Loi giai
3F-13"+1 -1 341

Ta co: m= . =ab,vdi a= b
2 4 2 4

a, b déu la cac sd nguyén 16n hon 1 nén m 1a hop so.

Ma m=9""+97%+..+9+1 va p 1é nén m 1é va m=1 (mod 3).Theo dinh li Fermat, ta
c6: 9 -9:p.
9" -9

(p,8)=1nén 9°-9:8p=> m-1: p.

p_
Vi m-1:2 nén m-1:2p, khi d6: 3" -1:3%" —lf%=m. (dpcm).

Bai 7. Chting minh rang day s6 2003+ 23k véi k =1,2,3....chtta vo han s6 1a lily thira ctia
cung mot s6 nguyén to.
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Loi giai
Gia st ton tai sd nguyén td p sao cho:
2003+23k=p"  (1).

Trong d6 k,n la cac s6 nguyén duong nao do.

Ttr (1) dé thdy p khong chia hét cho s& nguyén t3 23 nén (p,23)=1.

Theo dinh 1i nhé Fermat thi p? -1 chia hét cho 23, suy ra p** c6 dang p**' =1+23s
v6i moi s6 nguyén duong t.

T d6 p?™" =(1+23s)p" = p" +23s.p" = 2003+ 23k +23s.p" hay

2" = 2003+ 23(k +sp") v6i moi t=1,2,3,....
Bai toan duoc giai day du khi ta chi ra sy ton tai s6 nguyén t& p thda man (1). Ching han:

V6i p=2 c6 2003+ 23.91=2%

Véi p=3 c6 2003+23.8=3"

Véi p=4 ¢4 2003+23.6 = 2141

Vi p=2003 thi ton tai k theo dinh 1i Fermat thoa man 2003+ 23k = 2003%.

Bai 8. Tim bay s8 nguyén t8 sao cho tich ctia chting bang tdng cac liiy thita bac sdu ctia bay
s do.

Loi giai
Goi bay s6 nguyén té1a p, P, Pig ..o P

Taco: PP PPuPsPsPy = P+ P; + Pg+ i+ Ps+Pe+P7 ()

Ta can dung dinh li Fecma nho:

Néu s6 nguyén a khong chia hét cho 7 thi a°® =1(mod7).(C6 thé chiing minh truc tiép
diéu nay thong qua viéc bién d6i a° = (7k +r)* =7t +1 v4i moi r théa man 0<r<6, con t1a
sO nguyeén)

Gia st trong bay sd nguyén t3 trén co k s6 khac 7 véi 0<k <7,
. Néu k =0, nghia 1a ca bay s& trén déu bang 7 thi ta ¢6
7.7.7.7.7.7.7=7% 7% 7% 75+ 76+ 7%+ 7° thoa man (*).
. Néu k =7, nghia la ca bay s0 trén déu la s6 nguyén t6 khac 7 thi v€ trai cta (*) khong chia
hét cho 7, con vé phai cua (*) chia hét cho 7 theo dinh 1i Fec ma, diéu nay khong xay ra.
Vay chi xay ra bay s0 nguyén t6 trong dé bai déula?7.
Dang 7. Cac bai toan vé hai s6 nguyén t6 ciing nhau
Hai s6'a va b nguyén t6'cing nhau ~ UCLN(a, b) = 1.
Cdc sb'a, b, c nguyén t6'cung nhau UCLN(a, b, c)=1.

Cdc sb'a, b, ¢ doi mot nguyén to ciung nhau
UCLN(a, b) = UCLN(b, c) = UCLN(c, a) =1.
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Bai 1. Chttng minh r?mg:

a)Hai s6 tu nhién lién ti€p (khdac 0) 1a hai s6 nguyén t6 cung nhau.
b) Hai s0 ¢ lién ti€p la hai s6 nguyén t6 cung nhau.

¢)2n+1va3n+1(neN)lahaisd nhuyén t6 cung nhau.

Loi giai
a) Goi d euc(n,n+1)= (n+1)—nid =>1id = d =1. Vay n van + 1 1a hai s0 nguyén t&
cung nhau.
b) Goi d euc(2n+1,2n+3) = (2n+3)-(2n+1)id = 2:d =>d €{1,2}. Nhung d #2 vid
la wéc ctia s6 1é. Vay d=1.
¢) Goi d eUC(2n+1,3n+1) = 3(2n+1) - 2(3n+1)id = 1:d = 1id .

Bai 2. Cho a va b 1a hai s6 nguyén t3 cing nhau. Chitng minh rang hai s6 sau ciing 1a hai

sO nguyén to cung nhau.

a)avaa-+b. b)a?vaa+b. c)abvaa+b.

Loi giai
a) Goi deUC(a,a+b)=(a+b)—aid =bid. Talai 6 aid nén d eUC(a,b), do d6
d =1(vi a, b la hai s& nguyén td cung nhau).
Vay (a,a+b)=1.
b) Gia st a? va a + b cung chia hét cho s6 nguyén t0 d thi a chia hét cho d, do d6 b
cting chia hét cho d. Nhw vay a va b cung chia hét cho s6 nguyén t6 d, trai véi gia
thiét (a, b) = 1.
Vay a? va a + b la hai s6 nguyén td cung nhau.
c) Gia st ab va a + b cung chia hét cho s6 nguyén t6 d. Ton tai mot trong hai thira s&
avab, chfmg han 1a a, chia hét cho d, do d6 b ciing chia hét cho d, trai vdi (a, b) = 1.
Vay (ab, a+b) =1.

Bai 3. Tim s0 ty nhién n d€ cac s6 9n + 24 va 3n + 4 la cac s6 nguyén t6 cung nhau.

Loi giai

Gia st 9n + 24 va 3n + 4 cung chia hét cho s6 nguyén t6 d thi

9n+24-3(3n+4)id =12:d =d €{2;3}.
biéu kién d€ (9n +24, 3n+4)=11a d #2 va d #3. Hién nhién d # 3 vi 3n + 4 khong
chia hét cho 3. Mu6n d #2 phai c6 it nhat mét trong hai s& 9n + 4 va 3n + 4 khong
chia hét cho 2. Ta thay:
In+4lasdlé ©9nlé <nlé,
3n+4lasdlé &3nlé ©nlé

Vay diéu kién dé€ (9n+4, 3n+4)=1lanlasd 1é.
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" Dang 8. Giai phuong trinh nghiém nguyén nho st dung tinh chit ciia s6 nguyén to

Trong nhiéu truong hop khi gidi phwong trinh nghiém nguyén din dén viéc xét cdc so
nguyén to'ciia s6'dang n=a’ +b?* |

MG{t s6'tinh chdt ciia wéc s nguyén to ciia s6'n dé'sir dung vao gidi phwong trinh:

* Ménh dé 1. Néu s6' nguyén t6' p=2'k+1 véi cic s6' nguyén duong t, k va k 1é, la wéc ciia
so’'n=a’ +b? thip I wéc s0'chung ciia a vab.

Chiing minh:

+ Gid sir p khong la woc so ciia s0'a thi p ciing khong la woc so ciia s6'b
= (a, p) = (b, p) =1. Theo dinh Ii nh6 Fermat thi a"* =1(mod p) hay a** =1 (mod p).
+ Twong tw b** =1 (mod p) suy ra 8** +07* =2 (mod p) *

Mt khdc siv dung hing ding thite ddng nhé ta c6 (a%)* +(0%)* = (@* +b*)M =nM trong
dé k 1é va M la s0' nguyén.

Theo gid thiét n:p = @ +b?):p, mau thubn v6i *.

Tuwong tw p khong la wéc ciia s6'p thi p khong 1o wéc ciia s6'a ciing dan dén mdu thudn. Viy
s0' nguyén t6'p phai la wéc s’ chung ctia s6'a va so'b.

* Ménh dé 2: Gid sir a va b nguyén t6"cimg nhau thi moi wéc s6'nguyén t6'lé cia a®+ b* chi
co dang 4m + 1 (ma khong cé dang 4m + 3) trong dé m la s’ nguyén dwrong.

Chitng minh:

+ Xét woc s6' nguyén t0'p =4m +3 =2(2m + 1) +1. Theo ménh dé 1 néu p la wéc s6' nguyén to ciia n
= a2 + b2 thip la wéc 6’ chung cia a va b = p=1, mdu thuan. Vi p 1é nén p chi cé dang p = 4m +
1.
+ Ta thir vin dung cdc tinh chiat trén vao gidi mot s6 phwong trinh nghiém nguyén dwéi day.
Bai 1. Giai phuong trinh nghiém nguyén X’ -y =7 (1)
Loi giai
Phuong trinh (1) < x> +1=y*+2° & x* +1=(y+2)(y* -2y+4) (2

Néu y chén thi v& phai ctia (2) chia hét cho 4 = X 18, X=2t+1=> x* +1=4t> +4t +2
khong chia hét cho 4, mau thuan.

Vay y las6 1é, y=2k+1= y*-2y+4=4k*+3 nén nd phai cé wdc sd nguyén td lé
dang 4m + 3 (vi tich c4c s8 dang 4m + 1 lai c6 dang 4k + 1). Suy ra X* +1 cé wéc s nguyén
t0 dang p =4m + 3, trai véi ménh dé 2.

Vay phuong trinh (1) khong c6 nghiém nguyén.

2 2

+y

N\ e "\ Y ?2 /4 ~ ~ Pay X
Bai 2.Tim tat ca cdc cap sO nguyén duong (X, Y ) sao cho

la s& nguyén duong va la

wdc sO cua 1995.
Loi giai
2 + y2

Gia st 2 =k nguyén duong va k la wdc s0 ctia 1995 = 5.3.7.19 = 5n véi n= 3.7.19. Cac
X=y

sO nguyén td 3, 7, 19 déu cb dang 2(2m +1) +1=4m +3
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Goi wéc chung 16n nhat cua X,y la d =(x,y) thi x=du,y=dv véi (u,v)=1.
Theo gia thiét x> +y* =k(x—y) < dU®+Vv*)=ku-v) (D).
Xét hai truong hop:
1) k la wéc sd cian = K ¢6 wdce s6 nguyén t6 dang 4m + 3.
Ap dung ménh dé 2 vao (1) thi u* +v* khong chita cac wdc s6 nguyén t& ctia k nén k 1a wéc
s6 ciad = d =kt. Tt (1) ¢ t(u>+v?)=u-v, do d6 u? <u?+v? <u-v<u= (1) vo nghiém.
2) k =5m véi m 1a wéc s6 ctia m. Luc d6 (1) tro thanh d(u? +v?) =5m(u-v). Lap
luan nhu trén thi m la wéc so ctia d. Suy ra d= m.t. Ttr d6 ta c6
t(u? +v¥) =5U-v) (2
Tt (2) cd u® +v* <5(U—V)
A=u’+Vv>-5u-v)<0 (3)
Mat khac
AA=4U? — 20U + 25+ 4v2 + 20V + 2550 = (2u—5)? + (2v+5)? =50 >1* + 72 ~50> 0 = A> 0
Két hop véi (3) phai c6 A=0. Diéu nay xay ra chikhi 2u-5=11 vav=1,

u=3 u=2
nghia la va
v=1 v=1

.| x=2m
hoac trong
y=m

TerA=0va(2ysuyrat=1=d=m.Cécsd X,y phai tim la {);i?nm
d6 m 1a wéc cua n = 3.7.19, nghia 1a m 1ay 8 gid tri sau: 1, 3, 7, 19, 21, 57, 133, 399.
Bai 3. Tim s6 nho nhét trong tap hop céc sd chinh phuwong dang 15a + 16b va 16a -15b véi
a, b 1a cac s6 nguyén duong nao dé.
Loi giai
Gia st 15a + 16b =m? va 16a -15b =n? (1) véi m, n la cac s6 nguyén duong.
Khi dé:
m* +n* = (15a+16b)? + (16a—15b)* = (15 +16°)(a’ + b*) = 481(a* +b?)

haym*+n*=13.37(a*+b*) (2

Céc s6 nguyén t8 13 va 37 déu c6 dang  p =22k +1 véi k Ié.

Gia st (m,n)=d=m=du,n=dv véi (u,v) =1 thi (2) trd thanh d*(u*+v*)=481(a*+b?)
()

Vi (u,v) = 1 nén u*+v* khdng chira cic wéc s8 nguyén t8 13 va 37 do d6 481 1a wdc cua d

= d =481t. D& cho m, n nho nhat, ta 1ay t = 1. Ltc d6 (3) tré thanh 481°(u* +v*) = a® +b?

(4)
Tt (1) c6 m* —n? =31b-a hay 481°(u*-v*)=3la-b (5).
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C6 thé chon U=V =1 @& m, n nho nhat, lic d6 a=31b va a’+b?=4812. Tir d6 c6 b = 481
va a=31.481 suy ra m =n =48].
Bai 4. Tim s6 c6 3 chit sO ma c6 dung 5 udc.
Loi giai
Gia st p va q la hai s6 nguyén t6 khac nhau, khi d6 pq c6 4 wéc dé1a 1, p, q, pq va so p*q
co6udcdolal, p, p% q pq p*p- Do d6 s6 phai tim ¢ dang p~.
Visd prcd n+ 1 wdc nén mudn c6 dung 5 wéc thi rd rang n = 4.
SO p* la s6 ¢6 3 chir s6 khi p =5.
Vay s0 phai tim la 5* = 625.
Bai 5. Tim 3 s8 nguyén t8 biét rang mot trong ba s3 d6 bang hiéu cac 1ap phuong cta hai
s0 kia.
Loi giai
Goi ba s6 nguyén t6 d61a a, b, c. Ta 6 ¢ =a*-b® chang han. Thé thi
c=(a—b)(@*+ab+b?).
Muon c la s6 nguyén t0 thi a - b =1, diéu nay chi xay ra khi cac s6 nguyén td la a =
3,b=2.Suyra:c=27-8=19.
Vay ba s6 nguyén phai tim la 2; 3; 19.
Bai 6. Xét day s6 nguyén td tir nho dén 16n: 2; 3; 5; 7; 11; 13; 17;... ta lap hai day s6 5=2 + 3;
8=3+5;12=5+7;18=7+11;24=11+13;..va6=23;15=3.5;35=5.7,77=7.11; 143 =
11.13; ... C6 hay khong mot s8 hang nao d6 cua day thit nhat bang mét s8 hang nao d6 caa
day thit hai.
Loi giai
Truwdc hét ta nhan xét rang:
. O day thit nhat cac s6 hang theo thtt t 1a tong ctia hai s6 nguyén t8 lién nhau va
tat ca s6 hang ctia day (trir s6 hang dau la 5) déu 1a chan.
. O day thit hai cac s6 hang theo thit tw 1a tich ctia hai s nguyén t3 lién nhau va tat
ca so hang cta day (trtr s hang dau la 6) déu la 1é.
Do d6 ta c6 thé két luan rang: khong c6 mot s hang nao ctia day thit nhat bang
mot s6 hang ctia day thit hai.
Bai 7. Tim s8 nguyeén t& p biét rang p + 2 va p + 4 cling 1a s8 nguyén td.
Loi gidi
Do p#1 vi1khdng phai la s6 nguyén td, nén p c6 thé c6 dang p = 3k.
Néup=3k+1thip+2=3k+31ahopsé.
Néu p =3k + 2 thi p + 4 = 3k + 6 cling 1a hop s6.
Do d6 p chi c6 thé bang 3 va p +2 =3 +2 =5 1 s8 nguyén tJ,
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p +4=3+4 =7 la s6 nguyén t0.
Bai 8. C6 bao nhiéu s8 ¢ ba chit s6 ma moi chir s& ctia né 1a wdc nguyén té ctia chting?
Loi giai
Cac rdc nguyén t8 c6 1 chit s8 1a: 2; 3; 5 va 7. Néu s6 phai tim bat dau bang chit s&
2 thi né phai chia hét cho 2 va tan cling bang 2.Chit s3 thit hai phai 1a 2, vi s6 232
khong chia hét cho 3, s6 252 khong chia hét cho 5 va so 272 khong chia hét cho 7.
Vay s phai tim la 222.
Tuong tu s8 phai tim ma bat dau bang chit s8 5 thi d6 1a sd 555.
Bay gio néu bat dau bang 3 thi hai chit s§ cudi phai tao thanh mdt s& chia
hét cho 3, do d6 ching chi c6 thé'la 3 va 3 hoac5 va?7.
Tht lai thdy rang chi c6 s& 333 1a thich hop.
Cudi cing néu bat dau bang 7 thi hai chit s§ cudi phai tao thanh mot sd chia hét cho
7. Thi lai thdy rdng chi c6 hai s8 777 va 735 1a thich hop.
Tom lai cé 5 sO thoa man bai ra la: 222; 333; 555; 735; 777.
Bai 9. Mot xi nghiép dién t trong mot ngay da giao cho mot ctra hang mot s6 may tivi. SO
may nay la mot s6 c6 ba chit s6 ma néu tang chit s6 dau 1én n Ian, giam cac chi s6 thit hai
va th ba di n lan thi sé€ duoc mot s6 méi 16n gép n lan s6 mdy da giao. Tim n va sd may
tivi da giao.
Loi giai
Gia st s6 may tivi da giao 1a abc =100a+10b+c. Ta c6:
100(a +n)+10(b—n) +(c—n) =n(100a+10b +c) hay
100a+100n+10b-10n+c—-n=100an+10bn+cn .
Tir d6 ta duoc:

100a+10b+c :89_n.

