MOT SO PHUONG PHAP GIAI
PHUONG TRINH VO TY

1. Phuong trinh vo ty co ban:

_ g(x)=0
V) =g < {f(x) ET

Vi du 1: Giai cac phuong trinh:
a) VX' +2x+6=2x+1

b) V2x+1+x =\4x+9
Loi giai:
a). Phuong trinh tuong duong voi:
x=2+2
b). Pidu kién: x>0. Binh phuong 2 vé ta duogc:

x>-8

Bx+1+2v2x" +x =4x+9 & 2V2x +x =x+8 & ) ,
42x" +x)=(x+38)

v>-8 x=4

= _2 = 16 - Doi chiéu véi dieu kién ta thay chi co
Tx"=12x-64=0 x=—7

x =4 la nghiém cua phuong trinh.

Vi du 2: Giai cac phuong trinh:

II. MOT SO DANG PHUONG TRINH VO TY THUONG GAP
1. Giai phuong trinh vo ty bang phuong phap sir dung biéu thtrc lién hop:
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Déu higu:
+ Khi ta gap céc bai toan giai phuong trinh dang: %/ f(x) +%/g(x) + h(x)=0

Ma khong thé dua vé mot an, hodc khi dua vé mét an thi tao ra nhirng
phuong trinh bac cao din dén viéc phén tich hodc giai tryc tiép kho khan.

+ Nham dugc nghiém ciia phuong trinh d6: bang tha cong ( hodc sir dung
may tinh cAm tay)

Phuong phap:

o Dbat diu kién chat cua phuong trinh ( néu co)

Vi du: Déi phuong trinh: \/x2 +3+3= \/2x2 +7+2x.
+ Néu binh thuong nhin vao phuong trinh ta thay:

Phuong trinh x4c dinh véi moi x € R. Nhung d6 chua phai 1a diéu kién
chat. Dé giai quyét triét dé phuwong trinh nay ta can dén diéu kién chat do la:

+ Ta viét lai phwong trinh thanh: \/x2 +3 - \/2x2 +7=2x-3

Dé ¥ rang: \/x2 +3- \/sz +7 <0 do d6 phuong trinh c6 nghiém khi
2x-3<0ex< 3
2
e Néu phuong trinh chi c6 mot nghiém X,

Ta s& phén tich phuong trinh nhu sau: Viét lai phwong trinh thanh:
S ) =4/ f () +] g (x) =g (x,) +h(x) ~h(x;) =0

Sau d6 nhén lién hop cho ting cdp s6 hang véi cha y:
+ (Ya-b)(Ya> + Yab+e* | =a-p

+ (Va-b)(Na+b)=a-p’
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+Néu h(x)=0 c6 nghiém x = x, thi ta luoén phan tich duoc
h(x) = (x = x,)g(x)

Nhu vay sau budc phan tich va rat nhan tir chung x —x, thi phuong trinh
x—x,=0

ban dau tré thanh: (x —x,)A(x) =0 <
(=) =0

Viéc con lai 1a dung ham s6 , bat dang thtrc hodc nhimg danh gia co ban dé
két luan A(x) =0 v6 nghiém.

e Néu phuong trinh ¢6 2 nghiém x,,x, theo dinh ly viet dao ta c6 nhan

tr chung s& 1a: x* —(x, +x,)x + x,.x,
Ta thuong lam nhu sau:

+ Mudn 13m xuét hién nhan ti chung trong %/ f(x) ta trir di mot lugng
ax +b . Khi d6 nhan tir chung s& 1a két qua sau khi nhan lién hop ciia

2 f(x)—(ax+b)

+Pé tim a,b ta xét phwong trinh: %/ f(x) — (ax+b) =0 . Bé phuong trinh c6
ax, +b =1/ f(x))

hai nghiém x,,x, ta can tim a,b sao cho
ax, +b =1 f(x,)

+ Hoan toan tuong tu cho céac biéu thire con lai:
Ta xét cac vi du sau:
Vidu 1: Giai cac phuong trinh:

a)V5x' — 1+ 2x—1+x-4=0

b) Jx—2+4-x =2x*-5x-3

Giai:
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a).

Phén tich: Phuong trinh trong dé bai gdm nhiéu biéu thirc chtra cin nhung
khong thé quy vé 1 an. Néu ta lity thira dé triét tiéu du Y, thisdtaora
phuong trinh téj thiéu 1a bac 6. Tir d6 ta nghi dén hudng giai : Str dung biéu
thtre lién hop dé tach nhan tur chung.

) 1
biéu kién x > i/;

Ta nham duoc nghiém cta phuong trinh 1a: x =1. Khi d6

V52 —1=+/5-1=2;32x-1=2-1=1

Ta viét lai phuong trinh thanh: v/5x° -1 -2+32x-1-1+x-1=0

5x° =5 2x-2

+
V5 =142=0 3J(2x—1)" +32x—1+1

+x-1=0

o (x=1) S(x +x+1) t1l=o
5X —1+2 \/ 2x— 1 +\/2x 1+1
D@ thiy :
5(x7 +x+l) 2

V()’ldleuklen x>3—th +1>0

\5x® —1+2 w/ 2x 1 1 3ox—1+1

Nén phuong trinh di cho ¢6 nghiém duy nhat x =2
b). Diéu kién: x €[2;4]

Ta nham duoc nghiém cta phuong trinh 1a: x = 3. Khi d6

Nx—=2=43-2=1+4—-x=44-3=1
Tt do6 ta co 101 giai nhu sau:
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Phuong trinh da cho twong duong véi: Vx—2 —1+1-+/4—-x =2x" —=5x-3

x-=3 x-=3
=(x-3)2x+1
ST e e
1 1
<:>(x—3){\/xj_l+l+m—(2x+l)}_0
x=3

1

1
+
Vx=2+1 1++4-x

—2x+1)=0

Dé y rang: Véi diéu kién x €[2;4] thi

<I;2x+1>5 nén

1 1
<1
Vx—-2+1 1++4-x
1

1
+
Vx=2+1 1++4-x

Tir d6 suy ra: x =3 la nghiém duy nhét ctia phuong trinh.

—(2x+1)<0

Nhan xét: Dé danh gia phuong trinh cudi cung vo nghiém ta thuong ding

cac udc lugng co ban: 4+ B> A4 véi B >0 tir d6 suy ra <1 v&i moi

A+B>0

s6 A, B théa min
B>0

Vi du 2: Giai cac phuong trinh:

a) Ixt=1+x=+x"=-2
by x’ —23x —(x-4)Vx—7-3x+28=0

Giai:
a). Didu kién: x>3/2 .
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Ta nhim dugc nghiém x =3. Nén phuong trinh dugc viét lai nhu sau:

Jx?=1-2+x-3=+/x*-2-5

- x*=9 fr_3o x =27
U1+ 235> —1+4 JXP—2+5
2
o (x=3) x+3 +1_x +3x+9:|:0
Y —1+23x—1+4 ¥ -245
x=3
= x+3 +1_x2+3x+9 _0
I —1+23x*-1+4  Jx¥*-2+5
2
Ta dy doan: x+3 +1-2 F3x+9 <0 ( Bang cach thay
Y —1+23x 144 Jx¥*-2+5
ny e 3 YA x+3 x*+3x+9
mot gia tri x232 ta s€ thay +1- <0)
U —1+23x* -1+4  Jx*-2+5
) x+3 x> +3x+9
Ta s€ chirng minh: <lva ——>2
Yt —1423x* —1+4 JP =245
That vay:
+ Ta xét x+3 <l<:>3(x2—1)2+23x2—1>x—1

Jo 1) 2% 144

Pit A/x’ —1=¢>0= x=+/t’ +1. Bit phuong trinh twong duwong véi

£*+2t+1>NE +1 & t* +32 +61° + 4t > 0. Didu nay 1a hién nhién dung.
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+ Ta xét:
x> +3x+9

X' =2+5

Vx > 0(*) . Piéu nay ludn dung.

S22 +3x—1>20x -2 o x* +2x° +7x* =6x+9>0

Tir d6 suy ra phuong trinh c6 nghiém duy nhat: x =3
b.) Didu kién: x>7.
Dé don gian ta dat x=t>Y1=x=1

Phuong trinh da cho tr¢ thanh:
=2 =AW =T -3 +28=03 =7 +2t =28+ (£ =4 -7 =0

Nham dugc ¢ =2. Nén ta phan tich phuong trinh thanh:

AP P 1232+ —4)(\/% 7 —1):0

=N (r—z){(mz +7t+16)+ (£ —4)(%&)}0
£-7+1

Dé yrang 41> +7t+16>0 va * >7 néntaco
£ +2t+4

VE =7 +1

(4t2 +7t+ 16) +( —4)( ] > 0. Vi vay phuong trinh c6 nghiém
duy nhit =2 < x=8.

Nhan xét: Viéc dat Yx =t trong bai toan dé giam sb luong du cin di gitp
don gian hinh thirc bai toan .

Ngoai ra khi tao lién hop do (¢ —4) > 0 nén ta tach no ra khoi biéu thirc dé
cac thao tac tinh toan dugc don gian hon.

Vi du 3: Giai cac phuong trinh:

a) 4Jx+3++19-3x =x>+2x+9
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b) V3x-8—-+x+1= 2011

5

3 x*+7
¢) ,Jx+—=
X 2(x+1)

chuyén Ty nhién- PHQG Ha No61 2012)

(Tuyén sinh vong 1 16p 10 Truong THPT

X +5x7+4x+2 B

> X Hx+2
X +2x+3

d)

a). Pidu kién: —3<x < %

Ta nham duoc 2 nghiém 14 x =1,x =—2 nén ta phan tich dé tao ra nhan tir

chung 1a: x* + x—2. Dé lam dugc didu nay ta thyc hién thém bét nhan tir
nhu sau:

+ Tataora 4+/x+3 —(ax+b)=0 sao cho phuong trinh nay nhan

x=1,x=-2 la nghi¢m.

_4
R 2 aA s s Ja+b=8 a_3
beé co6 diéu nay ta can: &
—2a+b=4 b—ﬁ
3

+ Tuong tu V19 —-3x —(mx+n)=0 nhan x=1,x=-2 la nghiém.

m+n=>5 3
f—
—2m+n=35 13

Tac la {

Tur d6 ta phan tich phuong trinh thanh:
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4fx+3 - (—X+?j+m—(?—§j (¥*+x-2)=0

<:>§:3\/E—(x+5)}+3Jr3);_(13_X)_(x2_x_2)=0

@i_ —x*—x+2 N —x*—x+2 —(x2+x—2):0

3| 3vx+3+(x+5) 3[3«/19—3x+(l3—x)]

4 1 1

(¥ —-x-2)|=. + +1[{=0

( ) 3 3Jx+3+(x+5) 3[3\/19—3x+(13—x)}

19 1
Dé th -3< <—th >0,
TN s Y FE
1
>0

3[3\/19—3x+(l3—x)}
Neni ! ! +1>0.

3 adx 34 (x45) 3[3V19-3x +(13-)|

x=1

Phuong trinh di cho twong duong véi x* +x—-2=0< [ 5
X=-

Vay phuong trinh c6 2 nghiém la: x =3,x=8.

b). Piéu kién: x > % .

Phuong trinh dugc viét lai nhu sau: 5V3x -8 —5Jx+1=2x-11
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Ta nham duogc 2 nghiém x = 3,x =8 nén suy ra nhan tir chung la:
x*—11x+24
Ta phan tich véi nhan tir 5v3x—8 nhu sau:

+Taora 5vY3x—8—(ax+b)=0 sao cho phuong trinh ndy nhén x =3,x=8
. = L s . . .. |3a+b=5 a=3

la nghiém. Tucla a,b can théa man hé: =
8a+b=20 b=-4

3m+n=10 =1
+ Tuong ty vo1 5Vx+1—(mx+n)=0 tathu dugc: { e {m

8m+n=15 n=17

Phuong trinh da cho tr¢ thanh:

2 2
5V3x—8-(Gu-4)+(x+7)-SVrr1 =0 12D ¢ oIl s
53x—8+(3x—4) (x+7)+5Vx+1

-9 1

Sx—8+Gr-4) (x+T)+5vnil |

=N (x2 —11x+24>{

x> =11x+24=0
& -9 1
+ =
5V3x—8+(3x—4) (x+7)+5Jx+1

-9 1

Ta xét A(x)= +
5V3x—8+(3x—4) (x+7)+5Vx+1

-9 1

+ <0
543x-8+(Bx—4) (x+7)+5Vx+1
S 5V3x—-8+3x—4-9(x+7+5vx+1)<0

Ta chirng minh: A(x) <0 tuc la:
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< 3x—8—-5/3x— 8+—+T+x+45\/x+1>0

2
= (\/3x — _EJ +% +X+45x+1>0. Diéu nay 1a hién nhién dung.

Vay phuong trinh c6 2 nghiém la: x=3,x=8.
Chu y:

Nhing danh gia dé két luan 4(x) <0 thuong la nhiing bét dang thirc khong
chit nén ta luén dwa vé duoc tong cac biéu thirc binh phuong.

Ngoai ra néu tinh ¥ ta c6 thé thiy: 5v3x—8 +3x—4—-9(x+7+5/x+1)<0
5\3x—8 +3x—4 <9x+63+5+/81x+81 Nhung diéu nay 14 hién nhién dung

do: 5+/3x—8 <5v/81x+81;3x—4 <9x+63 v&i moi ng

¢). PBiéu kién: x>0

Ta nham dugc x = 1;x =3 nén bién d6i phuong trinh nhu sau:

2 2
Ta co: khi x=1= -~ 7 =2,khi x=3= X +7 =2nén ta trir 2 vao 2
2(x+1) 2(x+1)
2 [ .2 2
vé thi thu duoc: x+i—2= X +7 -2& ¥ +3 2\/;:)6 4x+3
V" 2(x+1) Jx 2(x+1)
x> —4x+3 _x2—4x+3<:> X' —4x+3=0 @
Vi +3x+2x  2x+D) Vi +3x+2x=2(x+1) (@)

Gidi(1)suyra x=1,x=3
Gidi (2) taco: Vx' +3x +2x =2(x+1)
SV +3x =2y +3x-4=0=x=1

Két ludn: Phuong trinh c¢6 nghiém 1a x =1;x =3
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Nhan xét: Ta ciing ¢6 thé phan tich phwong trinh nhu ciu a,b .

d). Tacé: x° +5x” +4x+2=(x+3)(x” +2x+3)—5x—7 nén phuong trinh
tuong duong voi

3 2
SRR Y P TV P SR o A
X" +2x+3 X" +2x+3

1 1
- =0
(x+3)+Vx" +x+2 x2+2x+3]

(5x+7)=0

@(5x+7){

g 1 1
- =0 (1)
[(x+3)+\/x2+x+2 X2+2x+3J

1 1

(x+3)+yx> +x+2 X +2x+3

Giai (1): S X +x-Vx"+x+2=0.

Pit t =vx* + x+2 > 0. Phuong trinh trd thanh:

t=2
t=—1(L)

x=1
-2

tz—t—2:0<:{ <:>x2+x—2:0<:{

Két luan: Phuong trinh ¢6 3 nghiém: x = —%;x =Lx=-2

Vi du 5: Giai cac phuong trinh sau:

a) VX' +15+2=~/x"+8 +3x
b) V3x+1-vx+3+1-x=0

a). Phuong trinh dugc viét lai nhu sau:
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VP 41542 =x* +8 +3x & +/x* +15 —/x* +8 = 3x -2 .Pé phuong trinh

) ‘A A 2 A A o A .
conghiémtacan: 3x-2>0< x> 3 Nham dugc x =1 nén ta viét lai

phuong trinh thanh: Vx’ +15 -4 =+/x" +8 -=3+3x-3

(X' +x+1) (& +xe1) 3}0

o (x-1) - -
[\/x3 +15+4 X’ +8+3

B ¢ 13 (x2+x+1) (x2+x+1)
¢ y rang: -

Y VX +15+4 X’ +8+3
duy nhit x=1

—3 <0 nén phuong trinh c6 nghiém

b). Diéu kién x {_3; _ﬂ

Ta viét lai phuong trinh nhu sau: V3x+1—-+/x+3+1-x=0

I +1—x:0<:>(2x—2)( ! —lj=0
Px+1+x+3 Brx+l+/x+3 2

x=1
=

V3x+1+4/x+3=2

Xét phuong trinh: +/3x+1++/x+3 =2 . Binh phuong 2 vé ta thu dugc:

x<0

4x+4+2,JBx+)(x+3) =4 o (3x+1)(x+3)=—2x9{ > _10x=3=0
X —1lUX—3=

S x=5-27

Két luan: Phuong trinh c6 2 nghiém 1a x=1,x=5- 2\/7
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Nhan xét:

+ Ta thay phuong trinh c6 nghiém x =1. Néu ta phan tich phuwong trinh
thanh v3x+1-2+2—-+/x+3 +4—4x =0 thi sau khi lién hop phuong trinh

méi thu duoe sé 1 —2 3+ 1=% 4 4v_0
' S Bx+1+2 2+44/x+3

< (x— 1)( 3 + ! —4) =0.Rd rang phuong trinh hé qua
x+1+42 2+/x+3

3 1 .

+ —4 =0 phutc tap hon phuong trinh ban dau rat

NV3x+1+2 2++/x+3 P P P 8

nhiéu.

+Pé yrang khi x =1 thi ¥/3x+1=+/x+3 nén ta s& lién hop tryc tiép bicu

thoc V3x+1—-+vVx+3.

2. Pit 4n phu dya vao tinh ding cip ciia phwong trinh:

Ta thuong gip phuong trinh dang nay & cac dang bién thé nhu:

+ ax2+bx+c=d\/px3+qx2+rx+t (1)

+ ax2+bx+c=d\/px4+qx3+rx2+ex+h 2)

+ ANax’ +bx +c +B\/ex2 +gx+h :C\/rx2 +px+q (%)

Thuyc chat phuong trinh (*) khi binh phwong 2 vé thi xuét hién theo dang
(1) hoac (2).

Dé giai cac phuong trinh (1), (2).
Phuong phap chung la:
+ Phén tich biéu thirc trong dau J thanh tich cta 2 da thic P(x),0(x)
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+ Ta bién doi ax® + bx +c = mP(x)+nQ(x) bang cach déng nhat hai vé.

Khi d6 phuong trinh tr¢ thanh: mP(x)+nQ(x) = d+/ P(x).0(x)

Chia hai vé cho biéu thirc O(x) >0 ta thu dugc phuong trinh:

P(x) = Px) >0 thi thu dugc phuong trinh:
Q(x) \/ O(x) \l O(x)

mt* —dt+n=0.

Mot cach téng quat: Vi moi phuong trinh c6 dang:

aP"(x)+bQ" (x)+cP" " (x)0" (x) +d%| P(x).0(x) = 0 thi ta ludn giai duoc

theo cach trén.
Mot s6 vi du:

Vi du 1: Giai cac phuong trinh:

a) 2(x*—3x+2)=3vx +8

b) x+1+vx’—4x+1=3Jx
c) 4x2+3(x2—x)\/x+ :2(x3+1)

Loi giai:

a). Piéu kién: x>-2.