Nhung 89 1a s6 nguyén t6 nén hodc n - 1 phai bang 1 hodc n phai chia hét cho n-1.
Trong ca hai truong hop ta déu tim dugc n =2 va abc =178.
Vay s0 may tivi da giao la 178.
Bai 10. Nhitng s6 nguyén t6 nao c6 thé la wéc ciia s6 c6 dang 111...11?
Loi giai
Trudc hét ta nhan xét rang s6 ¢ dang 111...11 khong chia hét cho 2 s8 nguyén 3 2
va 5.
Gia str p 1a s6 nguyén t6 khac 2 va 5. Ta hay xét p + 1 s0 sau:
1,11, 111, 1111, ..., 111...11.
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ching 11...1100..0 chia hét cho p.

it nhat hai trong cac s6 trén khi chia cho p ¢6 s6 du giéng nhau, thé thi hiéu cta

vay s ¢6 dang 111...11 ¢ wdc la tat ca s6 nguyén t0 trir hai s6 nguyén td 2 va 5.

Dang 9. Cac bai toan lién quan dén sé nguyén to

Bai 1. Tim 3 s& nguyén td sao cho tich ctia chung gdp 5 lan tong ctia ching

Loi giai
Goi 3 sO nguyén t6 phai tim la; a, b, c ta cé:
a.b.c=5(atb+c) =>abc : 5

Via, b, ¢ c6 vai tro binh dang

Gia sur: a:5via €P =>a=5
Khi do: 5bc = 5(5+b+c) <=> 5+b+c=bc <=>bc-b-c+1 =6
<=>Db(c-1) - (c-1)=6
(c-1)(b-1)=6
Do vay: b-1=1=> b=2
Va cl=6va c=7
b-1=2=> b=3 (loaivic=4 ¢ P)
va c-1=3va c=4

Vaitro a, b, ¢, binh déng
Vay b s6 (a ;b ;c) can tim 1a (2 ;5;7)
Bai 2. Tim hai s& nguyén td p,q sao cho p?=8q +1
Loi giai

Taco:p?=8q+1=>8q=p>-1<=>8q=(p+)(p-1) (1)
Dop?=8q+1lé=>p2lé=>plé
Ditp=2k+1
Thay (2) vao (1) ta co: 8q =2k(2k +2)

2q=kk+1) 3)
Néu q=2=> 4=k(k+1l) =>khong tim duwoc k
Vayq#2,viq€e P ,q #2=>(2,q) =1

Ttr (3) ta co: k=2 va q=k+1=>k=2vaq=3
Thay két qua trén vao (2) ta co:
p=22+1=5
Hoac
q=kva2=k+1
q=1
= (khong thoa man)
k=1

(2)
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Vay cdp s6 (q,p) la (5;3) 1a cap s6 can tim.

Tom lai:

Ngoai cac dang bai tap co ban vé s nguyén td. Phan s6 nguyén td con ¢ nhiéu bai
tap & cac dang khac ma khi giai chiing hoc sinh can phai van dung mét cach linh hoat cac
kién thttc c6 lién quan: wdc s8, boi s8, chia hét va van phai [an lwot xét cac kha nang cé thé
xay ra. Khi giang day gido vién can giup hoc sinh giai quyét theo titng dang bai dé€ cing c6

va khac sau kj ndng giai tirng loai bai.

BAI TAP DE NGHI

Bai 1. Tim s6 nguyén t6 p sao cho cac s6 sau ciing la sd nguyén to:

a)p+2vap+10.

b) p+10 va p + 20.

Qp+2p+6p+8 p+12, p+14.
Bai 2. Chting minh rang néu n va n?+ 2 1a cdc s& nguyén t& thi n®+2 ciing 1a s6 nguyeén t3.
Bai 3. Chiing minh réng néua,a+k a+2k(akeN=*)lacacsd nguyén td 16n hon 3 thi k
chia hét cho 6.
Bai 4. Chtrng minh rang néu p 1a s6 nguyén t3 16n hon 3 thi (p - 1)(p + 1) chia hét cho 24.
Bai 5. Mot s6 nguyén t0 p chia cho 42 c6 du la mét hop sd r. Tim r.
Bai 6. Mot s6 nguyén t3 p chia cho 30 c6 s6 du 1a r. Tim r biét rang r khong la s nguyén
to.

Bai 7. Chttrng minh rang 6 11...1211...1 1a hop s6 véi n>1.
n n

Bai 8. Tim n s6 sao cho 10101...0101 (n chit s6 0 van + 1 chit s& 1 xen ké nhau) 1a s& nguyén
to.
Bai 9. Céc s0 sau la s6 nguyén t6 hay hop s6.
a) A =11..1(2001 chit s5 1);
b) B = 11...1 (2000 chit s& 1);
c) C=1010101;
d) D=1112111;
e) E=1!1+2!+3! +.+100!;
g) G=3.5.7.9-28;
h) H=311141111.
Bai 10. Cho ne N* chting minh rang cac s6 sau la hop s&:

a) A=2""+3;
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b)B= 22" +7;

c)C= 27" +13.

Bai 11. p 1a s8 nguyén t& 16n hon 5, chitng minh rang p* =1 (mod 240).

Bai 12. Chttng minh rang day a, =10" +3 ¢4 v6 s6 hop sb.

Bai 13. Chttng minh rang véi mdi s6 nguyén t& p c6 vd s6 dang 2" —n chia hét cho p.
Bai 14. Tim ne N* dé& n®—n® +n-1 la s6 nguyén td.

Bai 15. Tim cac s6 X,y € N* sao cho x* +4y* la s6 nguyén td.

n(n+1)(n+2)

Bai 16. Tim tat ca cac s6 nguyén to p c6 dang +1 (n>1).

Bai 17. Cho ne N*, chtiing minh A=n*+4" la hop s6 vdi n>1.
Bai 18. Giai phuong trinh nghiém nguyén 4(a—x)(x—b)+b-a=y> (1)
trong do a, b 1a cac s6 nguyén cho trudc va a > b.
Bai 19. Giai phwong trinh nghiém nguyén sau:
a) x> +y? =585
b) x*+y*=1210.
Bai 20. Chttng minh rang véi moi s6 tw nhién n, cac s6 sau 1a hai s6 nguyén t& cting nhau:
a)7n+10vabn+7;
b) 2n + 3 va 4n + 8.
Bai 21. Cho a va b 14 hai s8 nguyén t8 cting nhau. Chitng minh rang cac s8 sau ciing la hai
sO nguyén t6 cung nhau:
a)bvaa-b (a>b);
b) a? + b? va ab.
Bai 22. Chiing minh rang néu s ¢ nguyén t§ cling véi a va véi b thi ¢ nguyén t3 cling
nhau vdi tich ab.
Bai 23. Tim s0 ty nhién n, sao cho:
a) 4n - 5 chia hét cho 13 ;
b) 5n + 1 chia hétcho 7 ;
) 25n + 3 chia hét cho 53.
Bai 24. Tim cac s0 ty nhién n d€ cac sd sau nguyén td cung nhau:
a)4n+3va2n+3;
b)7n+13va2n+4;
)9n+24va3n+4;
d)18n+3va2ln+7

THCS.TOANMATH.com TAI LIEU TOAN HOC




Bai 25. Chting minh rang c6 vo s§ s6 tw nhién n d€ n + 15 va n + 72 1a hai s8 nguyén t&
cung nhau.
Bai 26. (Trich dé thi hoc sinh gioi 6p 9 Dong Nai nam hoc 2018-2019)
Tim s6 cac s6 nguyén duong khong vueot qua 1000 nguyén té cung nhau véi 999
Bai 27. (Trich dé thi hoc sinh gioi I6p 9 Ninh Binh nam hoc 2018-2019)
Tim t4t ca cac bd ba s& nguyén t& (p;q;r) sao cho par=p+q+r+160.
Bai 28. (Trich dé thi hoc sinh giéi 16p 9 Bic Ninh nam hoc 2018-2019)
Tim s8 nguyén t& p thoa man p° —4p+9 la s8 chinh phrong.
Bai 29. (Trich dé thi hoc sinh gioi l6p 9 Phii Yén nam hoc 2018-2019)
Tim hai s6 nguyén 3 p, g sao cho 8q+1= p°.
Bai 30. (Trich dé thi hoc sinh gioi I6p 9 Thai Binh nam hoc 2018-2019)

X+y~2019 .

Tim tat ca cac bo sd nguyén duwong (X;Y;Z)sao cho —————— 1la s0 hitu ti va
g & ( ) y +2+/2019

X’ +y? +2° 1a s8 nguyén t4.
Bai 31. (Trich dé thi hoc sinh gioi 16p 9 Quang Nam ndam hoc 2018-2019)
Cho s8 nguyén t§ p (P >3)va hai s8 nguyén duong @, b sao cho p’+a’ =

Bai 32. (Trich dé thi hoc sinh gioi l6p 9 Thanh Hoéa nam hoc 2017-2018)
Cho &, bla cic s6 nguyén duong théa man p=a’+b” la sd nguyén t& va p—5 chia
hét cho 8. Gia st X, Y la cac s8 nguyén théa man ax® —by” chia hét cho p. Ching
minh réng ca hai s§ x,y chia hét cho p.

Bai 33. (Trich dé thi hoc sinh gioi I6p 9 Thanh Héa nam hoc 2016-2017)

Cho p la s6 nguyén t6 16n hon 5. Chting minh p*'® -1 chia hét cho 60.
Bai 34. (Trich dé thi hoc sinh gioi I6p 9 Nghé An ndam hoc 2016-2017)

Tim tat ca cac s6 nguyén td khac nhau m, n, p, q thoa man

1 1 1 1 1
—+—+—+—+ =1.

m n p q mnpq
Bai 35. (Trich dé thi hoc sinh gioi l6p 9 Thanh Hoa nam hoc 2015-2016)

Tim céc nghiém nguyén (x;y) ctia phuong trinh: 54x° +1=y’.
Bai 36. (Trich dé thi hoc sinh gioi I6p 9 Vinh Long ndam hoc 2015-2016)
Cho p va q la cac s6 nguyén t0 16n hon 3 va théa man p=q+2. Tim s6 du khi chia
p+q cho 12.
Bai 37. (Trich dé thi hoc sinh gioi lop 9 Ha N§i nam hoc 2015-2016)

Tim tat ca cdc s6 nguyén t3 x sao cho 2* +x* 1a s8 nguyén t6.
Bai 38. (Trich dé thi hoc sinh gioi l6p 9 Nghé An ndam hoc 2014-2015)
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Tim s6 tw nhién n sao cho s6 2015 cé thé viét duoc thanh tong ctia n hop s6 nhung khong
thé viét duoc thanh tong ctian + 1 hop s6.
Bai 39. (Trich dé thi hoc sinh gioi l6p 9 Thanh Hoa nam hoc 2014-2015)
Tim tat ca cac sd nguyén t0 p, g sao cho ton tai s6 tw nhién m thoa man :
pq m’+1

p+q m+1’
Bai 40. (Trich dé thi hoc sinh gioi l6p 9 Hai Dwong nam hoc 2014-2015)

Tim s6 nguyén t6 p sao cho cac s6 2p”> —1; 2p” +3; 3p° +4 déu la sd nguyén to.
Bai 41. (Trich dé thi hoc sinh gioi I6p 9 Cam Thity ndam hoc 2011-2012)

Tim sO ti nhién n &€ A =n*"? +n*®
Bai 42. (Trich dé thi hoc sinh gioi 16p 9 Tién Hai nam hoc 2016-2017)

+1 1a s6 nguyén td

Tim tat ca cac sd nguyén duong a, b, ¢ thdéa man:

a—b\/E
b—c\/E

Bai 43. (Trich dé thi hoc sinh gioi 16p 9 Gia Loc nam hoc 2015-2016)

\ ~ ~ 2 \ 2 2 2 \ ~ P ~
lasGhtruti va a”+b” +¢” la s6 nguyén to

Tim s6 nguyén t6 k d€ k* +4 va k> +16 dong thoi la cac s6 nguyén t0.
Bai 44. (Trich dé thi hoc sinh gioi lop 9 Luc Nam nam hoc 2018-2019)
Cho p la s6 nguyén t& 16n hon 5. Chting minh p* —1 chia hét cho 100
Bai 45. (Trich dé thi hoc sinh gioi 16p 9 Kim Thanh nam hoc 2018-2019)
Cho p 1a s8 nguyén t& 16n hon 3. Chiing minh rang p* —1:24
Bai 46. (Trich dé chon hoc sinh gioi I6p 9 Amsterdam nam hoc 2018-2019)
Tim tat ca cac bd ba s6 nguyén dwong (p;q;n), trong d6 p, g la cac s§ nguyén t&
thoa man: p(p+3)+q(q+3)=n(n+3)

Bai 47. (Trich dé vao 10 Chuyén todn Hdi Phong niam hoc 2019-2020)
Tim cac sO nguyén t6 p, g thoa man dong thoi hai diéu kién sau:
i) p?q+ pchiahétcho p®+q
ii) pg®+qchia hét cho g°—p

Bai 48. (Trich dé vao 10 Chuyén todn Quang Binh nam hoc 2019-2020)

Cho abe Ia s& nguyén t6. Chtiing minh rang phuong trinh ax’ +bx+c=0 khong
c6 nghiém htru ti.
Bai 49. (Trich dé vao 10 Chuyén Tin Lam Son nam hoc 2018-2019)

Tim céc s6 nguyén duong 4, b nguyén t6 cung nhau va thdéa man ;—4_22 = %
+
Bai 50. (Trich dé vao 10 Chuyén Tin Lam Son nam hoc 2015-2016)
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Cho day s6 tu nhién 2; 6; 30; 210; ... duoc xac dinh nhw sau: s6 hang tht k béng tich
cta k s8 nguyén t& dau tién(k =1,2;3;...). Biét rang c6 hai s§ hang cua day s6 d6 c6 hiéu
bang 30000. Tim hai s& hang d6.