Ta viét lai phuong trinh thanh: 2(x* —3x+2) = 3\/ (x+2)(x> =2x+4)

Giasir x° —3x+2=m(x+2)+n(x* —2x+4). Suy ra m,n phai théa min
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n=1

m=-1
m—2n=—3<:>{
2m+4n =72

Phuong trinh da cho c6 dang:

“2(x+2)+2(x% —2x+4) = 3(x +2)(x> —2x+4) =0.

Chia phuong trinh cho x* —2x+4 > 0 ta thu duoc:

i) 2’5;2 _3 2(’5;2)4_2:0
x —2x+4 (x"—2x+4)
bat t= Z(X;Z) >0 ta thu duoc phuong trinh: —2¢* —3t+2=0
(> —2x+4)
=2 1 ) 1
= ] dot20=t=—< z(x—):—<:>x2—2x+4:4(x+2).
t= 2 (x*—2x+4) 2

2
x=3+\/ﬁ
x:3—\/B

x2—6x—4=0<:>[

x>0

b). Dicu kién: |
x"—4x+1=20

Binh phuong 2 vé ctia phwong trinh ta thu duoc:

X2+ 2x+14+2(x +DVx* —4x+1+x> —4x+1=9x

<::>2x2—11x+2+2\/(x2 +2x+1)(x* —4x+1) =0

Gid su
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m+n=2 m=——
2% =11x+2=m(xX* +2x+ D)+ n(x* —4x+1)=>{2m—-4n=-11<

+n=2 n=—
m-mrn 2

Phuong trinh tr¢ thanh:

—%(}f+2x+1)+§(xz—4x+1)+2\/(x2 +2x+1)(x* —4x+1) =0

Chia phuong trinh cho x* +2x+1> 0 ta thu dugc:

145 ﬂ b4 || 2 T2XFD _4“1 —0.Pat 1= 4"” >0 taco
X +2x+1 x° +2x+1 x +2x+1

1

{=—
Phuong trinh 52 +4¢ —1= 0 <> :ig(’c ‘4“1]:25

t: X +2x+1
1
o2y —102x424=0<|" 4
4

,Xx=4

Két luan: Phuong trinh ¢6 2 nghiém x :i

Nhan xét: Trong 10 giai ta da bién doi:

(r+ W2 —dx+1 = (x> + 2x+1)(x> —dx+1) [avi x+1>0
¢). Piéu kién: x>-1

Ta viét lai phuong trinh thanh: (x - )[2x —2x—2-3xJx+ 1] 0
x=1

&
2% —2x—2-3x/x+1=0
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Xét phuong trinh:
2x* =2x-2-3xJx+1=02x> = 3xJ/x+1-2(x+1)=0.

D@ thay x =—1 khéng phai la nghiém.

Xét x > —1 tachiacho x+1 thi thu dugc phuong trinh:

X
=2 (1
x? X Vx+1
2 -3 -2=0&
x+1 Nx+1 X _ 2)
Vx+1
X x>0
Giai (1): =2 o x=2+242
() Vx+1 {x2—4x—4:O
X x<0
Giai (2): S, PEN o x=2-242
@ Vx+1 {x2—4x—4:0

Két hop didu kién ta suy ra cac nghiém cua phuong trinh 1a:
x=lLx=2+ 2\/5
Vi du 2: Gidi cac phuong trinh:

a) 4Q2x* +1)+3(x* —2x)V2x—1=2(x" +5x)

b) \/5x2 +4x—\/x2—3x—18 =5\/;

) V5 —14x+9 - —x—20 =5Jx+1

Loi giai:
A en 1
a). Diéu kién x > 5
Phuong trinh da cho dugc viét lai nhu sau:
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2x° —8x* +10x -4 -3x(x—2)/2x-1=0
& (x—2)(2x° —4x+2)-3x(x—2)\2x-1=0
N (x—2)[(2x2 —4x+2)—3xx/2x—1] -0

x-2=0
=
(2x* —4x+2)-3xy/2x-1=0

Xét phuong trinh:

2x7 —4x+2-3x/2x-1=0 2x" —4x+2-3yx*(2x-1) =0

m=2

Ta gia su: 2x2—4x+2:mx2+n(2x—1):>{ 5
n=-—

Phuong trinh trd thanh: 2x* —2(2x—1)—34/x*(2x—1) =0. Chia cho x* >0

Ta ¢6: 2—2.(2x2—1]—3 1221 pat 1= 221> 0 phuong trinh méi
X X X
t=-2

la: 212 -3t+2=0< 1
t=—
2

ol 1 {x:4+2ﬁ

V(’)’it=ltacé: —=—o X -8x+4=0&
2 2 x=4-23

X

Nhan xét:

+ Pbi voi phuong trinh 2x* —4x+2—3x/2x—1=0 ta c6 thé khong can
dua x vao trong dau J khidéta phan tich: 2x> —4x+2 =mx” + n(2x—1)

va chia nhu trén thi bai todn van duoc giai quyét. Viéc dua vao v/ 1a gitp
cac em hoc sinh nhin r6 hon ban chat bai toan.
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+ Ngoai ra can luu y rang: Khi dwa mot biéu thirc P(x) vao trong déu 2
thi diéu kién 1a P(x) > 0. Pay la mot sai 1am hoc sinh thuong méc phai khi

giai toan.
x> =3x-18>0

b). Piéu kién: {x>0 S x26.
5x°+4x>0

Phuong trinh da cho duoc viét lai thanh: ~/5x” +4x =/x* —3x—18 + 5vx

Binh phuong 2 vé va thu gon ta dugc: 2x® —9x+9 —54/x(x*> —=3x—18) =0

Néu ta gia st 2x* —9x+9 = mx + n(x* —3x—18) thi m,n phai thoa min

n=2
m—3n=-9 diéu nay 1a hoan toan vo 1y.
—181n=9

Dé khic phuc vin dé nay ta c6 chu ¥ sau : x* —3x—18 = (x —6)(x +3) khi

46 \Jx(x* —3x—18) = \Jx(x—6)(x +3) = /(x> —6x)(x +3)

Bay gid ta viét lai phwong trinh thanh: 2x® —9x+9— 5\/ (x> —6x)(x+3) =0

m=2

m=2
Gia str: 2x° —9x+9 = m(x* —6x) +n(x+3) = —6m+n:—9<:>{ 3
n=
n=3

Nhu vay phuong trinh tr¢ thanh:
2(x* —6x)+3(x+3)— 5\/(x2 —-6x)(x+3)=0

2_ 2_
Chia cho x+3> 0 ta thu dugc: 2| =05 |5 [ X=6% | 3¢
x+3 x+3
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=

2
Pit ¢ = (’“ 6xj20:>2t2—5t+320<:>

x+3

1

3
==
2

_7+«/a
. x? —6x ) B 2
Truong hop 1: r=1< =leox -7Tx-3=0
x+3 x_7—\/a
2
Suy ra x=7+£/a thoa man diéu kién.
Truong hop 2:

3 2 _6x) 3 x=9
=2 | 22012 o4 333 —27=0 3=>x=9
2 x+3 ) 2

7+\/a .
va

2

Toém lai: Phuong trinh ¢6 2 nghiém la: x = x=9

c). Piéu kién x>5.

Chuyén vé binh phuong ta duoc: 2x* —5x+2 = 5\/(x2 —x- 20)(x +1)
Gia str: 2x* —5x+2:m(x2 —x—20)+n(x+1)
m=2

Khi d6 tacod : < —m+n=-5 khong ton tai m,n thoa man hé.
—20m+n=2

Nhung ta c6 :
(x2 —x—20)(x+1):(x+4)(x—5)(x+1):(x+4)(x2 —4x—5)
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Gia su: 2x2—5x+2=a(x2—4x—5)+,8(x+4). Suy ra

m=2

m=2
4dm+n=-5=

n=3
—Sm+4n=2

Ta viét lai phuong trinh: 2(x2 —4x—5) +3(x+4)= 5\/(x2 —4x-5)(x+4).

Chia hai vé cho x+4 >0 ta thu dugc:
2 2

5 x —4x-5 _s x —4x-5 4320
x+4 x+4

2
bit ¢ = [w] >0 ta thu dugc phuong trinh:
x+4
t=

1

28 -5t+3=0<= 3
==

2

_5+\/a
s -

Tru(‘)’ngho*plzt:l@w:IQxZ—Sx—9:O<:> 2
x+4 x_5_\/a

2

=8

2_4_ X
Truomg hop 2: 1 => e X 2475 9 4 25y 5620 7
2 x+4 4 =

Két hop didu kién ta suy ra cac nghiém cua phuong trinh 1a:

_5+\/a

2

x=8x

Vi du 3: Giai cac phuong trinh:
a) Vx+2x+2x -1 =~/3x" +4x +1
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b) x’-3x"+2(x+2)’ —6x=0

Loi gidi: a). Diéu kién: x> % :

Binh phuong 2 vé phuong trinh ta thu dugc:

XA =1+ 2{(F +20)(2x - 1) =32 +dx+1 &% +1—J(x* +2x)(2x ~1) =0

m=1
m=1
Ta gia st: x> +1=m(x’ +2x)+n2x-1) = in=-1 <:>{ .
dm+2m=0

Phuong trinh tré thanh:

(x* +2x)—(2x—1)—\/(x2+2x)(2x—1) =o@—( 2x-1 J_ (ﬂjﬂ:o

x> +2x X +2x

2x—1
X" +2x

_1+45
2

bit t = ( j20:>—t2—t+120<:>t=

Vé co ban dén day ta hoan toan tim duoc x . Nhung véi gia tri

! = > 0 nhu vay viéc tinh toan s€ gap kho khan.
3 (3x + 1)

Dé khic phuc ta ¢6 thé xir Iy theo huéng khac nhu sau:

Ta vibt lai: /(x> +2x)(2x—1) = \/(x+2)(2x* —x) ltc nay bing céch phan

tich nhu trén ta thu dugc phuong trinh:

1 1 2xt—x 2xt—x
—2x =) +—=(x+2)—(x+2)2x* - x) =0 = -2 +1=0
S (@x =0+ (x4 2) =+ 2)(2x" - ) — y —
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Pit

2
t:,/2x 2x >0 -2+1=0t=12" —x=x+2<x —x-1=0
X+

1++/5 +5

R « A . A A ? y .y . 1 \ 2
X= — Kiém tra di€u kién ta thay chi c6 gia tr1 x = — 1a thdéa

man diéu kién.

b). Piéu kién: x>-2.