Bai 51. (Trich dé vao 10 Chuyén Vinh nim hoc 2018-2019)

Cho s8 tw nhién n>2va sd nguyén t& p théa man p—1chia hét cho ndong thoi n® —1chia
hét cho p.Chtng minh rang n+ pla mot sd chinh phuong
Bai 52. (Trich dé vao 10 Chuyén Quang Nam nam hoc 2018-2019)
Tim hai s6 nguyén t& p va @, biét rang p+q va p+4q déu la cac s6 chinh phuong.
Bai 53. (Trich dé vao 10 Chuyén Hai Dwong nam hoc 2018-2019)

Tim t4t ca cdc s6 tw nhién n,k d€ n® +4**'1a sd nguyén t&
Bai 54. (Trich dé vao 10 Chuyén Vinh Long nam hoc 2018-2019)

Tim cdc s6 ty nhién X thoa man biéu thie P =—x* + x* +14x + 49 la sd nguyén t&

Bai 55. (Trich dé vao 10 Chuyén Phii Tho niam hoc 2015-2016)

Chting minh rang néu s6 nguyén n 16n hon 1 thoa man n* +4 va n* +16 la cac s8

nguyeén td thi n chia hét cho 5.
Bai 56. (Trich dé vao 10 Chuyén Amsterdam nam hoc 2014-2015)
1) Cho sb nguyén duong n thoa man n va 10 1a hai s6 nguyén té ciing nhau. Chang minh (n* —1):40
e ANy o ox A s Prl=2x(x+2)
2) Tim tat ca cac sO nguyén to p va cac s6 nguyén duong x,y thoa mén §
p*-1=2y(y+2)
Bai 57. (Trich dé vao 10 Chuyén TP H6 Chi Minh nam hoc 2014-2015)

Cho cac s6 nguyén dwong a, b, ¢ sao cho §+B =%

a) Chting minh rang a + b khong thé 1a s§ nguyén t3.
b) Chitng minh rang néu c > 1 thi a + ¢ va b + ¢ khong thé dong thoi 1a s6 nguyén t&
Bai 58. (Trich dé vao 10 Chuyén Thdi Binh nim hoc 2014-2015)
Cho a, b, ¢, d la cac sd nguyén duong thoa man: a> + ab + b?= ¢ + cd + d2. Chiing
minh a+b+c+dlahop so.
Bai 59. (Trich dé HSG 16p 8 Gia Vién nam hoc 2014-2015)
Tim s ty nhién Nd& pla s6 nguyén t5 biét: p=n®—n’*+n-1
Bai 60. (Trich dé HSG lop 8 Thanh Chwong nam hoc 2012-2013)

Ching minh VN e N*thi n® +n+ 212 hop s6
Bai 61. (Trich dé HSG I6p 8 Bic Ninh nim hoc 2018-2019)

THCS.TOANMATH.com TAI LIEU TOAN HOC



2 2
a‘+b° a .
0 > =—- Chttng minh rang
+c® ¢

Cho a,b,Cla cdc s6 nguyén khac 0, a # Csao cho

a’ +b’ + c’khéng phai 1a s6 nguyén 3.
Bai 62. (Trich dé HSG I6p 8 Tryc Ninh niam hoc 2017-2018)
Cho pva 2p+1la s8 nguyén t8 16n hon 3. Chting minh rang 4 p +11a hop s&
Bai 63. (Trich dé HSG lop 8)
Cho s8 nguyén t3 p > 3. Biét rang c6 s6 tw nhién n sao cho trong cach viét thap phan
ctia 88 pr c6 dung 20 chit s3. Chitng minh rang trong 20 chit s8 nay c6 it nhat 3 chir s§
giong nhau.
Bai 64. (Trich dé HSG I6p 7 Tri¢u Son 2016-2017)
Mot s nguyén t6 p chia cho 42 ¢6 s6 du r 1a hgp s6. Tim hop sO r.
Bai 65. (Trich dé HSG I6p 6 Hoang Héa 2018-2019)
Tim tit ca cac s6 nguyén té p, q sao cho 7p+q va pq+11 déu la s6 nguyén td.
Bai 66. (Trich dé HSG I6p 6 Song L6 2018-2019)

Biét abcd 1a nguyén t3 6 bén chit s3 thoa man ab; cd ciing 1a cac s6 snguyeen t&
va b? =cd +b—c. Hay tim abcd
Bai 67. (Trich dé HSG l6p 6 TP Bic Ninh 2018-2019)
Chocdcsd p = b°+a, g=a’+c, r = ¢+ b la cdc s nguyén t&
Bai 68. (Trich dé HSG lop 6 Gia Binh 2018-2019)
Gia st p va p’+2 la cdc s6 nguyén t6. Chung to p°+ p® +1 cling 1a s8 nguyeén t6.
Bai 69. (Trich dé HSG I6p 6 Nghia Dan 2018-2019)
Tim hai s8 nguyén t& X, Y thoa man x° -y’ = 45,
Bai 70. (Trich dé HSG I6p 6 Nhw Thanh 2018-2019)
1) Chting minh rang hai s6 2n+1 va 10n+7 1a hai s6 nguyén t8 cing nhau véi moi
sO tw nhién n.
\m cacsG x. Y A tx as X +23=y°
2) Tim cacsd X, 7 nguyén to dé .
Bai 71. (Trich dé HSG lép 6 Nong Cong 2018-2019)

Tim s8 nguyén tGab(a > b > 0), biét ab—ba 1a s chinh phuong
Bai 72. Tim tt ca cac s6 nguyén t8 p d€ 4p”> +1 va 6p” +1 cling la sd nguyén to.

Bai 73. Chitng minh rang néu 2" -1 la s6 nguyén t& (n>2) thi 2" +1 la hop 6.

Bai 74. Cho p, q, 1, s 1a cac s8 nguyén t8 16n hon 3. Chitng minh rang p”> —q° +1°> —s” chia

hét cho 24.

Bai 75. Tim tat ca céc cap s6 nguyén t8 (p;q) sao cho p*-2q* =1.
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Bai 76. Chitng minh rang véi moi s6 nguyén 3 p thi p® +pT_1 khong phai la tich cta hai

s0 ty nhién lién tiép.

Bai 77. Tim cdc s6 nguyén td p, g, r théaman pl+q° =r

Bai 78. Tim cdc sO nguyén td p,q,r thoa man cac diéu kién sau:
5<p<q<1;49<2p’-r*;2q° -r* <193

Bai 79. Tim tat ca cac bd ba sd nguyén t6 a,b,c d6i mot khac nhau thoa man diéu kién

20abc < 30(ab + be+ca) < 21abe
Bai 80. Tim c4c s6 nguyén t8 p, q va sd nguyén x thoa man x’ + px+3q =0

2

Bai 81.Tim s6 nguyén t6 p dé p;r L va P 2+ L la cac s6 chinh phuong.
N . N A AN PN A 2 ~ (X+1)(2X+1) \ A
Bai 82. Chitng minh rang néu ton tai s6 nguyén dwong x thoa man o0z la mot

s0 chinh phwong thi x 1a hop so.

Bai 83. Tim tat ca cac s6 nguyén t6 p sao cho

2 — —
pr2 la 1ap phuong ctia mot s6 tie nhién.

2
- - 2 7. \ A ~ A
Dat % =n’ véin la mot s6 ty nhién.
Bai 84. Cho bay s0 nguyén t6 khac nhau a,b,c,a+b+c,a+b-c,a+c—b,b+c—a trong dé
hai trong ba s8 a, b, c c6 tdng bang 800. Goi d 1a hiéu gitta s8 16n nhat va s6 nho nhat trong
bay s6 nguyén t6 d6. Hoi gia tri 16n nhat ctia d c6 thé nhan la bao nhiéu.

Bai 85. Cho s6 nguyén td p. Gia st x va y 1a cac s6 ty nhién khac 0 thoa man diéu kién

2 2 ’ ’
X *PY 138t nhién. Chting minh rang xXrpy
Xy Xy

=p+1
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Bai 86. Tim s6 nguyén duong n 16n nhat sao cho s6 2016 viét duoc thanh

a,+a,+a,+..+a_ trong doé cacso a a,;a,;..;a, la cac hop s6. Két qua trén thay doi nhw

thé ndo néu thay s 2016 bang s& 2017.
Bai 87. Tim t4t ca s& nguyén t& p, q, r thoa man phuong trinh (p+1)(q+2)(r+3)=4pqr.

Bai 88. Cho s6 tw nhién n>2, xét cic sO a,;a,;..;a, va cac sd nguyén t6 phan biét

PPy P, thoéa man diéu kién p, |a1 —a2| =P, |a2 —a3| =..=p,

a, —a1|. Chting minh rang

a =a, =...=a

1 3 oo et

Bai 89. Ton tai hay khong s& nguyén t a, b, c thoa man diéu kién a” +2011=c.
Bai 90.Tim t4t ca cac s8 nguyén t3 p sao cho véi mdi s6 nguyén t& p d6 ludn ton tai cac s&
nguyén duong n, x, y thoa man p" =x>+y°.

3 2
N e N Y 2 4 ~ A A A 2 n + 8n + 1 N A n
Bai 91. Tim tat ca cac s6 nguyén duong n sao cho phan nguyén ctia 3, la mot s6
n

nguyeén to.

Bai 92. Cho p 1a mdt s6 nguyén t8. Tim cac s6 nguyén k sao cho /k* —kp la mot s6
nguyén duong.

Bai 93. Tim t4t ca cc s6 nguyén t6 p va q thoa man p’ —q° =(p+ q)2.

Bai 94. Cho a, b 1a cac s6 nguyén va p 1a s6 nguyén t3 1&. Chitng minh rang néu p* 1a wéc

cta a’+b’ va a(a +b)2 thi p* cting la woc ctia a(a+Db).
Bai 95. Tim c4c s6 nguyén khong &m a,b sao cho a’ —b* —5a+3b+4 la sd nguyén td.

Bai 96. Cho da thire f(x)= ax’+bx*+cx+d vdi a la s8 nguyén duong. Biét

£(5)- £(4)=2012. Chting minh rang £(7)-£(2) 1a hop s3.

Bai 97. Cho da thttc bac ba f(x) véi hé sd ctia x* la mdt s6 nguyén duwong va biét

£(5)—£(3) = 2010 . Chting minh ring £(7)—f(1) 1a hop s&.
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Bai 98. Tim tat ca cac by ba s§ nguyén duong (m; p;q) sao cho p, q la sO nguyén t6 va
2" p*+1=q’.

Bai 99.Tim sau s6 nguyén t8 p,; p,; Ps; Py Ps; P thoa man p; +p. +p; +p; +p: =p.-

Bai 100. Cho s6 nguyén td p dang 4k + 3. Ton tai hay khong s6 nguyén a nao théa diéu
kién (a2 +1)Ep

HUONG DAN GIAI

Bai 1. a) b) Bap s6: p = 3. Xét p dudi cac dang: p=3k, p=3k+1, p=3k+2 (keN).
c) Bap s6: p =5. Xét p dudi cac dang : p =5k, p=5k +1, p=5k +2,
p=5k+3,p=5k+4 (keN).
Bai2.n=3.
Bai 3. S6 nguyén t6 16n hon 3 ¢6 dang 6n +1, 6n + 5. Do d6 3 s0 a, a + k, a + 2k phai c6 it
nhat 2 s6 c6 cung mot dang, hiéu 1a k hodc 2k chia hét cho 6, suy ra k chia hét cho 3.
Bai4.Taco (p-1)p(p+1):3 ma(p,3)=1nén
(p-D(p+n:3 (D)
p 1a s8 nguyén t6 lon hon 3 nén p lasd1é, p - 1 va p + 1 1a hai s8 chan lién tiép. Trong hai
s6 chén lién ti€p, c6 mot s6 1a bdi ctia 4 nén tich ching chia hétcho 8 (2).
Tt (1) va (2) suy ra (p -1)(p + 1) chia hét cho hai s6 nguyén t& cung nhau 3 va 8.
Vay (p-1)(p+1):24.
Bai5. Tacdp=42k +r=2.3.7k +r (k, r eN, 0 <r <42). Vi p la sd nguyén t6 nén r khong
chia hétcho 2, 3, 7.
Cac hgp s6 nhd hon 42 va khong chia hét cho 2 1a 9, 15, 21, 25, 27, 33, 35, 39.
Loai di cac s6 chia hét cho 3, cho 7, chi con 25. Vay r = 25.
Bai 6. Tacd p=30k +r=2.3.5k +r (k,r eN,0<r <30). Vip la s6 nguyén t6 nén p khong
chia hét cho 2, 3, 5.
Cac hgp s6 nho hon 30 va khong chia hét cho 21a 9, 15, 21, 25, 27.
Loai di cac s6 chia hét cho 3, 5 thi khong con s6 nao nita. Vay r khong phai la hop so.
r khong phai la hgp s6 cling khong phai la sd nguyén t6, suy rar =1.
Bai7.11..1211..1=11..10..0+11..1=11..1(10" +1) .

1. 1
— —
n+1 n n+l n+l

suy ra dpcm.
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(10" —1)(10™* +1)

Bai 8. p=1010...101=
9.11

n=1: p=101 la sd nguyén tG.
n>1: plahop s6.

Bai 9.T4t ca déu la hop sd.
a) A=11..1=1+1+..+1:3,

2001 2001

b)B=11..1:11.
—

2000

c¢) C=1010101:101.
d) D=1112111=1111000+1111:1111.
e) Ei3 vi 14+2!=3:3, con 3444...+100! cling chia hét cho 3.
g) G=3.5.7.9-28 chia hét cho 7.
h) H=311141111 = 311110000 + 31111 chia hét cho 31111.
Bai 10. Chttng minh A:7;B:11;,C:29.
Bai 11. 240 =24 3. 5.
Bai 12.n=6k +4, ke N.
Bai 13. p =2 1ay n chdn; p>21ay n = (pk - 1)(p -1), ke N*.
Bai14. n®—n*+n-1=(n-1)(n*+1), n=2.
Bai 15.
X*+4yt = (X +4XPY? + 4y —AxTY? = (X7 +2y%)7 — (2xy)? = (X2 = 2xy + 2y?)(X* + 2xy + y?)
x=y=1thi x* +4y* =5 la s6 nguyén t0.

n(n+1)(n+2) 1 (n+3)(n* +2)
6 6 '

Véi n>24 thin+3>6van2+2>17.

Bai 16. p=

n + 3 va n? +2 hodc mot s6 chdn, mot s6 chia hét cho 3; hodc mot trong hai s6 chia hét
cho 6, khidé plahopsé vdéin=1, 2,3 thip=2,5,11 la cac sd nguyén to.
Bai 17. n chan thi A chia hét cho 2.
nlé, dit n =2k +1 (ke N*), ta c6:
n4 +4n — r]4 +42k+1 — (n2 + 22k+1)2 —2.n2.22k+1
=(n* + 27" —n.2")(n* + 2% +n.2")

=[(n-2)+ 2 |[(n+2")*+2% ]

Bai 18. Gia st phuwong trinh (1) ¢ nghiém x,y nguyén. Xét nghiém y nguyén duong . Vi a

>bnén tir (1) c6 x=a,x=b va 4(a-x)(x-b)>0, suyrab<x<a. bat a—x=m,x—b=n thi
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(2)< (4m-1)(4n-1)=4y*+1 (3)

m, n duong. Lac d6 (1) tré thanh 4mn-m-n=y? (2) v6i m, n, y nguyén duong. Bién d6i

Vi tich cac sO dang 4k + 1 lai ¢6 dang d6 nén sd 4m - 1 phal c6 wéc nguyén td dang p = 4k

+3. Tir (3) ¢6 (4y?+1)ip hay 4y?=—1 (mod p) (4). Suy ra (y, p) = 1. Theo dinh li nhod
y p yra(y p

p-1

Fermat (2y)p_1 =1(mod p) = [(Zy)z}T =1(mod p).

)2k+l =1(mod p) = mau thuan.

Tk d6 va (4) co (—1)p7_1 =1(mod p) = (-1
Vay phuong trinh (3) khong cé nghiém nguyén.
Bai 20. a) Goi d e UC(7n+10,5n+7) thi

5(7n+10)—-7(5n+7)id = 1id =d =1.

b) Goi d 1a UCLN (2n + 3, 4n + 8).
(4n+8)-2(2n+3):d=2id.
Do dlauwdccuasolé2n+3nénd=1.
Bai 21.

a) Goid eUC(b,a—b) thi a—bid,bid, dod6 aid.Taco (a,b)=1

nénd=1.

b) Gia st a’ +b* va ab cung chia hét cho cho s& nguyén t& d thi vé 1i.

Bai 22.
Gia st ab va ¢ cung chia hét cho sd nguyén t6 d thi vo li.
Bai 23.a)
4n-5:13
= 4n-5+13:13
= 4n+8:13
= 4(n + 2)313
Do (4,13)=1nénn+2:13.
Pépsd:n=13k-2 (ke N*).
b) DPap s6: n=7k -3 (keN).
c) 25n+3:53 = 25n+3-53:53.
bép s6:n=53k +2 (k € N).
Bai 24.
a) n khong chia hét cho 3.
b) n 1a s6 chan.

c)nlasolé.
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d) Gia st 18n + 3 va 21n + 7 cing chia hét cho s6 nguyén td d thi

6(2In+7)-7(18n+3):d = 21d .

Vay d {3;7} .

Hién nhién d # 3 vi 21n + 7 khong chia hét cho 3. Nhuw vay (18n +3, 21n + 7) = 1< 18n+3:7
(con 21n + 7 ludn chia hét cho 7) < 18n+3-21:7 < 18(n-1):7 < n-17.

Vay néun =7k +1(k € N) thi (18n+3,2In+7)=1.
Bai 25.
Bai toan khong yéu cau tinh moi gia tri cia n ma chi can chi ra v6 s6 gia tri cia n dé
(n+15,n+72)=1. Do d6 ngoai cach giai trén c6 thé giai nhu sau:
Goi deUC(n+15,n+72) thi 57:d. Do n+15:d,57:d nén néu ton tai n sao cho n+15=>57k
+1thid=1.Néutachonn=57k-14 (k=1,2,3,....)thi
(n+15,n+72)=1, rd rang c6 vo sO gia trin.
Bai 26.
Dung ham Ole:
Phén tich s& m ra thira s& nguyén t&: m=p,*.p,”.p,"...

S6 cac s6 nguyén duong khong vuegt qua m va nguyén t6 cung nhau véi m la

cp(m)m(lpij[lpij(lpi]

Ta c6: 999 = 3°.37 = ¢(999) = 999.(1 —%).{1 —3—17j =648

C6 648 s6 nguyeén t6 cung nhau véi 999 va khong vueot qua 999.

Vay c¢6 649 sd nguyén t6 cung nhau véi 999 va khong vuot qué 1000.

Cach khac:

Goi A 1a s6 cac s6 nguyén duwong khong vuot qua 1000. Suy ra A = 1000

B la sd cac sd nguyén duong khong vugt qua 1000 ma khong nguyén td cing nhau
voi 999.

C la s6 cac sO nguyén duong khong vuot qua 1000 nguyén to cung nhau vdi 999

Ta cé: 999 =3°.37

B = (S6 cac s6 nguyén duong khong vueeot qua 1000 va chia hét cho 3) — (S8 cac s
nguyén dwong khong vuot qua 1000 va chia hét cho 37 ma khong chia hét cho 3)

999 -3

+ 58 cac s6 nguyén dwong khong vuot qua 1000 va chia hét cho 3 1a: +1=333

+ 50 cac s6 nguyén duong khong vueot qua 1000 va chia hét cho 37 la:

999—37+1:27
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+ 508 cac sO nguyén duwong khong vuot qua 1000 va chia hét cho ca 37 va 3 (chia hét
cho 111) p: 22~ g

111
+ 50 cac s0 nguyén duong khong vieot qua 1000 va chia hét cho 37 ma khong chia
hét cho 31a:27-9=18

Suy raB=333+18=351. Vay C=A -B=1000- 351 =649

Bai 27.

1. Khong mat tong quat gia st p<q<r .

Voi p=2:2qr=q+r+162 < 4qr—2q9—-2r=324

< 2q(2r-1) - (2r —1) = 325 < (29 -1)(2r -1) =325=5-13.
3<29-1<2r-1=9<(29-1)* < (2r-1)(29-1) & 9< (29 -1)* <325 <3< 2q-1<18.
Do 29 -1 1a uéc cia 5°-13 nén 29 -1 {513},

Néu 20-1=5<q=3=r =33 (loai).

Néu 2q-1=13< q=7 = r =13 (thdéa man).

par =p+q+r+160 < p(qr—1)—q-r =160

< (ar-1)(p-1)+gr-1-q-r=160 < (qr-1)(p-1)+q(r—-1)—(r-1)-2=160
< (ar-1)(p-1)+(q-1)(r-1) =162.

Néuple =q;r 1é = (aqr-1)(p—1)+(q-1)(r—1):4 ma 162 khéng chia hét cho 4=>
Vo ly.

Vay bo ba s6 nguyeén t6 can tim 1a (2;7;13) va cac hoan vi.

Bai 28.

Dit p’ —4p+9=t’(teN)

Bién di thanh p(p* —4)=(t-3)(t+3) (1)=p!(t-3)vpl(t+3)

Truwong hop 1: Néu plt-3

Dit t—3 =pk(k e N)

Khi d6 thay vao (1) ta co:

p(p® —4)=pk(pk+6) < p’ —pk’ —6k—4 =0

Coi day la phuwong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuong
trinh la:

A=Kk*+4(6k+4)=k*+24k+16 la mot s6 chinh phuong.

Mit khéc véi k>3 ta dé ching minh duoc (k) <k* +24k+16 < (k> +4)
Suy ra cac truong hop:

4 (1.2 2 2 _ .
k' +24k+16=(k* +1) < 2k* —24k—-15=0 (loai)
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4 (1.2 2 2 _ .
k*+24k+16 =(K* +2) < k*~6k-3=0 (loai)

K2 +24k +16=(k?+3) < 6k*~24k-7=0 (loai)

Do d6 phai cok <3. Thw truc ti€p duge k=3 thoa man.

Tir d6 ta c6 t =36;p=11.

Luu y: HS ¢6 thé 1am nhu sau khi thay vao (1)

p(p® —4)=pk(t+3) < k(t+3)=p’ —4 = p’ =kt +3k +4

Mit khac ta c6 (t—3)° =p’k® = t* -6t +9 =k’ (kt + 3k +4)

& —t(6+K*)+9-3K’ -4k =0

Coi day 1a phuong trinh bac hai an n diéu kién can d€ ton tai nghiém cua phuwong
trinh la:

A=(6+K) ~4(9-3K —4k?) =K® +24K° +16k> =k* (k' +24k +16) 1a mot s5 chinh
phuong. Muén vay thi k* +24k +16 phai la mot s6 chinh phuong.

Sau d6 cach lam gidong nhu trén.

Truwong hop 2: Néu plt+3

Djt t+3 = pk(k e N)

Khi d6 thay vao (1) ta cé: p(p2 —4) = pk(pk—6) < p> —pk* +6k—4=0

Coi day 1a phuong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuong
trinh la: A=k*-4(6k-4)=k*-24k +16 la mot s3 chinh phuong.

Mit khdc v6i k>3 ta dé chimg minh duoc (k*—4) <k*-24k+16<(k)" Suy ra
cac truong hop:

2

k' -24k+16 = ( < 2k?—24k+15=0 (loai)

k*-1)
4 (1.2 2 2 _ .
k*-24k+16=(k* -2} < k*~6k+3=0 (loai)
2
k*-3) < 6k* —24k+7 =0 (loai)

k* - 24k +16 =
Do d6 phai ¢6 k <3 Thuw truc tiép duwgc k=3 thda man.
Ttr d6 suy ra t=3;18 tuong tng p=2;7.
Vay tap tat ca gia tri p can timla {2;7;11}

Bai 29.
Ta c6 p®chia cho 3 du 0 hoic 1.

Xét p?chia cho 3 duw 0, vipla s6 nguyén tdnén p=3,suyra =1, vo li.
Xét p’ chia cho 3 dw 1, suy ra 8q chia hét cho 3 ma (8;3)=1nén q=3= p=>5

thoa man.
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Vay p=5;q=3 thoa man bai.

Bai 30.
Ta b 2EYVED '2019:m(m,n eN’,(m,n)=1)
y+12z42019 n
nx—my =0
= mx—my = (mz—ny)+/2019 :>{ y :>1:1:>xz=y2
mz-my=0 y z

X4yt z? =(x+z) —2xz+ Y2 =(x+z) —y = (x+y+z)(x+z-y).
Vi X+ Yy+z1a s6 nguyén 16n hon 1 va x* + y* + z°1a s6 nguyén t& nén
{x2+y2+22:x+y+z

X—-y+z=1
Trdosuyrax =y =z = 1.

X + y~/2019
y +2~/2019
Kétluan (x;y;2)=(L11).
Bai 31.

Thtt lai =1va x*+y*+2° =3 thoa man yéu cau bai toan.

Tacé: p°+a’=b*>< p°=(b-a)(b+a).

Cacudccuap?lal, pvap?; khong xay ra truong hopb+a=b-a=p
Do d6 chi xay ra treuong hgpb+a=p*vab-a=1.

p2+1 2

p--1

Khidd b= va a=

suyra2a=(p-1)(p+1).

T plésuyra p+1, p-11ahaisd chan lién ti€p = (p —1)(p + 1) chia hét cho 8.

Suy ra 2achiahétcho8 (1)

Tt p nguyén t6 16n hon 3 nén p khong chia hét cho 3. Do d6 p c6 dang 3k+1 hodc 3k+2.
Suy ra mot trong hai s6 p + 1; p —1 chia hét cho 3 . Suy ra 2a chiahétcho 3  (2)

Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

2_
Xét 2(p+a+1) =2(p+p71+1} =2p+p?+1=(p+1)” 12 58 chinh phuong.

Bai 32.
Do p-5:8 nén p=8k+5 (k eN)
Vi (axz )‘”‘*2 —(by2 )‘“‘*2 E(axz —byz)f D nén ‘ez xBed ke, Bk g
Nhén thé,y a.4k+2 . X8k+4 _ b4k+2 . y8k+4 _ (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4)
Do a*?+b*2=(a?)"" +(b?)""i(a?+b?)= p va b<p nén x** 4 y*iip (%)
Néu trong hai s6 X, Y 6 mot s6 chia hét cho p thi tir (*) suy ra s6 thit hai cling chia
hét cho p.

Néu ca hai s6 X,y déu khong chia hét cho p thi theo dinh li Fecma ta ¢6 :
X8k+4 — Xp—l El(mOd p)’ y8k+4 — yp—l El(mOd p)
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= x*** + y** = 2(mod p) . Mau thuan véi (*).Vay ca hai s6X va y chia hét cho p.

Bai 33.
Tacod:
™ —1=(p")™ -1 =(p* -D-A=(p-D(p+D(p* +1D.A (1) (AeN)
Vi P 1a s8 nguyén t6 16n hon 5 nén p 1a s8 1é, suy ra p — 1, p +1 1a hai s chan lién
tiép
=(p-D(p+D:4 (2
Vip -1, p, p+1 12 ba s8 ty nhién lién tiép nén (P —1) p(P +1):3. Nhung p khong
chia hét cho3nén (p—-1)(p+1):3 (3
Vi p khong chia hét cho 5 nén p cé mét trong cac dang S5k+1 5k+2
-Néu p=5k+ltm p®=25k*+10k +1=5n+1
_Néu p=5K=+2th p?=25k*+20k +4=5|-

Ca hai truong hop trén déu cho ta p4 -1=5q:5 (4) ( (n,l,geN)
Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tirng d6i mot nén tr (1), (2), (3), (4) suy ra
P**® —1 chia hét cho 4.3.5 tic 1a chia hét cho 60
Bai 34.

Khong mat tinh tong quat gia st m<n<p<d.
1 1 1 1 1 1 1 1 1 1

Néu m>3 thi —+—+—+—+ —F =ttt —+—
mnpqmnpq3571135711

1 1

Vay M =2 va (1) tré thanh 1+£+—+ ——( )-
n p g 2npq 2

1 1 1 1 1 1 1 1 1
Néu N>5tacd —+—+—+ —+ = — <=
n p q 2npq 5 7 11 25711 2
11 1 1
Vay N =3 va (2) trd thanh —+— +—:—<:>(p 6)(q—6):37
p q 6pg 6

suyra P=7 va =43.
Vay (m;n;p;q) 1a(2;3;7;43) va cac hoén vi ctia no.
Bai 35.
Néu x=0= y =1 théa man
Néu y=0= x¢Z khong thoa man
Xét x#0;y #0 phwong trinh da cho ¢ dang
454 (54x° +1) = 4.54x%.y° < (427 +1)" = (6xy)’ +1
Dat 4.27x° =a;6xy =b ta duwoc phwong trinh
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(a+1)2:(b+1)(b2—b+1) (*)
Tt (*) ta thdy b+1>0. Goi UCLN(b+1Lb*-b+1)=d

b+1:d ) : :
=9, . =b*-b+1=b(b+1)-2(b+1)+3id = 3id

b*-b+1:d
Mit khac (a+1) =(4.27x°+1)khong chia hét cho 3 nén 3 khong chia hét
d:>d:1:>(b+1;b2—b+1):1
Tt (*)nhan thdy tich hai s6 nguyén t6 cing nhau la mét s6 chinh phuirong nén phai
, {b+1:m2

cd (m;neN*;mzz;m224)
b?—b+1=n’

2

Tacé n° =(m*-1) —(m*-1)+1

en’=(m’ —1)2 -(m*=2) (1);n*=(m —2)2 +(m*-1) (2)

Tir (1) va (2) = (m?~2)" <n? <(m? ~1) v6 1y suy ra phuong trinh () v6 nghiém.
Vay phuong trinh c6 nghiém duy nhét (x;y)=(0;1).

Bai 36.
Do q 1a s8 nguyén & 16n hon 3 nén q ¢6 dang 3k+1 hodc 3k+2 vdi ke N'.
+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, truong hop nay
loai do p khong phai 1a s6 nguyén to.
+Néu q=3k+2,khidé do p=q+2 nén p=3k+4.Do p la s6 nguyén t& nén k
phai la s tu nhién 1é. Khi d6 ta duwgc p+q = 6(k+1)312 . Vay s6 du khi chia p+q
cho121a0.

Bai 37.

Ta xét cac treong hop sau
+Khi x=2 ta duogc 2* +x* =2% +2? =8 khong phai la s8 nguyén té.
+Khi x=3 ta dugc 2* +x*> =2° +3% =17 14 s6 nguyén td.
+Khi x >3 thi x 1a s6 nguyén t& 1é. Khi &6 x> chia 3 ¢6 s6 du 1a 1.
Ngoai ra do x 1a s6 nguyén td 1é nén ta dat x =2k + l(k € N*) :
Tt d6 ta c6 2* =221 =24 =2(3+1)" chia 3 c6 56 du 1a 2.
Nhu vay 2 + x* ludn chia hét cho 3. Do d6 2* +x* ludn la hop s6 khi x> 3.
Vay x=3 la gia tri thoa man yéu cau bai toan.
Chua y: Véi bai toan sO hoc dang nay ta thuong thtt véi mot s6 nguyén t6 nhé
x =2;3. Véi cac sO nguyeén t6 16n hon ta chitng minh khong théa man.
Bai 38.
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Giast 2015=a,+a, +...+4a,, trong d6 a;;a,;...;a,1a cadc hop s6

Theo bai ra ta co

+ Mbi s6 hang a;;a,;...;a, khong thé viét thanh tong hai hop s6 (1)

+Tong hai hop s6 bat ki khong thé viét thanh tong 3 hop sO (2)

Do 2015 14 s6 1é nén ton tai it nhat mot hop s6 1, hgp s6 d6 phai b?mg 9 vi
1;3;5;7;11;13 khong phai 1a hop so.

Néu cd hop s§ 1é a, 215=a, =9—(a,—9) véi (8, —9)>61a s6 chdn nén a bang tong
hai hop s6- tréi véi (1)

Mt khac khong ¢ qua mot hop s6 bang 9 vi néu ¢ hai hop s bang 9 thi
9+9=6+6+6 trai vdi (2)

Do d6: 2015=9+a, +a,+...+a, Vi a,;a,;..;a, 1a cdc hgp s6 chdn
=a,+38,+..+a,=2006 (3)

= cac hop s6 phai nhan cac gia tri 4 hodc 6.

Vinéu a, 1a hop s8 chdn va a, >8=a, =4—(a, —4)1a tong hai hop s8, trai véi (1)
S6 hop s8 bang 6 chi c6 thé 1a mot vi néu c6 hai hop s6 bang 6 thi 6+6=4+4-+4
Giastr a,=6=>a,=a,=..8, =4=(n-2).4=2000 = n =502

Vay s0 tu nhién can tim la n =502

Bai 39.

Bai 40.

2(m* +1)

4
Néu p=(q thi p= =2m-2+—.

Do meN vaplasdnguyéntdnén 4:(m+1)=>m=0m=1Lm=3 = p=2; p=>5.
Néu P #( thipg vap +glanguyén td cung nhau vi pg chi chia hét cho cac wéc
nguyén t6 la p va g con p + g thi khong chia hét cho p va khong chia hét cho 4.

Goi 7 1a mdt udc chung cia M? +1 va m+1= [(m +1)(m —1)]Er = (m®=1):r
=[(m*+1)—(m* -1 ir=2ir = r=Lhosc r =2

+) r=1lsuyra p+q=m+1, pg=m’+1=> p,q la hai nghiém ctia phuong trinh
x> —(M+Dx+m?+1=0 v6 nghiém do
A=-3m"+2m-3=—(m-1)°-(2m*+2)<0

+) r=2suyra2pg=m>+1va 2(p+Qq)=m+1= p, q 12 hai nghiém cua
phuong trinh 2X* —(M+1)Xx+m? +1=0 v6 nghiém do
A=-Tm’*+2m—-7=—(m-1)>—(6m* +6) <0.