Ta viét lai phuong trinh thanh: x* —3x(x+2)+ 2m =0
Dé y rang:

Néu ta dat y =+/x+2 thi phuong trinh tré thanh: x* —3xy* +2)° =0. Pay
1a mot phuong trinh dang cip bac 3. Tir dinh hudng trén ta c6 10i giai cho
bai toan nhu sau:

+ Xét truong hop: x =0 khong thoa man phuong trinh:

+ Xét x # 0. Ta chia phuong trinh cho x* thi thu dugc:

l_?)(x+2)_i_2\/(x+2)3 0.

2 3 -
X X

1
Vx+2 I=——

ta c6 phuong trinh: 2¢* -3 +1=0 < 2
t=1

bat 1 =

X

Truong hop 1: t:—%

X X’ —4x-8=0

. <0
= x+2=—%<:>2\/x+ :—x<:>{x <:>x=2—2\/§

Truong hop 1: £=1
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>0

= x+2:1<:>\/x+2=x<:>{x =Sx=2

X xX’=x-2=0
Két luan: Phuong trinh ¢6 2 nghiém: x=2;x=2— 243
Vi du 4: Giai cac phuong trinh:
a) 2x° —x* =3x+1 zm
b) 5vVx*+8x =4x*+8

Loi giai:

a). Hinh thtrc bai toan d& 1am cho nguoi giai bbi réi nhung dé y that ky ta
thiy:

Chia khoa bai toan nim & van dé phan tich biéu thic: x° + x* +1
Ta thiy do vé trai 1a biéu thirc bac 3 nén ta nghi dén huéng phan tich:
x*+x* +1=(x* +ax +1)(x* + bx* + cx +1). Dong nhét hai vé ta thu duoc:

a=1;b=0;c=—1.Nén ta viét lai phuong trinh da cho thanh:

2(x° —x%rl)—(xz+x+1)—\/(x3—erl).(x2 +x+1)=0

Chia cho x* +x+1> 0 ta thu duoc:

2. x—x+1 x+1 —1=0.Dbat t= x+1 >0 tacod
x +x+1 x +x+1 x +x+l

phuong trinh: 2> —t—-1=0 &
tZ—E(L)
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x=0
3_
Gidi =1 X M 1o 2 rm0e|x=m1
X +x+1 5
X =

Két luan: Tht lai ta théy 3 nghiém: x=0,x=-1;,x=2 déu thoa man.

‘ >0
b). Didu kién: x* +8x >0 {x )
<o

Ta thay chia khoa bai toan ndm & viéc phan tich biéu thirc:

xt+8x=x(x’ +8) =x(x+2)(x* ~2x+4) = (x" +2x)(x" —2x+4) Gid sit
m+n=4

4’ +8=m(x> —2x+d)+n(x* +2x) = 2m+2n=0=>m=n=2
4m =8

Phuong trinh tr¢ thanh:

2(x* —2x+4)+2(x* +2x) — 5\/(x2 —2x+4)(x* +2x) =0. Chia hai vé cho

2 2
x> —2x+4>0 ta thu duoc: 2;6;2)6—5,/2)6;2)(+2:0.Dét
x —2x+4 x —2x+4

> t=2
121,;;2x20 ta c6 phuong trinh: 2¢* —5t+2=0 < 1
x =2x+4 t=—
2
x*+2x 9 .
Truonghop 1: =2 ————=4<3x" -10x+16 =0 vO nghiém
x =2x+4
Truong hop 2:
x_—S—\/37
R — - NI
RIS S S R T ) N 3
2 x -2x+4 4 —5++/37
X=——

3
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—5-37

X=—-
3

x_—5+x/§

3

Két luan: Phuong trinh c¢6 hai nghiém la:

Nhén xét: Ta c6 thé phan tich:

Vx*' +8x = 1/x(x3 +8) = \/x(x+2)(x2 —-2x+4) = \/(x2 +2x)(x* =2x+4)

Chu y rang: Trong mot sd phuong trinh: Ta can dwa vdo tinh dang cdp cia
tirng nhom so hang dé tir do phan tich tao thanh nhan tir chung.

Vi du 5: Giai cac phuong trinh:

a) (x+2)(V2x+3-23x+1)+v2x> +5x+3-1=0
b) (x> +4)V2x+4 =3x>+6x—4
¢) (X —6x+1DVx>—x+1=2(x*—4x+T)x-2

Giai:
a). bat V2x+3=a,Nx+1=b=a,b>0
Phuong trinh di cho tré thanh: (a° —b*)(a—2b)—(a* —ab—2b*) =0

< (a-2b)a-b)a+b)—(a—b)a-2b)=0< (a—2b)a—b)a+b—-1)=0

V2x+3-+Jx+1=0
Ta quy bai toan vé giai 3 phuong trinh co ban 1a: | 2¢/2x+3 —x+1=0

V2x+3+4x+1-1=0
Véi didu kién: x>-1=a>1,b>0
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Truong hop 1: v2x+3 -Vx+1=0<2x+3=x+1<x=-2(L)

Trudng hop 2: 24/2x+3 —/x+ =0©8x+12=x+1@x:_%@)

Truong hop 3: V2x+3 +Vx+1-1=0.Vi J2x+32>21,Jx+1>20=VT >0

Déu bang xay ra khi va chi khi x=-1.

Tom lai phuong trinh ¢6 nghiém duy nhat x = —1

b). Piéu kién x>-2

Ta thay rang néu binh phwong truc tiép s& dan dén phuong trinh bac 5
D4 khéc phuc ta s& tim cach tach x* +4 ra khoi 2x+4

Tir d6 ta viét lai phuong trinh nhu sau: (x* +4)V2x+4 +x* +4 = 4x* + 6x

S (P +D)E2x+4+1)=2x(2x+3) & (X* +4)(2x +4 +1) = 2x({/ 2x +4)* 1)

o (P +HN2x+4+1) =2x(V2x + 4 + (N 2x +4 - 1)

Do ~2x+4 +1>0. Phuong trinh da cho twong duong voi

o +4=2x(2x+4-1) & X +2x+4—2x2x +4 :O<:>(x—\/2x+4)2 =0
x—V2x+4=0 x> -2x-4=0=x=1+4+5

Két luan: Phuong trinh c6 nghiém duy nhat x =1+ J5

c¢). bicu kién: x>2
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Gia str
m=1
¥ —bx+ll=m(x*—x+D)+n(x-2)=>{-m+n=-6<m=1,n=-5

m—-2n=11
p=1

¥ —dx+7=p(xX* —x+D)+q(x-2)=><—-p+g=-4<p=1g=-3
p—2q=17

Phuong trinh da cho tr¢ thanh:

[ =x+D)=5(x=2) V&’ —=x+1-2[ (" =x+1])=3(x-2) |[\x-2=0

Chia phuong trinh cho +/(x* —x+1)’ ta thu dugc:

1—5 / x—2 x—2 _0
“x? —x+1 x° —x+1 x —x+1

-2
it 1=, |————20
x —x+1

Ta thu dugc phuong trinh: 61° —5¢° -2t +1=0< |t =

+Néur=l<a=bo x> —2x+3=0(VN)
+ Néu t:%<:>x2—10x+1920<:>x:5i\/g
Két luan: x=5+6
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2. Giai phwong trinh vé ty bang phwong phap dit 4n phu khong hoan
toan.

+ Pit 4n phu khong hoan toan 1a phuong phép chon mét sb hang trong
phuong trinh dé dat 1am an sau d6 ta quy phuong trinh ban dau vé dang mot
phuong trinh bac 2: mt* + g(x)t+h(x) =0 ( phuwong trinh nay van con an

X)

+ Van dé cua bai toan 1a phai chon gia tri m bang bao nhiéu dé phuong
trinh bac 2 theo 4n ¢ ¢ gia tri A chin (A = [A(x)]Z) nhu thé viée tinh ¢

theo x s& dugc dé dang.

+ Thong thuong khi gdp cac phuong trinh dang:

ax® +bx + ¢ + (dx + e)y px* + gx+r = 0 thi phuong phép dat an phu khong
hoan toan t6 ra rit hiéu qua:

+ Pé giai cac phuong trinh dang nay ta thuong 1am theo cach:
- bat f(x) =t=1" = f(x)
- Tatao ra phuong trinh: m#* + g(x)t+h(x)=0
Tacod A= [g(x)]2 —4m.h(x) = f,(m)x* + g, (m)x+ h(m). Pé Aco dang
[4(x)] thi diéu kién can va du 1a
A, =[g(m)] ~41,(m).g,(m)=0=m
Ta xét cac vi du sau:

Ta xét cac vi du sau:

Vidu 1: Giai cac phwong trinh:

a) X*+1—(x+1DVx*—2x+3=0
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b) 2v2x+4 +4J/2—x =/9x* +16

¢) 2x+7)W2x+7 =x*+9x+7 (Trich d& TS 16p 10 Chuyén Ty nhién —
DHQG Ha N6i 2009)

Giai:
a) Pat t=Vx* —2x+3>0=¢" =x> —2x+3
Phuong trinh di cho trg thanh: x* +1—(x+1)t =0
Ta s& tao ra phuong trinh: mt* —(x + 1)t +x” +1-m(x* —2x+3) =0
(Ta da thém vao m¢” nén phai bot di mot lugng mt* = m(x* —2x+3))
Phuong trinh dugc viét lai nhu sau:
mt> —(x+ D)t +(1—m)x* +2mx+1-3m=0
= A=(x+1)’ —4m| (1-m)x + 2mx+1-3m |
=(4m’ —4m+1)x" +(2-8m*)x +12m* —4m +1

Ta mong muon

A=(Ax+B)Y A =(1-4m*)’ —(12m* —4m+1)(4m*> —4m+1) =0 <= m =1

Phuong trinh méi duoc taora la: > —(x+1)t+2x-2=0

Taco A=x>—6x+9=(x-3)’

t:x+1—(x—3):2
Tu do ta co: { 2 3
poXt +2(x— )zx—l
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+ Truonghop 1: =1 Vx’ —2x+3=2 ¥’ —2x—1=0< x=1+/2

+ Truong hop 2:

x>1
t=x—lc>\/x2—2x+3=x—1<:>{

¥ =2x+3=x"-2x+1
Phuong trinh v6 nghiém.
Tom lai: Phuong trinh ¢6 2 nghiém la: x=1% V2
b) Piéu kién: 2<x<2

Binh phuong 2 vé phuong trinh va thu gon ta dugc:
9x* —164/8—2x" +8x—32=0.

Dbit + =+/8—2x" ta tao ra phuong trinh 1a:

mt® =16t —m(8—2x")+9x* +8x—32=0
< mt> =16t +(9+2m)x> +8x—8m—32=0
A'=64—m| (9+2m)x’ +8x—8m—32 |

= (=2m* —9m)x* +8mx + 8m* +32m + 64
Tamong mudn A'=(Ax+ B)* < A =0 phai c6 nghiém kép . T la:
Al =16m" —(=2m* —=9m)(8m* +32m+64) =0 < m=—4
Ttr d6 suy ra phuong trinh méi 1a: —4¢* —16¢+x° +8x=0

t_8—(2x+8) X

Tinh duge: A'=4x> +32x+64 = (2x +8)’ = 4 2
8+(2x+38) X
g SEEXHO) Xy
4 2
x>0
+ Truong hop 1: =2 < +8-2x =2 & .. L, e :M
2 2 48-2x")=x 3
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+ Trudng hop 2:
x<-=8

VN
48-2x")=(x+8)

42

Tom lai phwong trinh c6 nghiém duy nhét x = =

f=-t d4e8-2 =X 4o
2 2

c). bat +/2x+7 =t tatao ra phuong trinh:
mtz—(2x+7)t+x2+(9—2m)x+7—7m=()

Lam tuong tu nhu trén ta tim dugc m =1. Nén phuong trinh c6 dang

t2_(2x+7)t+x2+7x:0:>A=(2x+7)2_4(x2+7x):49:>{§:x+7
=X

gidi theo céc truong hop cua ¢ ta tim dugc x =1+ 22 1a nghi¢m cua
phuong trinh.

Vi du 3: Giai cac phwong trinh:
a) 10x> —9x—8xy/2x* —3x+1+3=0
b) X’ +6x* —2x+3-(5x-DVx +3=0

¢) 4x+1-1=3x+2V1-x++1-x’

Loi Giai:
x2>1

a) Diéu kién: 1

x<—

2

bit t =+/2x” —3x+1 ta tao ra phuong trinh:

mt> —8xt +(10—2m)x> +(Bm—9)x+3-m=0
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Taco A=16x"—m[(10-2m)x" +(3m—-9)x+3—m |
=16x" —m[ (10=2m)x* + (3m-9)x+3—m |
=(2m* =10m +16)x" + (9m —3m*)x +m* —3m

Ta can : A, =0Om-3m’)’ —4Q2m’ —10m+16)(m* =3m)=0=>m =3

2

==
Phuong trinh di cho trg thanh: 3> —8xt+4x* =0 & 3 *
t=2x

Truong hop
1

x>0 x>0
t=§x<:>\/2x2—3x+l :§x<:>{ {

=
9(2x> —3x+1)=4x’ 14x* =27x+9=0

3

X=—

2

R

3

X==

7
. 3 x=0 1
Truong hop 2: t =2x & V2x" -3x+1=2x < Sx=—
-3x+1=0 3

Két luan: Phuong trinh ¢6 3 nghiém: x = %,x = %, x= %

b) Piéukién: x>1.Pat t=vx’+3>0< x* = —=3. Do hé sb cua x°
trong phuong trinh 1a: 1. Phuong trinh da cho tr¢ thanh:
t*—(x-1)t+6x"—2x=0

A=(5x—=1)7—4(6x* =2x)=x" —2x+1=(x-1)".
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_(Gx=D—(x-1) _

2x
S . 2
i S5x=1)+(x=1)
E —3x—1
2
x=1
x>0
Truong hop 1: Vx’ +3 =2x & X ) PN x=3+\/i
x —4x +3=0 2
x:3_\/i(L)
L 2
Truong hop 2:
x=1
xX=—
X +3=3x-1 3 | x=4+243

X —9x* +6x+2=0 x=4—2\/§(L)

3+\/i,x=4+3\/5

Toém lai phuong trinh ¢6 3 nghiém: x=1,x= 5

a) Dibukién: —1< x <1. Ta viét phuong trinh thanh:

Ax+1-241—x =3x+1+~1-x7.

Binh phuong 2 vé ta thu dugc phuong trinh méi:
16(x + 1)+ 41— x)— 1631 —x* = 9% + 6x+1+23x + W1 —x* +1—x*
& 8x* —6x—18+(6x+18)\1—-x" =0
bat 7= m ta tao ra phuong trinh:
mt® +(6x+18)t+(8+m)x* —6x—18—m =0
Co A'=(3x+9) —m[ (8+m)x’ —6x-18—m |
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=(9—-8m—m*)x* +(54+6m)x+m* +18m+81
Ta mong mubn
A=(Ax+B)Y < A' =C@m+27) —(9-8m—m*)(m* +18m+81)=0
Ttr @6 tinh dugc m =-8
Phuong trinh da cho tré thanh: —8¢> + (6x+18)t—6x—10=0

Tacod A'=(3x+9)* =8(6x+10)=(3x+1)°

. —3x-9-(3x+1) 3x+5
-8 4

‘e —3x-9+(3x+1)
-8

Suy ra
1

Trudng hop 1: t=1<1-x* =1 x =0 théa man diéu kién

Truong hop 2:
3XF Al 2 = 3x+5 16(1—x7) = 9% +30x 425

16(1—x%) =9x” +30x +25 < 25x° +30x+9=0<:>x:—%
Thir lai ta thdy: x = —% thoa man phuong trinh:

Két luan: Phuong trinh c6 2 nghiém x =0,x = —%

Chu y: O budc cudi ciing khi giai ra nghiém ta phai thir lai vi phép binh
phuong lac dau khi ta giai 1a khong tuong duong.

Vi du 4) Giai cac phwong trinh:
a) V5—-x=x"-5
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b) x*—23x +x+3-/3=0
87 +3x+(4x” +x-2)x+4 =4
Giai:

o x<5
a) biéeu kién:
x 25

Binh phuong 2 vé ta thu duoc: 5% —(2x* +1).5+x+x* =0
Ta coi day 1a phuong trinh bac 2 cta 5 ta co:
A=Q2x*+1) —4(x+x") =4x" —4x+1=(2x +1)’
5 =l(2x2 +14+2x-1)=x>+x

Tu do suy ra :
5=E(2x2 +1-2x+1)=x>—x+1

-1-421

X=—-
2

L2l

2
1-17
X =

2
x_1+\/ﬁ

2

Truong hop 1: x> +x-5=0<

Trudng hop 2: x> —x—4=0<

Déi chiéu véi diéu kién ta c6 4 nghiém déu théa man phwong trinh.
b) Ta viét lai phuong trinh thanh: 3—(2x* +1)\/3 +x+x* =0

Ta coi day la phuong trinh bac 2 cua V3 taco:
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A=02x" +1) —d(x+x*)=4x" —4x+1=(2x+1)’

\/§=l(2x2+1+2x—1):x2+x Cix_3=0
Tir d6 suy ra : |
\/§=5(2x2+1—2x+1):x2—x+1 ¥ —x+1-43=0

Gidi 2 phuong trinh trén ta thu dugc cac nghiém cua phuong trinh da cho

—1+41+443 hoic ~1£y4/3-3

la; x=—— YV TINI =T ONNG TS

2
¢) Diéu kién x > —4

Ta viét lai phuong trinh thanh:
x+4+(4x" +x—-2)Jx+4+8x’ +2x-8=0. Coi ddy la phuong trinh
bac 2 4n vx+4 thi

2

A= (4> +x-2) —4(8x* +2x-8) = (42" + x—6)

Vx+4 =-2x
Vx+4=2x+1

Tt d6 suy ra

Gidi 2 truong hop ta thu duge cac nghiém cua phuong trinh la:

1-65
X =

8
x_—3+\/§
8

Vi du 5: Gidi cac phwong trinh:
a) 3(V2x2+1—-1)=x(1+3x+8V2x* +1)

b) VaZ +3x+6+2x2 —1=3x+1

Loi Giai:
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a) Ta viét lai phuong trinh thanh: 3x® + x+3+(8x—3)V2x* +1=0.

bat t:mzo suyra t> =2x" +1.
Ta tao ra phwong trinh: mt* +(8x —3)t +(3—2m)x* +x+3—-m =0
Taco A=(8x—3)’ —4m| (3—2m)x’ +x+3-m|=
= (8m* —12m + 64)x* — (48 +4m)x + 4m” —12m +9 .
Tacan A' =(24+2m)’ —(8m* —12m+64)(4m* —12m+9)=0=>m =3
Phuong trinh tro thanh: 37° +(8x—3)t—3x* +x=0 .
Taco: A=(8x—3)" —12.(-3x> + x) =100x> —60x +9 = (10x —3)*.