Vay bd cac sd nguyén td (p; q) can tim 1a (p;q) =(2;2); (p;q) =(5;5).
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+) Néu p=7k+; k,i nguyén, i thudc tap{+1;+£2;+3}. Khi ¢6 p’chia cho 7 c6 thé du:
1,42
Xét p>2=2p° -1 2p*+3& 3p° +4>7

Néu p®chiacho7 dw1thi 3p® +4chia hét cho 7 nén trai GT
Néu p’chia cho7 du4 thi 2p? -1 chia hét cho 7 nén trai GT
Néu p’chia cho7 du2 thi 2p®+3 chia hét cho 7 nén trai GT
+) Xét p=2 thi 3p’ +4=16 (loai)
+) Xét p=7k, vi p nguyén td nén p =7 la nguyén to, co:
2 p2 -1=97; 2 p2 +3=101; 3p2 +4 =151déu la cac s6 nguyén to
Vayp=7
Bai 41.
Xét n =0 thi A =1 khong phai s6 nguyén t&
n=1thi A =31a sd nguyén t6
Xétn>1 ta co:

A=n""-n?>+n"™ -—n+n’+n+1=n’ [(rﬁ)m —1}+n[(n3)667 —1}+(n2 +n+1)

670

Ma [(na )670 _1} chia hét cho (n3 —1) suy ra [(ns) —1} chia hét cho (n2 + n+1)

Tuong tu: [(rﬁ )667 - 1} chia hét cho (n2 +n+ 1)
Do d6 v6in >1 thi A chia hét cho (n2 +n+ 1) nén A la hop so.
Vay n =1 la gia tri can tim.
Bai 42.
a-bV2 _x (X, y € Z, xy#0) = ay—bx=(by —cx)v/2 (¥
b-cv2 Yy
Via,b,¢,x,y € Z= ay-bx € Z = (by—cx)\/z e’z

ay—bx=0:> ay = bx
cx = by

bat

Ma 2 € Inéntﬁ(*):{
by —cx=0

= acxy =b?*xy = ac=b? (vixy #0)
a’?+b?+c2=(a+c)*-2ac+b?=(a+c)*-b?=(atc—-Db)(atctb)
Via?+b?>+c?lasdnguyéntGvaa+c—b<a+c+b

= a+b-c=1= at+b+c=a2+b?+¢? (1)
Ma a, b, cnguyén duong nén a< a% b< b? c¢< ¢? (2)
Twr (1) va (2) = a=b=c=1, thk lai: Thoa man, két luan
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Bai 43.
Vikla s6 nguyén t& suy ra k> +4>5; k> +16 > 5
-Xétk=5n (neN) ma kla s6 nguyén t6 nén k = 5.
Khi d6 k?+ 4 =29; k2+16 = 41 déu la cac s6 nguyeén to.
-Xétk=5n+1 (ne N)=k?=25n* +10n+1= k* +4:5
= k” +4 khong la s6 nguyén t3.
-Xétk=5n+2 (neN)=k*=25n"=20n+4=k*+16:5
= k” +16 khong la s8 nguyén t6.
-Xétk=5n+3 (neN)=k*=25n"+30n+9=k*+16:5
= k’ +16 khong la s8 nguyén td.
-Xétk=5n+4 (ne N)=k*=25n" +40n+16 =k’ +4:5
= k” +4 khong la s8 nguyén t6.
Vay d€ k* +4 va k” +16 1a cac s6 nguyén t6 thi k =5.
Bai 44.
Taco p®-1=(p*-1)(p*+p" +p°+p*+1).
Do p lasdnguyén td16n hon5nén p la mot sé 1é.
= p®+1va p>—11acicsd chin
= p* -1 chia hét cho 4
= p? -1 chia hét cho 4
Vi p lasé nguyén t6 16nhon 5 = p 1a mot sd khong chia hét cho 5.
Lap luan ta dwoc p* -1 chia hét cho 5.
Lap luan ta dwoc p* + p* + p®+ p* +1 chia hét cho 5.
Suy ra p? -1 chia hét cho 25.
Ma (4;25)=1nén p”-1. (dpem)
Bai 45.
Taco p*-1=(p-1)(p+1).
Vi p la sd nguyén t8 16n hon 3 nén p 1é. Do d6 p—1 va p+1 1a hai s& chan lién
tiép. T d6 suy ra (p-1)(p+1):8 (1).
Xét ba s6 tu nhién lién ti€p p-1; p; p+1.Tacod (p-1)p(p+1):3.
Ma p la sd nguyén t6 16n hon 3 nén p khong chia hét cho 3. Ma 3 la s6 nguyén

td nénsuy ra (p-1)(p+1):3 (2).
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T (1) va (2) két hop véi (3;8) =1 va 3.8=24 tasuyra p’—1:24 (dpcm).
Bai 46.
Khong mat tinh tong quat, gia st p<q.
Treong hop 1: p=2
= p(p+3)=2(2+3)=25=10
=10+0q(q+3)=n(n+3)
©10=n’+3n-g*-3q=(n*-q*)+(3n-30)
<10=(n-q)(n+q)+3(n—-q)
<10=(n-q)(n+q+3)
Vi p(p+3)+0q(q+3)=n(n+3) ma p; q; n la cdc s nguyén duong
=n>Qq=>2.
=>n+0q+3>2+2+3=7
Ma 10=1.10=25

n+q+3=10 n+q=7 n=4
= = &
n—q=1 n—q=1 q=3

So v6i diéu kién thoa man.
Vay b ba s6 nguyén duong ( p;q;n) can tim la (2;3;4).
Truong hop 2: p=3
= p(p+3)=3.(3+3)=3.6=18
=18+q(q+3)=n(n+3)<18=n’+3n-q*-3q=(n*-q°)+(3n-3q)
)(n+q)+3(n-q)
(

)(n+q+3)

<18=(n—q
<18=(n—q
Vi p(p+3)+q(q+3)=n(n+3) ma p; q; n la cac sd nguyén duong =>n>q=>3.
=>n+q+3>3+3+3=9
Ma 18=1.18=29=3.6

n+q+3=18 n+q=15 n=_8
= = =
n-gq=1 n-qg=1 q=7

So vdi diéu kién thoa man.

Vay b ba s6 nguyén duong ( p;q;n) can tim la (3;7;8).

Trueong hop 3: p>3

Ta sé chitng minh v6i 1 s0 nguyén a bat ki khong chia hét cho 3 thi tich a(a+3)

ludn chia 3 du 1.
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That vay:
Néu a:3duwl =2>a=3k+1=>a+3=3k+4
= a(a+3)=(3k+1)(3k+4)=9k*+15k +4:3 du 1.

Néu a:3duw2 =>a=3k+2=a+3=3k+5
= a(a+3)=(3k+2)(3k+5)=9k*+21k +10:3 du 1.

Trdé lai bai toan chinh:
Vigzp>3=pt3;,q13.
= p(p+3)+q(q+3):3 du2.
Ma n(n+3):3 dw 1 (néu nt3) hodc n(n+3):3 néu n:3.
= p(p+3)+q(q+3)=n(n+3)
Suy ra khong c6 bo ba sd nguyén duong (p;q;n) thoa man yéu cau bai toan.
Bai 47.
p’q+pip’+q=q(p°+q)-(p’a+p)=a’-pip*+q.
pq’ +qiq’ -~ p=>(pa’ +q)-p(a*—p)=p*+aia’ - p.
o’ —p=—(p*+0) = q° +q+p’— p=0(N).
Q’-p=p*+q<(q+p)(g-p-1)=0<q-p-1=0<q=p+1.
Ma p, q la hai s& nguyén t6 nén p =2,q =3 (thoa man bai toan)
Bai 48.
Gia st phuong trinh ax” +bX + ¢ =0 ¢ nghiém hru i, khi d6
A=b*-4ac=m* (meN).
Suy ra b> >m? hay b >m. (1)
Ta c6 4a.abc = 4a(100a +10b +c) = 400a* + 40ab + 4ac
=(400a” +40ab +b? ) - (b* — 4ac) =(20a +b)" —m’
=(20a+b+m)(20a+b—m)

Do abC 1a s8 nguyén t6 nén (20a+b+m)§ﬁ hoic (20a+b—m)§ﬁ, suy ra
20a+b+m=>abc (2)

Tt (1)tacod 20a+2b=20a+b+b>20a+b+m

T (2) ta cé 20a+b+m=>100a+10b+c>100a+10b

Do do

20a +2b >100a +10b < 2(10a + b) >10(10a + b) < 2>10 (vo ly)
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Vay A khong thé 1a s chinh phiong nén phwong trinh ax’ +bx+c=0 khong co

nghiém httu ti.

Bai 49.
.. 9 a+b 2 . a+b=9 _ _
Ta co: ﬂ=a2—+bzga—+b:>a+b<10,(a+b):9:>{a2+b2 =41:>(a,b):(4,5),(5,4)
Bai 50.

Xét diy sb co dang 2; 2.3; 2.3.5; ...

Gia sir hai s6 can chon 14 a = 2.3.5..p ; b=23.5..p_ VOip;p,_ (n < m) 13 cac sb nguyén to tht n

va thir m.

Tacod b-a=235..p, —2.3.5..p, =30000 < 235 (p,,,D,., P, —1)=2.3.5.1000

Ta thdy 2.3.5.1000 ton tai wéc ctia 3 nén a va b c6 chira sb nguyén té 3 nén p, >3 va 1000 khong

¢6 wdc nguyén td khac 2 va 5 nén a khong c6 ude khac 2 va 5 nén p, <5.Tudo ta duge

+ Néu p, =3,tadugc p_ .p, ,..-p, =10000, khong ton tai p, thoa man

+ Néu p, =5,tadugc p_ ,.p_,---p, =1001=7.11.13 = p_ =13, tir d6 ta dugc
a=2.3.5=30; b=2.3.5.7.11.13 = 30030

Bai 51.

n3—1=(n—1).(n2+n+1)3p

(p-1)in=p-1>n=p=>n+l

Vi p>n+1=(n-1)khong chia hét cho p

Do d6: (n—1)(n*+n+1):p < (n*+n+1)ip

bat: p—1=kn, k>1=p=kn+l (¥

= (n*+n+1)i(kn+1) = kn+1<n*+n+1

skn<n®+nek<n+l

k(n®+n+1)-n(kn+1)i(kn+1)

= [ (k=1)n+k Ji(kn+1)

k>1= (k-1)n+k >0

= (k-1)n+k >kn+1

=k>n+1

=k=n+1=p=kn+l=n*+n+1

=n+ p=n2+2n+1:(n+1)2
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Vay n+ pla mot s6 chinh phuong.
Bai 52.
p+q=a’

Theo dé ta c6 { p+4q=b?, suy ra b? —a? =30 < (b—a)(b+a)=3q

abeN”
Ttr g la s6 nguyén to va a+b>2 nén ta c6 cac treong hop sau:
b-a=1 . ;
+TH 1: suyra b=a+1va 2a+1=3q, suyra q lé.
b+a=3q

Taviét q=2k+1 (ke N")

Khi d6 2a=3q-1=6k+2 hay a=3k+1va p=a®—-q=9k?+4k =k (9 +4)
Do p nguyéntonén k=1 va p=13,q=3.

b-a=3

, b=a+3 vag=2a+3
bra=g suy ra va (

+TH2:{

Laicé p=a’ —q=a2—2a—3=(a+1)(a—3). Do p nguyéntdnén a=4 va p=>5q=11.

a=q .
+TH 3: va b>a>1.
b+a=3

Suyra b=2 va a=1khi d6 q=1 khong phai s6 nguyén tg.
Bai 53.

Ta cé:

n®+ 4% =n® 4 (22)" = (n?) 4 229002 4 (221) —(24n)’
=(n24—2”4)2—(2“?nf

=(n*+2°* = 2""n)(n* + 2 + 2n)

\ /4 N~ -A N\ 2k 1 \ A N~ A N~ A
Do N,k 1a c4c s8 tw nhién va n® + 4213 mét s6 nguyén to nén
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n® 4 42k — (nz 492k _ 2k+1_n)(n2 42k 2k+1.n)
- n2 + 22k+1 _ 2k+1'n 1

o nt-2.2n+ 2.(2k) =1

o (n-2) +(2) =1

[ n—-2¢=0 k=0 8 | p2k+l
= =>n+47" =1+2+2=5
2k :l n:].
n-2=1
= (VN)
{2":0

n—2k:—1(VN)

i 2=0

Vay n=1,k =01a cac gia tri can tim.

Bai 54.

P=(7+x+x2)(7+x—x2)

Tacd 7+x+x°>1

X=3
x=-2 (L)
Vay x=3= P =19 (thoa man).

Vi P la s6 nguyén t6 nén 7+x—x2=1<:>X2—X—6:0<:{

Bai 55.
Ta c6 véi moi sd nguyén m thi m?chia cho5duw 0, 1 hodc 4.
+Neéu n* chiacho5duw1thi n*=5k+1=n>+4=5k+5:5 (keN").
nén n’ +4 khong la s6 nguyén to.
+Neéu n* chiacho5dw4 thi n* =5k+4=n"+16=5k+20:5 (keN").
nén n* +16 khong la s6 nguyén to.
Vay 7’5 hay n chia hét cho 5.
Nhéan xét. Bai toan ap dung tinh chéat chia hét, chia ¢ du ctia mét s6 chinh phuwong khi
chia cho 5; tinh chat s6 nguyén tJ, hop sg, ...
Nhac lai kién thirc va phuong phép.
e Mot s6 chinh phuong khi chia cho 5 chi ton tai s6 du 0 hodc 1 hodc 4. Chiing minh:
+ m=>5k = m” =25k’ chia 5 du 0 (dung).
+ m=>5k+1=m" =25k> +10k+1 chia 5 du 1 (dung).
+ m=5k+2=m" =25k + 20k +4 chia 5 du 4 (ding).
+ m=5k+3=m’ =25k’ +30k +9 chia 5 du 4 (ding).
+ m=5k+4=m" =25k’ +40k +16 chia 5 dw 1 (dung).
o Ap dung tinh chét chia hét, chia c6 du vao bai todn; “SS nguyén t&” 1a s8 chi c6 hai
uwoc la 1 va chinh né.
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+ n chia 5 du 1 thi (n2 +4) :5 nén (nz +4) khong phai 1a s6 nguyén td (loai).
+n chia 5 dw 4 thi <n2 + 16) :5 nén (n2 + 16) khong phai la s6 nguyén t6 (loai).

+ Do d6 néu (nz +4> va (n2 +16) 1a s8 nguyén td thi chi con ton tai truong hop n* chia
hét cho 5. Khi d6 n chia hét cho 5.
Bai 56.
1) Cho s6 nguyén duong n thoa man n va 10 1a hai s6 nguyén t6 cung nhau. Chiing minh
(n* —1)140
Vin va 10 nguyén t6 cung nhau nén n khong chia hét cho 2 va 5.
= n chi ¢d thé c6 dang 10k + 1 va 10k + 3 véik € N.
Ta cé: n* —1=(n* =1)(n* +1) = (n—=1)(n+1)(n* +1)
Donlénénn-1:2;n+1:2van*+1:2=n*-1:8.(1)
eNéun=10k+1=>n2=(xl)p=1(mod 10)=>n2-1:10=>n‘-1:5(2)
Tt (1) va (2), chay (5;8) =1suyrani-1:40
eNéun=10k+3=n2=(*3)2=9 (mod 10) > n2+1: 10> n*~1:5 (3)
Tt (1) va (3) chuy (5;8) =1 suy ran*—1: 40
Vay trong moi treong hop tacon* -1 : 40
p—-1=2x(x+2)

2) Tim tat ca cac s6 nguyén td p va cac s6 nguyén duong x,y thdéa man { ,
p*-1=2y(y+2)
Tt (1) = p - 112 58 chdn = p 1a s& nguyén & 1é.
Trie ting v€ cua (2) cho (1) ta duoc
p*—p=2y*-2x* +4y-4x < p(p-1)=2(y - x)(y + x+2)(*)
= 2(y-x)(y +x+2)ip.Ma (2;p) =1nén xay ra 2 TH:
ey-xip=>y-x=kp (k €N¥)
Khidéotk (*) > p-1=2k(x+y+2)=>kp-k=2k(x+y+2)=>y-x-k=2k}x+y+2)
(loaivix+y+2>y-x-k>0;2k>1=2k’(x+y+2)>y-x-k)
ey+x+2ip=>x+y+2=kp (k € N¥)
Te(*)=>p-1=2k(y-x) > kp-k=2k¥(y -x) = x+y +2 -k =2kXy - x) (**)
Ta chiing minh k =1. That vay nfu k 22 thi tlr (*) =2 x +y =2k (y = x) +k =22 8(y — x) (Viy
-x>0)
> 9Ix27y > 7y <l4x = y <2x
Do d6 tlr (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x +2) < 4x(2x +4) = 8x( x +2) = 4(p - 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p<3, mau thuan véi p 1a s8 nguyén td lé.
Do do k=1, suy ra
{x+y+2:p {x+y+2:p {x+y+2:p {y:3x+1
=3 =3 =3
p-1=2(y—Xx) X+y+1=2(y—X) y=3x+1 p-1=4x+2
Thay p—1=4x+2vao (1) ta c6: 4x+2=2x(X+2) <> 2x+1=x*+2x < x* =1=>x=1
=y =4, p="7 (thoa man)
Vayx=1,y=4vap=7.