‘e 3-8x—(10x-3)

—3x+1
Tu do6 tinh duoc : 6
. 3-8x+(10x-3)  «x
6 3

1
x<—
Truong hop 1: v/2x* +1=-3x+1 < 3

9x* —6x=0

x<0
Trudng hop 2: V2x> +1=—-2 {

- VN
17x*+9=0

= x=0

3
Vay phuong trinh ¢6 nghiém duy nhat: x =0

b) Piéu kién: x > !

NG

Ta viét lai phuong trinh thanh: /x> +3x+6 =3x+1—+/2x* -1
Binh phuong 2 vé va thu gon ta dugc phwong trinh méi:
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10x” +3x—6-23x+1)V2x* =1 =0
Piat t=+2x>—1>0 suyra > =2x* —1.

Ta tao ra phuong trinh: m¢* —2(3x+1)t+(10—2m)x> +3x—6+m=0. Ta
co

A'=(Bx+1)" =m[ (10-2m)x +3x—6+m]
=Q2m* =10m+9)x* + (6 =3m)x —m* + 6m +1.
Ta can A, =(6-3m)’ —42m’> —10m+9)(-m’> +6m+1)=0=>m=4.
Phuong trinh tr& thanh: 4% —2(3x+1)t+2x* +3x-2=0 .
Tacod: A'=CBx+1) -4.2x" +3x-2)=x"—6x+9=(x-3)".

t_3x+l—(x—3) x+2

Tt do tinh duoc: 4 2
t_3x+1+(x—3)_2x—1
4 2
2+2\/E
x+2 x=>-2 T
Trudong hop 1: v/2x* —1= =2 & :
2 7x* —4x—8=0 2-2415
X=——
7
D6i chiéu véi diéu kién ban dau ta thay chi co x = % 1a thoa mén
diéu kién .
| ~1-+/6
21 |x== T,
Trudng hop 2: v/2x* —1= e 2 =S :
4 s dr-5=0 |,_—1tV6
2
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~1++/6

2

Doi chicu voi diéu kién ban dau ta thay chi co x = la thoa man

dieu kién .

242415 . —1+46

Vay phuong trinh c6 2 nghi¢m la: x = — va x 5

SU DUNG HANG PANG THU'C PE GIAI PHUONG TRINH
Déu hiéu:
Céc bai toan giai dugc bang hang dang thirc thuong c6 dang:

ax3+bx2+cx+d=e(fx+h) px+q hodc

ax’ +bx’ +cx+d :e{/px3 X’ +rx+s

Phuong phép chung dé giai cc bai toan nay la: Dt ¢/ f(x) =y véi n=2

hoac n=3.

Dua phuong trinh ban dau vé dang m (Ax + B)3 +n(Ax+B)=my’ +ny
Vidy I:

a) 8x° —36x’ +53x—25=33x-5

b) 8x’ —13x* +7x =23/x* +3x-3

¢) Y24x—11-16x/2x-1-1=0.

d) X’ =63/6x+4+4

e) X +1=232x-1

f) (4x2+1)x:(3—x)m
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Giai:

Nhitng phuong trinh ¢6 dang: ax’ +bx* +cx+d =(ex+h)px+q (1)

Hoidc: ax’ +bx* +cx+d = e%/px3 +gx° +rx+h (2)
ta thuong giai theo céach:

2
D6i voi (1): Pit /px+q =y khido x= Dl 4 thay vao phuong trinh ta
q

dua vé dang: ax® +bx* +cx+d = Ay’ + By . Sau d6 bién d6i phwong trinh

thanh: A.[u(x)]3 +Bu(x)= Ay’ + By

Dbi vi (2): Dit g{/pxz’ +gx” +rx+h = ysau do tao ra hé tam:

, cong hai phuong trinh ta thu dugc:

ax’ +bx* +cx+d =s.y
g3(px3+qx2+rx+h)=y

Ax* + Bx* + Cx+D =s.y+ )" sau d6 dua phuong trinh vé dang:

[u(x)]3 +s.[u(x)] =y 45y
Ta xét cac vi du sau:

8x’ —36x> +53x—25=
a) bat Y3x—5 =y tacod hé sau: {3 X Y D
x=5=y

Cong hai phuong trinh ctia hé voi nhau ta thu dugc:

8x* —36x% +56x—30= "+ y (*). Tanghi dén viéc bién ddi vé trai
thanh:

[A(x)] + A(x) dé phuong trinh c6 dang: [A(x)] + A(x) = y* +y

Gia st 8x° —=36x> +56x-30=2x+a) +(2x+a).
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DPong nhat hé s6 cua x* = a=-3

Nhu vy phuong trinh (*) ¢6 dang: (2x-3)’ +(2x-3)=1y"+y (1)
Dit z=(2x-3). T phuong trinh tasuyra z° +z=y" +y
Z+z=y +y<:>(z—y)(22 +zy+y° +1):0. Do

2
22+Zy+y2+1:(z+§J +%y2+1>0,Vy,z:>PTc>y:z

& y=2x-38x" —36x" +53x—-25=2x-3
_5+43
&8 =367 +51x-22=0|" " 3
x=2

Qua vi du trén ta thiy viéc chuyén qua hé tam (I) gitp ta hinh dung bai
toan dugc dé dang hon.

b) Dit x> +3x-3 =y ta thu dugc hé phuwong trinh sau:

8x’ —13x" +7x=2y . L
. Cong hai phuong trinh cua h¢ ta thu duoc:

x> +3x-3=)’

8x° —12x* +10x-3=)"+2y & 2x 1)’ +22x-1) =y’ +2y (*)

Dit z=2x-1 ta thu dugc phuong trinh: z° +2z =" +2y

Q(Z_y)(zz+ZJ’+)’2+2)=0<:>Z=y<:>y=2x—1<:>8x3—13x2+7x=4x—2
x=1

S8 —13x*+3x+2=0< Si\/@
X =

16

¢) biéu kién: x> % . Taddt v2x—1=a >0 thi phuong trinh da cho tr¢

thanh: 124> +1-8a>-8a—-1=0 < 84> +8a+1=3/124 +1
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. 3 > 3 R . 8a’+8a+1= Voo )
bat {/12a° +1 = y ta thu dugc hé sau: , , Cong hai phuong
12a”+1=y

trinh ctia hé v4i nhau ta thu duge: 2a+1)° +a+1) =y’ +y (*)
Dit 2a+1=z tacod: 2 +z=y"+y.

Tuong tu nhu céc bai todn trén tasuy ra z=y.

Theo (*) ta co c>y=2a+1:>8a3+8a+1:2a+1c>a:0:>x:%

Két luan: x =% 1a nghiém duy nhét cua phuong trinh:

d) bat y=3/6x+4 taco hésau:

{x3 -4=6y

6X+4:y3<:>x3+6x:y3+6y<:>(x_y)(x2+xy+y2+6):O<:>x:y

Thay vao phuong trinh ta co:
x=-2
¥ —6x-4=0(x+2)(x’ —2x-2)=0| x=1+3

x=1-4/3

e) Dbit y=3/2x-1 taco hé:

{x3+l:2y

2x:y3+1<:>x3+2x:y3+2y<:>(x_y)(x2+xy+y2+2):0<:>x:y

Suyra x'—2x+1=0< (x-1)(x* +x-1)=0& | x=
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f) (4 +1)x=(3-x)v5-2x

2
bat \/5—2x=y20:>x=5 2y thay vao ta co:

2

(4x2+1)x:£3—5_2y Jy<:>8x3+2x:y3+2y<:>(2x—y)(4x2+2x.y+y2+2)=O

—1+\/ﬁ
X=—-

2 ,
y=2x<4x’ +2x-5=0< Thir lai ta thdy chi c6
TN TR

2

x_—1+\/ﬁ

5 thoa man diéu kién bai toan.

Vi du 2: Giai cac phwong trinh sau:

a) 7x* —13x+8=2x"3/x(1+3x-3x7)
b) 3x +4x> —1=R/x"+2x" +x°

3N [3
0 X —x :2x+3x +3x
2 2

Giai:

a)Nhan thdy x =0 khong phai 12 nghiém cua phuong trinh:

Chia hai vé phuong trinh cho x* ta thu duoc:

7 13 8 1 3
———+—:23,/—+——3.
x x X X x
fl 3 e
bat y = 3/— +—-3 ta thu dugc hé sau: roxox .
x° x 1 3 5

THCS.TOANMATH.com



Cong hai phuong trinh cta hé ta c6:

3
%—%+E—3=y3+2y<:>(g—lj +2(£—1]=y3+2y (*)
XXX x X

bat z = %—1 ta thu duoc:
X

Z3+2Z:y3+2y:(z—y)(zz+yz+y2+2):0<:>z:y

2 7 13 8 4 & 13 3

sy=t-lo-—+—="2o—-2+24+2=0.
X X X X X X X X

~5+4/89
4

Suyra x=1,x=

b) Nhan thiy x =0 khong phai 1a nghiém ciia phuong trinh nén ta chia hai
vé phuong trinh cho x thi thu dugc phuong trinh twong duong

la: 3x2+4x—l=3x3+2+l.
x N x
) 1
I X +4x——=y
bit y=3/x’ +2+— tacé h¢ sau: | ¥ Cong hai phuong
X 3

X A+2+—=y
X

trinh cuia hé ta c6: (x+1)° +(x+1) ="+ y.
. . 2 1
Tu phuong trinh tasuyra y=x+1<3x" +4x——=x+1
1
3 +dx——=x+13 +3x" —x-1=0& J3 -
X x:i_

¢) Ta viét lai phuong trinh thanh: (x3 - x)3 —16x = 43/4x" +12x
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3 3
- —-16x=4
Dit y =x/4x’ +12x ta co hé tam sau: {(x x) X=ay

4x’ +12x =y’

Cong hai vé hé phuong trinh ta thu duoc: (x3 —x)3 + 4(x3 —x) =y +4y
bit z=x"—x taco:

z3+4z=y3+4y<:>(z—y)(zz+yz+y2+4):0 <:>(x3—x)3 =4x’ +12x

x=0

@x[xz(xz—lf —4x2—12}:0 @{ )
x° =3

Vay phuong trinh da cho c6 3 nghiém la: x=0;x = +3

PHUONG PHAP DANH GIA

+

Nhiing k¥ thuat qua trong dé giai phuong trinh giai bang phwong phap
danh gié ta thuong st dung la:

Dung hang dang thirc: 4%+ 4, +.4 =0 A4 =4, =..=4, =0

Dung cac bat dang thic cb dién Cb si, Bunhiacopxki, Bat ddng thirc hinh
hoc

Dung phuong phap khao sat ham s6 dé tim GTLN, GTNN :

Vi du 1: Giai cac phuong trinh sau:

a) 4x> +3x+3=4xJx+3+2/2x—-1.
b) 13Jx—1+9/x+1=0.

¢) x(5x" +2) —2(\/2x+1 —1) =0 (Trich d& tuyén sinh 16p 10 chuyén
Toan Truong chuyén Amsterdam 2014).
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d)  Vx—1+2{y-4+3Jz-9 :%(x+y+z)
Loi giai:

a) Diéu kién x > % . Ta viét lai phuong trinh thanh:

4x* —4x~x+3 +(x+3)+2x—1—2\/2x—1+120

@(2x—M)2+(\/2x—1—1)2=0@{22_\/T:00@x=1.
S l-1=

b) Diéukién: x >1. Ta viét lai phuong trinh thanh:

13(x—1—\/x—1+%j+9(x+1—3 x+l+%j:0

% 1) x—l—%:() 5
@13(\/)(?—1—5) +9('\1x+1—5} =0 3 @)sz.
Vx+1-—=0

¢) Piéu kién x> —% .Ta viét lai phuong trinh thanh:

x=0

2
5xt+(2x+1-22x+1+1)=0 = 5x +(V2x+1-1) =0
( ) ( ) {\/2x+1—1=0

Suy ra x =0 la nghiém duy nhét ctia phuong trinh.

d) Diéukién x>1;y>4;z>9 taviét lai phuong trinh thanh:
2\/x—1+4\/y—4+6\/z—9 =x+y+z

Sx—1-2vx—1+1+y-4-4y—-4+4+2z-9-6Jz-9+9=0

\/ﬁ—1=0 x=2
(Va—T-1) +(Jy—4-2) +(V2=9-3) =01 Jy-4-2=0 1y =8
Jz-9-3=0 (2=18
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Vi du 2: Giai cac phwong trinh sau:

a) 16x* +5=634x" +x
b) 4x*+x’+3x+4=316x> +12x

c) 96x” —20x+2+xv/8x —1—3[4x(8x+1) =0

Giai:
a) Vi 16x* +5>0 nén phuong trinh da cho c¢6 nghiém khi
4x* + x>0 < x(4x* +1)>0 < x > 0. Dé y rang khi x=% thi VT =VP
nén ta nghi dén sir dung bat dang thic C6 si sao cho dau bang xay ra khi
1

sz.Métkhéckhi x:%:4x3+x:4%+%:1 thi Tu nhiing co s&

trén ta c6 101 giai nhu sau: Theo bat dang thirc C6 si dang
3Rlabc <a+b+c tacod

Tacod 63/4x° +x =2.3.;/(4x3+x).1.1 S2(4x3+x+1+1)=8x3 +2x+4

Mat khac ta co:
16x* +5—(8x> +2x+4) =16x* —8x° —2x+1:(2x—1)2(4x2 +2x+1)>0

Suy ra VT > VP . Dau bang xay ra khi va chi khi
{2(2x —1)*(2x* +2x+1)=0 ]
=

4x =(4x" +1)=2 2
Tom lai: Phuong trinh ¢6 nghiém duy nhét x :%

b) Vi 4x* +x* +3x+4 >0 nén phuong trinh da cho c6 nghiém khi
16x° +12x> 0 < 4x(4x* +3) >0 < x > 0. Dé ¥ rang khi x:% thi

VT = VP nén ta nghi dén sir dung bt ding thirc C6 si sao cho ddu bang
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xdy ra khi x=%. Khi x=% thi 16x3+12x=16%+12%=8. Tur nhitng

co s& trén ta c6 101 giai nhu sau:

Theo bat dang thirc C6 si dang 3Yabc <a+b+c tacod

33/(16)8 +12x) = %g/(léf +12x).8.8 < %(16)3 +12x+8+8) =42’ +3x+4

Mat khac ta co:

A" +x7 +3x+4—(4x° +3x+4) =4x" -4’ + X7 =x*(2x 1)’ 20.
Loy . o ,x2(2x—1)2:0 1
Dau bang xay ra khi va chi khi Ex=—

2 =x(4x" +3) 2

A Iz, s 1 .
c) biéu kién: x> e bé¢ yrang x = 3 l1a nghiém cta phuong trinh nén ta co6

101 gidi nhu sau:

1+1+4x8x+1)  32x* +4x+2
3 3 '

Yax@Bx+1) = 1.1.4x@8x+1) <

Mat khac ta co

3207 +4x+2  256x" —64x+4  4(8x—1)’ S0
3 3
Suy ra 96x” —20x + 2+ x/8x —1 —3/4x(8x+1) > 0.

96x* —20x+2—

Dau bang xay ra khi va chi khi x =%

Vi du 2: Giai cac phwong trinh sau:

2 1,1 2
V2x—-1 Y4x-3 «x
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I I I I
SN SRy :\/g(\/4x—1 +\/5x—2j

o) ix+2x-1 :4{/4"3_1 +</5x_2

3

d) V=x? +dx+21 -2 +3x+10 =2
Giai:

S 1
a) biéu kién: x>§.

X

X
+ =
2x—1 #4x-3

Phuong trinh da cho c6 thé viét lai nhu sau:

> 1. That vay bat dang thirc trong duong voi

+ Ta ching minh:
2x—1
x* >2x-1< (x—1)* > 0. Piéu nay 1 hién nhién ding.

Dau bang xay ra khi va chi khi x=1

> 1. That vy bat ddng thirc twong duong véi

Ta chung minh:
Vdx -3

¥ >4x-3oxt —4x+320 (X —2x+1)(x* +2x+3)>0
& (x=1)*(x"+2x+3)>0

Diéu nay 13 hién nhién dang. Diu bang xay ra khi va chi khi x =1

Tir d6 suy ra VT > 2. Dau bang xay ra khi va chi khi x=1

1 1
) Lo ﬁ[ j

Jx \/ 2x-1 Jax—1 Jsr—2

Ta thdy rang: 4x—1=x+x+2x—-1;5x-2=x+2x—-1+2x—1
Theo bat dang thirc ¢o si ta ¢6
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[L+ ! j(mmm)

NN \/x—
11 N 9
jﬁ+ﬁ+J2x—1_\/§+ X +2x—1

Mat khac ta ¢co

(Vx +x +2x 1) <3(4x 1) = Vx ++/x +32x =1 < \3(4x 1) (Theo

bat dang thirc Bunhiacopxki cho 3 sd)

2 1 33
4 >
\/; x/2x—1 «/4x—1

12 33
f P2x-1 \/5x2

Cong hai bat dang thirc cuing chiéu ta co:

3,3 33 33
5 Vel a1 x—2

Twr d6 suy ra:

Tuong ty ta cling co:

1 1
o >3 .
el \/2x [\/4x 1 \/5x—2]
Dau bang xay ra khi va chi khi x=1
¢) Ap dung bat dang thirc Bunhiacopxki dang:

(ax+by+cz)’ <(a’ +b° +c*)(x* +y* +27) taco:

((‘/;+(‘/;+\4/2x—1)2 £(1+1+1)(\/;+\/;+\/2x—1).
o x+¥x+32x-1 s\/3(\/§+ x++2x 1)

Lai c6 x ++/x +42x—1<3(4x—1) suyra
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U +4x +32x—1< 3 B@Ex-1) = 427(4x—1)
(1)

Tuong tu: x +32x—1+82x—1<33(5x-2) = 427(5x-2)
(2)

Cong hai bt ddng thirc cung chiéu (1), (2) ta co:

3(x+ 420 -1) <427(4x 1) + 427(5x - 2)
o Yx+Y2x-1 £4\/4x3_1 +4\/5x_2

3

Dau bang xay ra khi va chi khi x=1.

c) Taco

VT = (x+3)(7—x) —J(x+2)(5-

x+11

\/( +3)(7 - x) +J(x+2)(5-x)

Piéu kién xac dinh 1a -2<x <5

Theo bat dang thirc Cauchy ta co:

Ja+3)(T—x) = \/,«/(2x+6)(7 X) T[(2x+6)+(7 x)]= xztg

va

1 1 x+9
(x+2)(5-x) —ﬁmém[(2x+4)+(5—x)]_ N

Nhu vay: /(x+3)(7—x) ++/(x +2)(5—x) < %(}H— 11)

x+11
Jx+3)(T=x) +/(x +2)(5-x)
(2x+6)=(7-x) 1

xay ra khi va chi khi: &S x=—
2x+4)=(5-x) 3

Tur d6 tasuy ra: V7T = >./2 . Ddu bang
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Vay x = % 1a nghiém duy nhét cua phuong trinh:

Vi du 4: Giai cac phwong trinh sau:

a) \/3x2—1+\/x2 —x—)m/x2 +1 :L(%cz —x+4)

242

b) VI3x® —6x+10 +, |5x° —13x+% +/17x% —48x +36 :%(36x—8x2 -21)

c) \/)c2 +x—1+\/—x2 Fx+l=x"—x+2

Giai:

A 1sa 1
bicukién: x>1vx<——

NE)
Ap dung BDT Bunhiacopski cho hai bo s6 (1;1;—x) va

(\/3x2 TN +1) ta c6: VT(*) < (x* +2)(5x* x) . Dau “="

. . 1
xdy ra khiva chikhi x=1.Do x>1vx<—— nén 5x° —x>0

V3

Ap dung BDT Cauchy ta co:
1 1
VP(*) = E[sz —x+2(x2 +1)J > E.Z\/(sz —x)2<x2 + 2)

= \/(5x2 —x)(x2 +2)

Déu “=" xay rakhi x=—-1 va x= % . Ttr d6 ta c6 nghiém cua PT(*) 1a:

x=-1

b) Ta co:
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VT = \/(3x+1)2 +(2x-3) +\/(2x—%)2 +(x—%)2 +m

2x—%+|x|:>VT2 =

> [3x+1]+ 3x+1+2x—%+x 6x—%26x—5.