LAD 1 (a+b)=ab(¥)
ab ¢

Bai 57. a) Ta co: 1+£:£
a b c
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Gia st a + b la sd nguyén t6, khi do tir (*) = ab i (a+b) > ai(a+b)hodcb: (a+b)
Di@unéyméuthuénd00<a<a+b,0<b<a+b.
Vay a + b khong thé'la s6 nguyén to.

b) Gia stt a + ¢ va b + ¢ dong thoi la s6 nguyén t6.
Tt c(a+b)=ab=>ca+cb=ab=>ca+ab=2ab-ab=>a(b+c)=b(2a-c)
= a(b+c)ib(*)
Ma b + cla s6 nguyén t5, b 1a s6 nguyén duong nho honb +cnén (b +c¢, b) =1
Do do ttt (**) suy raa i b.
Chttng minh twong tetacéb(a+c)=a2b-c)=>b:a
Vaya=b. T (*) > a=b=2c
Do dé a+c=b+c=3c, khong la s6 nguyén t8 véi c > 1 (mau thuan véi gia str)
Vay a + c va b + ¢ khong thé dong thoi la s6 nguyén to.
Bai 58. Ta c6
a’+ab+b”*=c’+cd+d?=>a*+2ab+b’=c’+2xd +d* +ab-cd
<=>ab-cd =(a+b)’-(c-d)*=(a+b+c+d)(@a+b-c—d)(*)
Néuab-cd=0:Doa+b+c+d>0=>a+b-c-d=0=>a+b+c+d=2(c+d)lahgpsodo
ctdeN*vac+d>1
Néu ab -cd #0:Ttx (*) > ab-cd i (a+b+c+d).
a’+ab+b*=c’+cd+d*=>3(ab-cd)+(a’®—2ab+b*)=c*—2cd +d?
=>3(ab-cd)=(c-d)*-(a-b)*=(c—d+a-b)(c-d-a+b)=0
=>(c-d+a-b)(c-d-a+b)i(a+b+c+d)
Giastta+b +c+dlas6nguyén to thi ta co
c-d+a-bia+b+c+dhoacc-d-a+bi:a+b+c+d
Diéu nay mau thuando —(a+b+c+d)<c-d+a-b<a+b+c+d;
—(a+b+c+d)<c-d-a+b<a+b+c+dva(c-d+a-b)(c-d-a+b)#0
Vay a+b+c+dlahop so.
Bai 59.

Bién ddi duoc p=(n’+1)(n-1)

Néu n = 0;1 khong thoa man dé bai
Néu n =2thoaman dé baivi p=(2°+1)(2-1)=5
Néu n > 3khdng théa man dé bai vikhi d6 pcdtir3wdctrdlénla l;n-1>1 va
n+1>n-1>1
Vay n=2thi p=n®-n’+n-1lasdnguyén to.
Bai 60.

Tacé: N°+n+2=n°+1+n+1=(n +1)(n2 —n+1)+(n +1)=(n +1)(n2 —n+2)

Do Vne N *nén n+1>1va N> —n+2>1.Vay n° +n+2 lahop s8

Bai 61.
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2 2
Zz+22 =%<:>(a—c)(b2—ac):0:>b2=ac
+

Ma
a’+b?+c’=a’+ac+c’=a’+2ac+c’—b*=(a+c) —b’=(a+c+b)(a+c—b)

Ta thdy a@° +b* +¢* > 3do d6 néu a” +b* + ¢*la cac s6 nguyén t6 thi xay ra céc trudng
hop sau:

a+c-b=La+c+b=a’+b’+c>*=a’+b*+c°=2a+2c-1

:>(a—1)2+(c—1)2+b2=1:>a=c=1,b=il (ktm)

2a+c+b=la+c-b=a’*+b*+c*=a’*+b*+c*=2a+2c-1

:>(a—1)2+(c—1)2+b2=1:>a=c=1,b=i1 (ktm)

Ja+c+b=-La+c-b=—(a’+b’+c*)=a’+b’+c’=-2a-2c-1

:>(a+1)2 +(c+1)2 +b’=1=a=c=-1Lb=+1 (ktm)

fa+c-b=-la+c+b=—(a’+b*+c*)=a’+b*+c’ =—2a-2c-1
:>(a+1)2+(c+1)2+b2 =l=a=c=-1b=+1 (ktm)

Bai 62.
Do p lasdnguyén t61én hon 3néncédang p=3k+1;p=3k -1 véi k >1
+Néu p=3k+1thi 2p+1=6k +3=3(2k +1)
Suy ra 2p+11ahop s6 (vo ly)
+Néu p=3k -1k >1thi 4p+1=12k —3= 3.(4k —1)
Do K >1nén 4k —1>3.Do d6 4p +11a hop s6.
Bai 63.
Do p 1a s6 nguyén td va p >3 nén p khong chia hét cho 3. (*)
p" €6 20 chit s6. Cac chit s6 chi c6 thé'1la0,1,2,3,4,5,6,7,8,9 gom 10 chit s6 d6i mot
khac nhau.
Néu khong cé qua nhiéu hon 2 chit s§ giong nhau thi moi chit sd phai c6 mit dtng 2
[an trong cach viét s6 p". Nhu vay tong cac chit s6 cua s p*la: 20 +1+2+3+4+5+6+7
+8+9)=90:3nénp" :3
Diéu nay mau thuan (*).
Vay trong so p" phai cd it nhat 3 chit s6 giong nhau.
Bai 64.
Vi p chia cho 42 c6 s6 du larnén: p =42k +r (0 <r <42,k r ty nhién)
Hay p=23.7k +r.
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Vi p la s6 nguyén t6 nén r khong chia hét cho 2; 3; 7
=>r la hop s6 khong chia hét cho 2; 3; 7 var <42
Hoc sinh chi ra duwocr =25
Vay hop s6 r =25
Bai 65.

Taco: p, q lasd nguyén td nén pq+111a s6 nguyén t6 16n hon 11

= pq+11lasdlésuyra pq lasé chin.

Do 7p+qlasénguyén té 16n hon 7 nén p va q khong thé cing tinh chan lé.

*) TH1: p=2thi 7p+q=14+q. Ta thdy 14 chia 3 du 2

+) Néu q chia hét cho 3, do q la s6 nguyén té nén q=3.

7p+q=17; pq+11=17 (T/m)

+) Néu q chia cho 3 du 1 thi 14+ qchia hét cho 3 = 7p+qla hop sb

+) Néu q chia cho 3 du 2 thi 2q chia cho 3 du 1 nén pg+11=2q+11 chia hét cho 3
= pq+11 1 hop s6.

*)TH2: q=2thi 7p+q=7p+2

+) Néu 7p chia hét cho 3 thi p chiahétcho3nén p = 3 =7p+q=23pq+11=17
(Théa man)

+)Néu 7p chiacho 3 du 1 chiahétcho3 = 7p+2 lahopsb

+)Néu 7p chia cho 3 du 2 thi p chia cho 3 du 2 nén 2p chia cho 3 du 1

= pq+11=2p+11 chia hét cho 3 nén pg-+11 Ia hop sb.

Vay: p=2,q=3 hodacp=3,q=2.

Bai 66.
Vi ab; cd la cac s6 nguyén t6 nén b,d 1é va khac 5
Talaico b? =cd +b—c < b’ ~b=9c+d <b(b-1)=9c+d
Néu b =1 (khong thoa méan)
Néu b=3 nén 9c+d=6 = c=0,d=6 (khong thoa man)
Néu b=7=09c+d=42=d =42-9c = c=4;d =6 (loai)
Néub=9=9c+d=72<d=72-9c = c=7;d =9 (thdéa méan)
= ae{l;2,7}
Vay abcd e {1979;2979;7979)
Bai 67.

Trong 3s6 a, b, ¢ ¢4 it nhat hai s8 cling tinh chén 1é.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Gia st hai s8 cing tinh chdn 1é1a a va b.

Suyra p = b°+ a lasdnguyéntdchannén p = 2.

Suyraa =b =1.Khidég=c+1lvar=c+1lnénq =r.
Vay trong ba sd p, g, r c6 it nhat hai s§ bang nhau.

Bai 68.
+) V6i p=2 thi p°+2=8 khong la sd nguyén tJ.
+) V6i p=3 thi p?+2=11va p’®+ p®+1=37 déu la s6 nguyén té.
+)Véi p>3=p=3k+l(keNk=>2)
= p*+2=(3k+1)" +2=9k* £6k +3=3(3k*£2k +1) : 3 nén p’+2 1a hop s3.
Vay chicd p=3 thi p’+2 va p®+ p®+1 déu la s6 nguyén t6.
Bai 69.

Ta cé: x> =45+ y?.
Ta thay x* >45 va X la s6 nguyén t6 nén X phai la s6 nguyén t& 1. Suy ra x° la
sO le.
Ttr d6 suy ra y* la s6 chdn, ma y 1a s6 nguyéntd. Suyra y=2; x=7
Vay x=7 va y=2 thoa man yéu cau bai toan.
Bai 70. 1) bat d =UCLN (2n+110n+ 7)
Suy ra 2n+1id. Vivay 5(2n+1):d.
Ma 10n+7:d nén 10n+7-5(2n+1):d
=2:d
Do d6 d =2hoac d =1.
Néu d =2thi 2n+1:2 (vo ly).
=d=1.
1=UCLN (2n+1,10n+7)
Vay 2n+1va 10n+7 la hai sd nguyén td cung nhau.
2)
- Néu la s6 nguyén t& 1é thi y* =x*+23 1a s6 chan. Vay y° =2 (loai).
- Néu x=2 thi y*=2°+23=27.Vay y=3.
Bai 71.
=>ab—ba=9(a-b)
=ab-ba=3*(a-b)

D¢ ab-—ba 1a s8 chinh phwong khi @ — b 1a s§ chinh phuong
Do a,blacicchitsdva 0<a,b<9=>1<a-b<8
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=>(a — b) 1a s8 chinh phuong khi (a—b) {14}

+Néu a-b=1= ab {21,32,43,54,65,76,87,98} ma ab 1a s nguyén t& va la s§ lé =>ab =43
+Néu a-b=4= ab e {51,62,73,84,95} ma ab la s§ nguyén t8 va la s5 1é =>ab =73

Vay abe{43;73}

Bai 72. Vip la sd nguyén t& do d6 ta dwoc 4p” +1>5 va 6p* +1>5

Dat x=4p” +1=5p” —(p-1)(p+1); y =6p’ + 1= 4y =25p” —(p-2)(p+2)
Khi d6
e Néu p chia cho 5 dw4 hodc du 1 thi (p—1)(p+1) chia hét cho 5
Suy ra x chia hét cho 5 ma x >5 nén x khong 1a sd nguyén to.
e Néu p chia cho 5 dw 3 hodc dw 2 thi (p-2)(p+2) chia hét cho 5
Suy ra 4y chia hét cho 5 ma (4,5)=1 nény chia hét cho 5ma y >5
Do d6 y khong 1a sd nguyén t6
Vay p chia hét cho 5, ma p la s6 nguyén td nén p=5.
Thtt v6i p=>5 thi x=101; y =151 la cac s6 nguyén td&
Tim t4t ca cdc s6 nguyén t6 p d& 4p” +1 va 6p° +1 ciing 1a s6 nguyén to.
Bai 73. C
Xét ba s0 ty nhién lién tiép 1la 2" -1;2";2" +1.
Trung ba sd ty nhién lién ti€p trén c6 duy nhat mot sd chia hét cho 3.
Do n>2 nén 2" -1> 3, ma theo gia thiét thi 2" -1 la s6 nguyén t5, do d6 2" —1 khong
chia hét cho 2. Lai c6 2" khong chia hét cho 3. Do d6 suy ra 2" +1 chia hét cho 3.

Mado n>2 nén 2"+1>3. Ttr d6 ta dwoc 2" +1 la hop s6.

Bai 74.

Trudc hét ta chiimg minh véi p 1a s6 nguyén t8 16n hon 3 thi p? —1 chia hét cho 24.
That véy, tacé p*-1=(p-1)(p+1).

Do p 12 s6 nguyén t6 1én hon 3nén p—1 va p+1 1a hai s& chan lién tiép.
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Suy ra ta dugc p* —1=(p—1)(p+1)chia hét cho 8.

Mt khac ta lai ¢6 (p—1)p(p+1) chia hét cho 3, ma p 1a s& nguyén t& 16n hon 3 nén p
khong chia hét cho 3. Do d6 p* —1=(p-1)(p+1) chia hét cho 3.

D&y l1a (3;8)=1 nén ta dugc p’ —1=(p—1)(p+1)chia hét cho 24.

Chting minh hoan toan twong tw thi ta dwoc q* —1;r* —1;s* —1 ciing chia hét cho 24.
Tacod p’—q* +1° -5 = (p2 —1)—(q2 —1)+(r2 —1)—(32 —1) :

Do d6 ta dwoc p* —q” +1” —s* chia hét cho 24.

Bai 75.

Tte p* -2q° =1 ta dwoc p*> =2q° +1. Do d6 ta suy ra duoc p 1a s8 nguyén t6 1é.

Tir d6 ta dt p=2k+1 voi ke N .

Khi d6 ta duoc (2k+1) =2¢° +16 4K° +4k +1=2¢" + 16 2k (k+1)=¢?

Do d6 q° 14 58 chén nén q la s6 chdn. Ma q la s6 nguyén t6 nén q=2.

Thay vao p* —2q* =1 ta suy ra dugc p=3.

Vay cdp s6 nguyén t6 (p;q)=(3;2) thoéa mam yéu cau bai toan.

Bai 76.

e Truong hop 1: Néu p=2 suyra p’ +pT_1 khong nguyén

e Truong hop 2: Néu p=4k+1, khi d6 ta dugc p’ +pT_1 = (41<+1)3 +2k la s6 1é nén

- 1 21N g7 » PN ‘A IN A
p’+ PT khong thé la tich ctia hai s0 ty nhién lién ti€p.

e Truong hop 3: Néu p=4k+3. Gia st p’ + pz_ L la tich cta hai s6 ty nhién lién tiép

Khi d6 ta c6 p° +T_1 =x(x+1) < 2p(2p2 +1) = (2x+1)2 +1 véix 1a s6 tu nhién.

Tur d6 suy ra (2x+1) +1ip vo livi p=4k+3.

Tt cac treong hop trén, ta c6 diéu phai chitng minh.
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Bai 77.
Do p va q la cac s6 nguyén td nén p;q =2, dodd suy ra r>3, marlasdnguyén ténénr la
sO lé.

Ttr d6 suy ra p? va q” khdc tinh chdn 1é nén p va q khéc tinh chan 1é.

Nhu vay trong hai s8 p, q c6 mot sd chdn, khdong mat tinh tong quat ta gia st s6 d6 1a q.
Khi d6 q=2 nén ta duoc p* +2° =r. Dén day ta xét cac truong hop sau:

e Néu p=3, khido6 tacd 3°+2° =r hay r=17 la mot sd nguyén td.

e Néu p>3, do plasd nguyén td nén c6 dang p=3k+1 hodc p=3k+2 véiklasd
nguyen duwong.

Ttr d6 suy ra p* chia 3 du 1 hay p’ :3n+1(ne N*).

Lai c6 p las§1é nén 27 =(3-1)" =3m-1(m e N’).

Tir d6 ta dwoc p* +2° =3n+1+3m—-1=3(m+n):3 nén la hop s6. Do d6 trudong hop nay
loai.

Vay bd ba s6 nguyén td can tim la (p; q;r) = (2; 3;17),(3; 2;17) .

Bai 78.

Ttr 49 <2p* —1%;2q* —1r* <193 ta cd 2q* 193 <r’* <2p*-49,do d6 q* —p* <72.

Mt khdc tir ditu kién 5<p<q<r taduoc r>11, do d6 2p* 249+121=170 hay p>11.
Vi (q—p)(q+p) <72 nén q-p=2 hodc q—p=4. Xét hai truong hop sau:

e V6i q-p=2 va q+p<36, khido ta duoc p=11;q=13 hodc p=17;q=19.

+Néu p=11;q =13 thi 145<r”* <193, suy ra r =13 = q (loai)

+Néu p=17;q =19 thi 529 <r* <529, suy ra r =23 (nhén).

e V6i q—p=4 va q+p<18, khong ton tai vi p>11.

Vay ba s6 nguyén td can tim la p=17;q=19;r=23.

Bai 79.

Tt gia thiét suy ra 2 < l+%+l < 10 Khong giam tinh tong quat gia st a>b>c>1.
a c
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Suy ra %<§:>2c<9,do do ce{2;3}
3 ¢

e Véi c=2 suyra %<1+1+l<1:

1 1.2 11
2 a b 10 6

1 1
t—<==>—<=va —<—
b 5

1
a 6 b b 5

Do d6 be{7;11}

+V6i b=7, khi do tur %<1+1<l suy ra i<1<%:>ae{19;23;29,-31,-37,~41}

a b 5 42 a
+Véib=11tt‘rl<l+l<lsuyrai<l<£:>a=l3,doa>b
6 a b 5 66 a 55
oVéic=3tfrgiéthié’tsuyral<l+l<£:>1<z:>b<6:>b:5(dob>c)
3 ab 3 3 b
Thayb=5Véol<l+l<£taduoc6<a<1—5:a:7.
3 a b 30 2

Vay 6 cac bd ba s6 nguyén t6 khac nhau (a; b; c) thod man la:
(19;7;2),(23;7;2),(29:7;2),(31;7;2),(37;7;2),(41;7;2),(13;11;2),(7;5;3) va céc hoan vi ctia
no.

Bai 80.

Tacd X’ +px+3q=0< x(x4 +p):—3q.

Vi q la s6 nguyén t6 va x la s6 nguyén nén tir phuwong trinh trén suy ra

X € {—1,'—3;—q;—3q} .

Ta xét cac treong hop sau:

+Néu x =-1, khi d6 tit phuong trinh trén ta duwoc 1+ p =3q. Do q la s6 nguyén td nén

e Khi q=2 thita duwoc p=5

e Khi q>2 thi 3q 1256 1é nén p la s& nguyén t& chdn, do d6 p=2 nén q =1 khong phai
la s& nguyén to.

+Néu x =-3, khi d6 tir phwong trinh trén ta duwoc p+81=q, do d6 p la s6 nguyén t8 chan
va qla so nguyén to 1é. Ttr d6 ta duwoc p=2;q=283.

+Néu x =—q, khi d4 tir phwong trinh trén ta dugc p+p* = 3. Trudng hop nay khong xay

ra do p va qla s6 nguyén td nén p+q* >3,
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+ Néu x =-3q, khi d6 tir phrwong trinh trén ta dwoc p+81p* =1. Truong hop nay khong
xdy ra do p va q 1a s6 nguyén td nén p+81q* >1.

Vay cac bo s (x; p;q) thda man yéu cau bai toan la (—1; 5;2),(—3; 2; 83) .

Nhén xét: Ttr phuong trinh x(x4 + p) =-3q ta suy ra duoc x chia hét cho 3 hodc x* +p chia

hét cho 3. Dén day ta xét cac treong hop nhu trén. Tuy nhién véi cach lam nay viéc ly luan
sé phttc tap hon.
Bai 81.

p+l , . p+1
2

Gia st ton tai cac s6 nguyén duong x va y thoa man =X va

p+1=2x" (1)
p*+1=2y* (2)

Trir theo v& ctia dang thiec (2) cho dang thite (1) ta dwoc p(p—l) = 2(y+ x)(y—x) (3)

Khi d6 ta dwoc {

Suy ra ta duoc 2(y +x)(y-x)ip (4).

Mt khéc tir (1) ta thdy plas6lé va x>1>Tacd p+1=2x> =x* +x* >x+1=>p>x.
T (2)talaicd y>1nén p’+1=2y’ =y’ +y’ >y’ +1=>p>y.

Ttr (3) ta suy ra dugc y > x. Ttr d6 ta dugc 0 <y -x<p.

Chu y p lala sd nguyén td 1é nén tir (4) ta suy ra duoc x=y'ip.

Ma talai cd 0 <x+y <2p nén ta dugc x+y =p. Thay vao (30 ta duwoc p—1=2(y—x).

Tt d6 suy ra y—x:pT+1 nén ta dwoc x = 1 ;Y=

2
Thay x:pT+1 vao (1) ta duoc p+1=2(pT+1J ep=7.

Thay p=7 vao (2) ta dwoc 7> +1=2y° = y =5.

Vay p =7 thoa man yéu cau bai toan.
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Nhan xét: Ngoai cach giai nhuw trén ta con cé thé giai bang cach xét cac kha nang cua p:

p?+1 (4k=1) +1
2

Véi p chan khong xdy ra, voi p=4k+1 khi d6 ta duoc =8k’ +4k+1.

Dén day ta tim cdc gi4 tri clia k d€ 8k* +4k+1 la cdc s6 chinh phuong,.

Bai 82.
e ) () (2xry
Gia st ton tai sO nguyén duong x thoa man 2010 la mot s6 chinh phuong.
(x+1)(2x+1)

Khi d6 ton tai s6 nguyén duong q dé =q” hay (x+1)(2x+1)=2012q".

2012

Vi 2012 chia hét cho 4 nén (x+1)(2x+1)i4. Ma 2x+1 las§ lé nén x+1:4.
Tt d6 ta duoc x =4k —1 voik la s6 nguyén duong.

Thay vao phuong trinh trén ta duoe 4k (8k—1)=2012q" < k(8k-1)=503q".
béyla (k,8k- 1) =1 va 503 la s6 nguyén t5. Nén ton tai cac sd nguyén dwong a va b sao

k = 503a> k=a’
cho gq=ab va (a,b):l.Tt‘r do ta co cac hé {81( . abz va {8k al 503b2

G Jk=503a% L e
+ Voi , - hénay vo nghiém vi b” chia 8 chic6 cacsédulag, 1, 4.

8k-1=Db
L. k=a2 . 37 2
+V6i , - Khi d6 ta dwoe x=4k-1=4a’-1=(2a-1)(2a+1).
8k -1=503b
. \ L (x+)(2x+1) 7
Néu a =1 thi x=3, khi d6 ta dugc 2012 =203 khong phai la s6 nhinh phwrong.

Néu a>2 khidd x= (2a - 1)(2a +1) 1a mot hop s8. Vay bai toan dugc chiing minh.

Bai 83.

2
~ - - 2 & \ A ~ - A
Dat % =n’ véin la mot s6 ty nhién.

Vi p la s6 nguyén td nén ta xét cac truong hop sau:
e Truong hop 1: V6i p=2, khi d6 ta duwoc n=0 thoa man yéu cau bai toan.

2

e Truong hop 2: Véi p>2, khi d6 ta co p——p—2:n3 <:>p(p—1):2(n+1)(n2—n+1).
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Ttr d6 ta dwge n+1:p hodc n* —n+1ip (vi p 1a s6 nguyén td 1é).

+Néu n+1:p thitadwgc n+1>p. T d6 ta duwoc 2(n2 —n+1)2n2 +(n-1) +1>n>p-1.
Tir d6 ta dwoc p(p-1)<2(n +1)(n2 -n +1) . Do d6 treong hop nay lai

+Néu n’ —n+1ip, khi d6 ta dit n* —n+1=kp véi k la s tw nhién khac 0.

Thay vao phuong trinh p(p-1)= 2(11+1)(r12 —n+1) ta duoc p=2(n+1)k+1.

Tir d6 suy ra n’ —n+1=2(n+1)k* +k hay n’ —(Zk2 +1)n—(2k2 +k—1) =0.

Xem phuong trinh trén 1a phuong trinh bac hai an n. Khi d6 do 2k* +1 1a s8 1é nén dé€
phuong trinh trén c6 nghiém nguyén thi A =(2k’ + 1)2 +4(2k* +k—1) phaila s& chinh
phuong le.

Ta thiy (2K% +1) <A <(2k*+4) . Do d6 A=(2k2+1) +4(2k* + k1) =(2k*+3)".

Tl d6 ta tinh dwoc k=3 suy ra n=20 nén p=127. Tht lai ta thdy p =127 thda man yéu
cau bai toan.

Vay cdcso can timla p=2 va p=127.

Bai 84.

Do vai tro ctia a, b, ¢ nhu nhau nén khong mat tinh tong quat ta gia st a<b<c.

Khi d6 sd nguyén t6 16n nhat la a+b+c va s6 nguyén t6 nho nhatla a+b—c.

Do d6 ta dugc d =(a+b+c)—(a+b—c)=2c, nén d€ c6 d lan nhat ta can chon duoc s§
nguyén t6 ¢ 16n nhat.

Chti y réng a, b, c 1a cdc s8 nguyén t& 1é vinéu a =2 thi khi d6 b+c—a la s8 chdn lén hon
2 nén khong thé la s6 nguyén t6. Do d6 ca bay s0 nguyén to da cho déu la so 1e.

Ta xét cac truong hop sau

e Truong hop 1: Néu a+b =800, khi d6 s6 nguyén td a+b—c>3 nén ta dugc c<797. Vi
797 1a sO nguyén td va ta can 1dy ¢ 16n nhat nén ta chon ¢=797.

Khi d6 ta duoc a+b+c=1597 va a+b—c=3. Vi 1597 va 3 déu la cac sd nguyén t0 nén ta

can chon cac s6 nguyén td a, b sao cho 797 +a—b va 797 +b—a la cac sO nguyén to.
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La chon a =13 thi ta dwoc b=787 va 797 +a—-b =23;797 + b—a =1571 déu la cac sd

nguyén to.

Lic d6 ta dwoc d =2¢=2.797 =159%4 .

e Truong hop 2: Néu b+c¢ =800, khi d6 ¢<800. Néu ta chon ¢ =797 thi ta duoc b=3.

Ma ta lai cd a <b nén a =2 khong thoéa man. Do d6 ¢ <797 nén d <2.797 =159%4 .

e Truong hop 3: Néu a+c =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta duwoc a=3.

Tir d6 ta dwgc a+b—-c>5 nénsuy ra b>799, do d6 b > ckhong théa man.

Do d6 ¢ <797 nén d =2c <159%4.

Vay gid tri 16n nhat cua d la 1594 véi cac s6 nguyén td duoc chon trong truong hop 1 va
a+b=2800.

Bai 85.

Goi UCLN(x,y) = d(d € N*), khi d6 ton tai cac sO tu nhiéna vab d€ x=da;y =db va
(a,b) =1.

Ta ¢ x’ +py* _d’a’+pd’a’ _a’+pb’ CN
Xy d*ab ab

Tt d6 ta duoc a® +pb*iab=a’ +pb*:b=a’ib.
Do (a,b)=1 nén ta suy ra dugc b=1.Suy ra a’ +pia= pia.
Do p la s6 nguyén t6 nén ta duoc a=1 hodc a =p. Khi d6 ta xét cac truong hop

2 2 2 2
e V6i a=1, khi d6 ta dugc x=y =d nén suy ra X *Py :d :;pd =p+1.
Xy

X +py” _d'p’+d’p

e V6i a=p, khi d6 ta dugc x=dp;y =d nén suy ra =p+1.

Xy d’p

2 +py2

Vay ta luén co X =p+1.
Xy

Bai 86.
Ta xét bai toan tong quat: Tim sd nguyén duong n 16n nhét sao cho sd nguyén duong A
(A > 3) viét duoc thanh tong a, +a, +a, +...+a, trong d6 cacs6 a,;a,;a,;...;a, la cachop

n
SO.
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Giast A=a, +a,+a,+..+a_trong d6 a,;a,;a,;..;a_ la cac hop s6. Khi d6 theo dé bai ta
phai tim s6 n 16n nhat c6 thé.

Cht ¥ rang d€ ¢ n 16n nhat thi cac hop s8 a,;a,;a,;..;a, phai nhé nhat. Dé thay 4 1a hop
s6 chan nhé nhat va 9 1a hop sd 1é nhé nhat. Do d6 voi moi s6 nguyén dwong A ta luén
6 A =4a+r, trong d6 ala s6 nguyén duong va re{0;1;2;3} . Dén day ta xét cac truong
hop sau

e Truong hop 1: Néu r=0, khi d6 A =4a.Ma 4 la hop s6 nho nhat nén so k 16n nhat
lan=a

e Truong hop 2: Néu r=1, khi d6 A =4a+1. Ma 4 lahop s0 nhé nhatnén n<a

Xét n=a. Vi Alasé1é nén ton tai it nhat mot sO a, voi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia s a, 1é, suy ra a, >9. Khi d6

a,+a,+..+a >9+4(a—-1)=4a+1+4>4a+1=A

Xétn=a-1,khidotaco A=4a+1=4(a-2)+9.Doddénlénnhitla n=a-1

e Truong hop 3: Néu r=2, khi d6 A =4a+2. Tuong ty truong hop2tacé n<a.
Xétn=a taco A=4a+2=4(a-1)+6 nénsdnlénnhatla n=a

e Truong hop 4: Néu r=3, khi d6 A =4a+3.Ma41ahgp sd nho nhdtnén n<a.

Xét n=a. Vi Alaso 1é nén ton tai it nhat mot sO a, voi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia s a, 1é, suy ra a, >9. Khi dé

a,+a,+..+a >9+4(a-1)=4a+3+2>4a+3=A

Xét n=a-1,khid6taco A=4a+3=4(a-3)+15=4(a-3)+6+9.Do d6 nlén nhat
lan=a-1

Két luan: Véi s8 nguyén duong A >3 va A chan thi A phén tich duoc thanh a hgp s8.
Vi s6 nguyén duong A >3 va A lé thi A phan tich duoc thanh a—1 hop s6, trong d6 a la
thwong trong phép chia s6 A cho 4.

Ap dung: Véi A =2016 =4.504 thi ta dwgc n 1én nhat1a 504 va A =2016 =504.4 .

Véi A =2017 =4.504+1 thi ta duwgc n lon nhat la 503 va A =2017 =502.4+9.
Bai 87.
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Gia st p, g, r la céc s8 nguyén t6 thoa méan phwong trinh (p+1)(q+2)(r+3)=4pqr.

Ta co p,q,r>2.Khi dé ta xét cac truong hop sau

e Néu r =2, khi 46 phuong trinh trén tro thanh 5(p+1)(q+2)=8pq.

Do (5,8)=1 va 51a woc nguyén t6 ciia pqnén ta duwge p=>5 hodc q=5.

+V6i p=5, khi d6 ta duoc 5(5+1)(q+2)=8.5q = q =6 khong phai la s& nguyén td.
+V6i q =5, khi d6 ta duwoc 5(p+1)(5+2)=8.5p = p="7 thoa man yéu cau bai toan.

e Néu r =3, khi d6 phuwong trinh trén tré thanh (p+ 1)(q +2) =2pq

Tir d6 ta dugc (p-1)(q-2)=4=1.4=22.Do p va qla céc s6 nguyén t6 nén

q-2#2;,q-2#4.

, théa man yéu cau bai toan.

-1=4 =5
Neén tir d6 ta suy ra duoc {p = {p

q-2=1 q=

e Néu r>3, khi d6 ta cod 4pqr = (p+1)(q+2)(r+3) < 2r(p+1)(p+2)

Hay ta duoc 2pq <(p+1)(q+2)=(p-1)(q-2)<4.

Do d6é p-1<4;q-2<4 vaplasdnguyén td nén ta duwoc p=2 hodc p=3.

+Voi p=2 thi tlr phuong trinh da cho ta duoc 3(q+ 2)(r + 3) =8qr.

Do (3,8) =1 nén 3 phai la wéc nguyén td ctia qr, ma q var la cac s6 nguyén t6, lai c6 r >3
nén suy ra dugc q=3. Tt d6 ta duwgc r =5 thda man yéu cau bai toan.

+Voi p=3 thi tir phuong trinh da cho ta duoc (q+ 2)(r+ 3) =3qr

Hay ta dugc 2qr-3q-2r=6<(q-1)(2r-3)=9=1.9=33.

A

, khong

2r-3=9 |r=6
Lai c6 r>3 nén 2r-3> 3, do do tir phwong trinh trén ta duoc { {

q-1=1 = q=2

thda man yéu cau bai toan.

Vay cac bo ba s& nguyén t6& (p; q;r) thoa man yéu cau bai todn la (7; 5;2),(5; 3;3),(2; 3;5).
Bai 88.

Dat p, |a1 —a2| =p, |a2 —a3| =..=p, |an —a1| =k vdik la mot s6 khong am.
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as k k k
Khi do ta duwoc |a1—a2|=—; a2—a3|=—;...; an—a1|=—
pl p2 Pn
kt kt kt . A et e T y
Hay a,-a,=—+;a,-a,=—%;..; a,—a, =—= Vvdi t ;t,;..;t nhangia trila 1 hoac 1.
pl p2 pn

A A A 2 4 g ’ A t t t t
Cong theo vé tat ca cac dang thitc trén ta duoc k(—1+—2+ = +..+ —“j =0
Pi P. Ps P.

< t t t t t t t t
batM=-—+2+2+ +2M--L="24 34 4+-0= Q

—=— . Suy ra Q la mot s6
Pi P, Ps P. Pi P, Ps Pn P2-Ps-Pa

nguyén. Ttr d6 ta duoc p,.p,...p, (Mp, —t,) =Qp, . Hay ta duoc

P, (pz PyPr-M— Q) =t,.P,-P5--Pa

Néu M 1a s8 nguyén thi tir dang thitc trén suy ra vé tréi chia hét cho p, con vé& phai khong
chia hét cho p,, diéu nay v6 li. Do d6 M khong thé la s6 nguyén, suy ra M #0.

t t t t
Do d6 tw k£—1+—2+—3+...+—“J:0 ta suy ra duwgc k=0

pl p2 p3 pn

n

Diéu nay dan dén p, |a1—a2|=p2 |a2 —aB|=...=pn a —a1|=0

=...=|an—a1|=0 nén a, =a, =...=a,.

n

Hay suy ra duoc |a1 —a2| = |a2 —a3|

Bai 89.

Gia str ton tai cac s8 nguyén t3 a, b, ¢ thoa man diéu kién a® +2011 =c. Khi d6 ta xét cac
trueong hop sau:

e Néu c=2, khidé a*+2011=2, diéu nay vd li do a, b 1én hon 1.

e Néu c>3, khi d6 do cla s6 nguyén td nén cla s6 1é.

Ttr a° +2011=c ta suy ra dugc a® +2011 la s6 1é nén a” 1a s chan hay a la s8 chan.

Do a la s6 nguyén t& nén ta duwoc a=2. Nhw vay 2° +2011 1a s8 nguyeén t6. Ta xét cdc kha
nang sau

+Khi b=2 thi ta duwoc 2° +2011=2015 1a mot hop s8.

+Khi b>3, doblasdnguyéntdnénb lasdlé. Taddt b=2k+1,keN".

Khi d6 ta c6 2° +2011 =22 +2011=2.2% +2011=2.4* +2011=2.(3+1)" +2011
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D& théy 2(3+1)" chia 3 dw 2 va 2011 chia 3 du 2 nén ta duoc 2.(3+1)" +2011 chia hét cho
3.

Do d6 2° +2011 chia hét cho 3. Suy ra 2° +2011 1a modt hop s6.

Vay khong ton tai cac s6 nguyén t a, b, c d€ a® +2011=c.

Bai 90. Ta xét cac treong hop sau

e V6i p=2,khidédtontai n=1va x=y=1d€ 2" =1°+1°.

e V6i p=3,khidd tontai n=2 va x=1y=2 dé 3°=1°+2°.

e Véi p>3, khi d6 gia st ton tai cac s6 nguyén duong n, X, y v6in bé nhat thoa man
p'=x>+y’.

Do p>3 nénsuy ra(x;y)#(1;1), do d6 x* —xy +y’ :(x—y)2 +xy>1va x+y>1.
Tacd xX° +y° =(x+y)(x2 —xy+y2) nén (x3 +y3)§(x+y) va (x3 +y3)§(x2 —xy+y2).

Do d6 suy ra (x+y) va (x2 — Xy + yz) phai cing chia hét cho p.

Suy ra (x + y)2 —(x2 —xy+y’ ) =3xy chia hét cho p. Do p la s6 nguyén td va p" =x* +y’
nén ta duoc x va y chia hét cho p.

Tt d6 suy ra n >3, khi d6 chia ca hai v€ ctia p" =x’ +y® cho p’ ta dugc

(3] (3)

AY 4 AN . ~ 4 ' A X d ~ A A% e 4
Tir d6 suy ra ton tai so tir cac s6 nguyén duong n-—3;—;= thda man yéu cau bai toan.Tuy

p P
nhién diéu nay lai ma thuan véi viéc nhon n nho nhat.
Vay véi p >3 thi khong ton tai cac s6 nguyén duong n, x, y théa man p" =x>+y°.
Do d6 cac s6 nguyeén t6 thoa man yéu cau bai toanla p=2 va p=3.

3 2 2
Bai 91. Dat A = L n_+8_n+i. Ta xét cac treong hop sau:
3n 3 3 3n

e Truong hop 1: Néu n =3k véi k la mdt s6 nguyén duwong, khi d6 ta duoc

A=3K +8k+—
9k
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Dé thay 3k’ +8k < A <3k”+8k+1 nén suy ra [A]=[3k2 +8k+9ik}=3k2 +8k =k (3k+8).

D& [ A] 1a mot s6 nguyén & thi k=1, khi d6 [ A]=11 la d6 nguyén t5. Tt d6 ta tim duoc

n=3

e Truong hop 2: Néu n =3k +1vdi k la mot s6 nguyén, khi d6 ta duoc

=3k*+10k+3+
9k +3 9k +3

A =3Kk> +2k+%+8k+§+

Dé thay 3k* +10k +3 < A <3k*+10k +3+1 nén suy ra

[A]:{3k2+10k+3+ }:3k2+10k+3:(k+3)(3k+1).

9k +3
Nhu vay dé [A] la mot s6 nguyén td thi k+3 =1 hodc 3k+1=1, tir d6 ta tim duwgc k=1.
Khi d6 [ A]=3 la mot s6 nguyén t6 va n=1.

e Truwong hop 2: Néu n =3k +2vdi k 1a mot sd nguyén, khi do ta duoc

16 1

A:3k2+4k+§+8k+?+ 2

=3Kk* +12k +6+ +=
9k+6 9k+3 3

Ta thiy 0<—
ok

2 A
+—<1 nén suy ra
+3 3

1,2 =3k2+12k+6=3(k2+4k+2)
+3 3

_ 2
[A]_{e,k +12k+6+ -

Suy ra véi moi k thi [A] ludn la sd nguyén to.
Vay de [A:' la s nguyén td thi n=1 hodc n=3.

Bai 92. Ta xét cac truong hop sau

+N&u p=2, khi d6 ta c6 /k* —kp =vk> -2k =\/(1<2—21<+1)—1 =J(k-1) -1

bé \/(k2 —2k+ 1) -1 thi (k- 1)2 —1 1a mot s6 chinh phwong.
Nhu vay (k-1)° -1 va (k—1) 1a hai & tw nhién lién tiép. Tir d6 ta duoc (k—1)" ~1=0 va
(k - 1)2 =1. Truong hop nay loai.

+Neéu p>2, khi d6 p la s6 nguyén t6 1é. Néu k chia hét cho p, khi d6 ton tai s6 nguyén

duwong n d€ k=np. Ttr d6 ta duoc \/kz ~kp = \/npz (n-1), nhw vay d€ /k* —kp la mot s§
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nguyén duong thi p’n(n-1) phaila s6 chinh phuong, ma (n,n-1)=1nénn va n-1 phai

la hai s6 chinh phuwong. Diéu nay khong thé xay ra. Do d6 k khong thé chia hét cho p.

Tt d6 ta dwoc k va p 1a hai s6 nguyén td cung nhau, diéu nay dan dén k va k-p 1a hai s6

nguyén t6 cung nhau. Ttr d6 dé’\/ k*—kp = \/k(k —p) 1a mot s8 nguyén duong thi k va
k —p phai 1a hai s8 chinh phuong. P4t k=m” va k—p=n’ v6i m,ne N’

Khi d6 ta dwoc p=m’-n* =(m-n)(m+n). Do p la s6 nguyén t8 nén ta dugc p=m+n

2
+1
va m—-n=1. Do do ta tinh duoc k:%.

2

—_
B°)

+1)

Vay véi k= va p la sd nguyén td 1é thi \/k* —kp 1a mot s6 nguyén duong.

Bai 93. Gia st p va q la cac s6 nguyén t6 thoa man p’ —q° =(p+ q)z. Khi d6 ta duoc
p’—q’>0.

Twr d6 ta duge p° >q° >2° nén ta duoc p>3.

Suy ra p khong chia hét cho 3. Ta xét cac treong hop sau:

e Néu q=3, khid6 p’ -3’ =(p+3) & p’ —p’ —6p—252=0<:>(p—7)(p2 +6p+36)=0.
Do p® +6p+36>0 nénta dugc p-7=0=>p=7.

e Néu q#3 khidd p=3m=+1,q=3n+1 vdi m, nla cac sd nguyén duong.

+V6i p=3m+1 va q=3n+1 thi p’—q*:3 va (p+q)2 chia 3 du 1, nén khong thoa man
yéu cau bai toan.

+ Véi p=3m+1 va q=3n-1 thi p°—q’ chia3 du2va (p+ q)2 chia hét cho 3, nén khong
thoa man yéu cau bai toan.

+Vé6i p=3m-1va q=3n+1 thi p°—q’ chia3du1va (p+ q)2 chia hét cho 3, nén khong
théa man yéu cau bai toan.

+Vé6i p=3m-1va q=3n-1 thi p°-q’i3 va (p+q)2 chia 3 du 1, nén khong thoa man
yéu cau bai toan.

Vay cdp s6 nguyén t3 (p;q) thoa man yéu cau bai toan la (3;7).
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Bai 94.
Ta c6 2a’b :a(a+b)2 —a(a2 +b2).

Do p* la wéc cua a’ +b” va a(a +b)2 nén p* cling 1a w6c cua 2a’b.

Do p 1a s6 nguyén t6 1é nén suy ra p* la wdc cua a’b.

Néu a khong chia hét cho p* thi s mil ctia p trong a*® khong vugt qua 2, khi d6 a* khong
chia hét cho p*. Do d6 b phai chita p?, diéu nay c6 nghia la b chia hét cho p?, tir d6 ta
dwoc b* chia hét cho p*. Ttr d6 suy ra a’ +b’ khong chia hét cho p*, diéu nay mau thuan
voi gia thiét.

Do vy a phai chia hét cho p*> nén a* khong chia hét cho p*. Tt a’+b” khong chia hét
cho p* ta suy ra dugc b® chia hét p*, do d6 b chia hét cho p’

Dan dén a+b chia hét cho p* nén suy ra a(a+b) chia hét cho p*.

Vay p* cling la wéc ctia a(a+b).

Bai 95.

Dit A=a>-b’>-5a+3b+4, dé thady A la sd chdn. Do d6 A 1a s6 nguyén t& khi va chi khi
A=2, hay A=a’-b’-5a+3b+4=2,suyra (a+b-4)(a-b-1)=2.

Ta xét cac treong hop sau :

b-4=1
+ Truong hop {a+b , 2<::>a=4;b=1
a— — 1 =

a+b-4=2

<a=4;,b=2
a-b-1=1

+ Truong hop

+ Truong hop <a=1b=2.

a-b-1=-2
a+b-4=-2

Sa=1b=1
a-b-1=-1

+ Truong hop

{
{a+b—4=—1
{

Bai 96.

Ta c6 f(5)-f(4)=2012 < 6la+9b+c=2012
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£(7)-£(2)=(343a+49b+7c+d)—(8a+4b+2c+d)=335a+45b+5c
= 305a +45b + 5c+30a = 2012 + 30a = 2(1006 + 15a )

Vi a la s8 nguyén nén ta duoc £(7)-£(2) chia hét cho 2 va 1006 +15a khéc 1

Do d6 £(7)—£(2)lahop s6

Bai 97.

Theo bai ra f(x) c6 dang f(x)=ax’ +bx* +cx+d vdianguyén duong.

Ta c6 2010 =£(5)-f(3)=(5"~3")a+(5"~3)b+(5-3)c=98a+16b+2c
=16b+2c =(2010- 98a)

Lai c6
£(7)—£(1)=(7"-1)a+(7" —1*)b+(7 1) c = 342a +48b + 6¢ = 342a + 3(16b + 2c)
= 342a +3(2010-98a) = 48a + 6030 = 3(16a + 2010)
Via nguyén duong nén 16a+2010>1 . Vay f(7)-f(1) lahop s6
Bai 98. Bién d6i 2™ p* +1=q’ thanh 2™.p* =(q-1)(q" +q’ +q* +q+1)
Do q*+q’+q*+q+11énén q—1=2"p" véi k=0;1;2
+Néu k=0 khi d6 ta cé q-1=2" Tir d6 ta duoc
(2 +1) -1
o

2

p’= =2'"+5.2°" +10.2*™ +10.2™ +5

Néu m >1 thi p* = 5(mod8)v6 linén suy ra m =1, tit d6 ta dwoc p=11;q=3.

+Néu k=1 khi d6 tac6 q—1=2"p do d¢ ta duoc p=(q-1)(q*+q*+q* +q+1)

Do d6 dé p las6é nguyén to thi q—-1=1=q=2, tit dé suy ra q=31.

Thay vao phuong trinh ban dau ta duwoc 2™.31* +1=2°, phuong trinh khong ¢6 m nguyén
dwong thoa man.

+Néu k=2 khidd tacd q-1=2"p*> doddtadugc 1=q*+q°+q° +q+1 diéunay vo li do
qla sd nguyén to

Vay bo (m,' p;q) = (1;11;3) la by duy nhét can tim.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Bai 99. Tix gia thiét suy ra p, >2= p =1( mod8).

Ma p} =1;4(mod8) nén trong 53 p, (i = 1;5) 6 bon s8 bang 2, mot s8 16n hon 2.
That vay, gia st k 12 s6 s6 chén trong day P, P,/ Ps PssPs- Suy ra
pi+Pps+p;+p; +p: =4k+A (Alatdng binh phuong cua 5-k s& 1é)
(pf +ps+ps+p. +p§) =4k +(5-k).1(mod 8) = 3k +5(mod 8)
Ma (pf +ps+pi+p; +p§)zl(mod 8) nén 3k+4:8=>k=4.
Nhan xét duoc chitng minh xong.
Bay giotagidskt p,=p,=p, =P, =2, p5 >2
Tt d6 suy ra p; —p2 =16 < (p, —p, )(p, +ps) =16
Tt d6 giai dwoc p, =5;p, =3.
Vay bd céc s6 nguyén t3 cac s6 can im 1a (p,; p,; P,; Py PsiPe ) trong d6 (py;p,;PsiPaiPs)
duwoc xac dinh la (2; 2;2; 2,-3) va cac hoan vi, con c6 dinh p, =5.
Bai 100.
Gia str ¢ s6 nguyén a dé (a2 + 1)Ep hay ta ¢6 a® =—1(mod p)

Suyra a"' = (—1)10771 (mod p) hay a""'-1= (—1)%1 —1(mod p)
Nhung theo dinh 1i Fecmat thi a”' —1=0(mod p)

p1
2

Nén ta duoc (—1) -1= O(mod p) ma p la s6 nguyén t6 dang 4k +3 nén

p-1

(-1) 2 =1=0(mod p) < -2 =0(mod p), diéu nay vo li.

Nén khodng ton tai sO nguyén a thda man yvéu cau bai toan
2 y y
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