£ \ C g 3 1 N .
Dau “=" xdy ra khi va chi khi x = 3 Mat khéc ta cling c6:

(12x—3)=6x——f

P-

VP:%[12x—3—2(4x2 —12x+9)}:%[12x—3—2(2x—3)2} <

N | =

X , C o 3 . A
Dau “=" xdy ra khi va chi khi x = 5 Twr d6 ta c6 nghiém cia phuong

trinh 1a x = 2
2

¢) Theo bét dang thirc C5 si ta ¢o:

X +x
2

Jx +x-1 :\/l(x2 +x-1) S%[l+(x2+x—1)]:

¢ x=1
Dau bang xay ra khi va chi khi 1= (x* +x—-1) @{
X

—x*+x+2

\/—x2+x+1:\/l(—x2+x+1)S%[1+(—x2+x+1)]: >

Déu bing xay ra khi va chi khi 1= (—x* + x+1) < {x .

2 2
Tir d6 suy ra VT <2 2+x+ al +2x+2 = (x+1).

Mit khéc ta c6 x> —x+2—(x+1)=(x—1)> > 0.

Dau bang xay ra khi va chi khi x=1
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Tir d6 suy ra phuong trinh c6 nghiém duy nhat x=1.

Vi du 5: Giai cac phwong trinh sau:
a) M4—x* +x=201+/x*—2x-1)
b) xVx +Vx+12 =12(J5—x +/4—x)
Giai:
a) Piéu kién: x> —2x—-1>0
Phuong trinh da cho tuong duong voi: m =2Ux"=2x-14+2-x

Do 2+/x> —=2x—1 >0 nén tir phuong trinh ta ciing suy ra:

J4-x>2-x
Lap phuong 2 vé ta thu duoc: 14 —x* > (2-x)* < 6(x* —2x-1)<0

Nhu vay phuong trinh ¢6 nghiém khi va chi khi

x=1+\/§
x=1-+2

X =2x-1=0<

Két luan: Phuong trinh ¢ 2 nghiém 1a: x =1+ V2 va x=1-2

b) Piéu kién: 0<x<4.

Xét f(x)=xVx+Vx+12 trén [0;4] D& thdy
JI2 = £f(0)< f(x)< f(4) =12 VT <12 (1)

Xét g(x)=+v5-x+~4—x trén [0;4] ta co

D& thiy 1=g(4)<g(x)<g(0)=+/5.Suyra VP>12 (2)

Tu (1), (2) suy ra phuong trinh c6 nghi¢ém khi VT =VP =12 < x=4.
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MOQT SO CACH PAT AN PHU KHAC

1) Pat 4n phu hoan toan dé quy vé phwong trinh mot an.

+

Diém méu chét ciia phuong phap nay 1a phai chon mét biéu thirc f(x)
dé dat f(x)=t sao cho phan con lai phai biéu dién duoc theo 4n ¢.
Nhitng bai toan dang ndy néi chung 1a dé.

Trong nhiéu trudng hop ta can thuc hién phép chia cho mét biéu thirc ¢6
san & phuong trinh tir 46 moi phat hién an phu. Tuy thudc vao cau tric
phuong trinh ta c6 thé chia cho g(x) phu hop (thong thudng ta chia cho

x* v6ik 1 sb hitu ty)

D6i v6i nhitng bai todn ma viéc dua vé mot 4n dan dén phuong trinh méi
phuc tap nhu: S mil cao, ¢an bac cao .. thi ta co thé nghi dén hudng dat
nhiéu an phu dé quy vé hé phuong trinh hodc dwa vao cac hang ding thirc
dé giai toan.

Ta xét cac vi du sau:

Vi du 1: Giai cac phwong trinh sau:

a) x* =(1-+x)2x-3J/x +3)
b) x* +3/x* —x* =2x+1 c) x+1++/x"—4x+1 =3Jx

d) xz+2x‘/x—l =3x+1.
X

Giai:

a) Piéu kién: x> 0. Phuong trinh da cho c6 thé viét lai nhu sau:

X = (1—\/})[2”3(1—&)] & x? = 2x(1-x)+3(1—+/x)?. Ta thdy

x =0 khong phai 12 nghiém ctia phuwong trinh. Ta chia hai vé cho x? thi
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=t ta c6 phuong trinh

1_*/;}3(1_*/;}2.5' 1-vx

thu duoc: 1= 2(
X

theo t: 3 +2t-1=0 < 1

= -1 x—/x+1=0(VN)

Truong hop 1: ¢t =-1 ta co: 1=

X
\ 1 .
Truong hop 2: t=§ ta co:
3- J_
1-Vx 1 V= (@) 1543421
=~ o x-3/x-3=0c >xX=—
X 3 3+\/_ 2
Vr="

1543421
2

Két luan: Phuong trinh c6 nghiém duy nhat: x

b) Ta thidy x =0 khoéng phai la nghiém cua phwong trinh. Vi vy ta chia hai

vé cho x thi thu duoc: x+‘3/x—l:2+l<:>x—l+,3/x—l—2:0
X X X X
bit ¢ = ‘3/x—l ta thu dugc phuong trinh:
X

1 1£+/5
t3+t—2:0<:>t:1:>x——:1<:>x2—x—le@x:T<:>

X
x +
Két luan: Phuong trinh c6 nghiém x = 1_2\/5
A x20 0<x<2-+/3
c) biéu kién: 1~ x<2-43 _
x"—=4x+1=0 x>2+3
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Ta thdy x =0 khong phai la nghiém cta phuong trinh. Chia hai vé cho

\/; ta thu duoc: \/;+L+ x—4+l=3.D€1t
B N x

1 1 L )
t=x+—= P =x+—+2 theo bat dang thure Co sitacd ¢ >2 . Thay

Jx x

vao phuong trinh ta co:

t<3
\/t2—6=3—t©{ or=2
t

P—6=t"-6t+9 2
=4

25 | ) o
S—=x+—4+24x -17Tx+4=0< 1
X X:Z

Két luan: Phuong trinh ¢6 2 nghiém: x =4, x :%

d). Nhan xét: x =0 khong phai 1a nghiém cua phuong trinh:

Ta chia hai vé cho x khi d6 phuong trinh tro thanh:

x—l+2‘/x—l—3=0. bat ¢ = ,/x—l >0 phuong trinh tr¢ thanh:
X X X

1+45
2

1
P +2t-3=0t=locx——=lex*—x-1=0cx=
X

Vi du 2: Giai cac phwong trinh sau:

a) (13— 4x)2x—3 +(dx—3)5—2x =2+ 8/16x—4x* 15
b) 73x—7 +(4x—T)W7—x =32.

Giai:

a) Biéukienis)csi
2 2
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Phuong trinh dugc viét lai nhu sau:

7(v2x-3 +\/5—2x)—2[(2x—3)\/2x—3 +(5—2x)x/5—2x}D

=2+8(5-2x)(2x-3)

it

=2

. Diéu kién

t=2x-3+5-2x = J(5-2x)(2x-3) =

(ﬁsrsz).

Phuong trinh di cho co dang: £ —4t> +t+6=0=>t=2=>x=2

Ngoai ra ta ciing c6 thé giai phuong trinh trén bang cach dwa vé hé.

b) biéu kién: % < x <7.Phuong trinh da cho duogc viét lai nhu sau:

[%(3x—7)+%(7—x)}/3x—7 +[%(7—x)+%(3x—7)}/7—x =32

& [(3x—7)+(7—x)]\/3x—7 +[(7—x)+(3x—7)]\/7—x =64

Piatsr=3x-7+7—x
== Bx=T3x =7 +(7- 2T -x +3Bx=T)(7-x) (V3x -7 +7-x)

Tir phuong trinh suy ra #* =64 < ¢ =4. Hay V3x—7 +J7—-x =4

Binh phuong 2 vé ta thu dugc:

11£22
2

Bx=7)(7-x)=8-x<4x" —44x+113=0 x =

Tai sao ta phan tich dwgc hai phwong trinh nhw trén:

Ta thay v6i nhitng phuong trinh:
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(ax+Db)Nex+d +(ex+ h)\/gx+k + r\/(cx+ d)(gx+k)+s=0 thi mdt
trong nhiing cach xur Iy kha hi¢u qua la:

Phan tich: ax+b=m(cx+d)+n(gx+k) va
ex+h=m'(cx+d)+n'(gx+k) sau do ta co thé dat an phy tryc tiép ,
hodc dit hai an phy dé quy vé hé.

Vi du:
Khi giai phwong trinh:
(13—4x)V2x =3 +(4x=3)/5-2x =2 +8/16x—4x*> —15 ta thuc hién
cac phan tich :
+ Gidstr:13—4x =m(2x—-3)+n(5-2x).

2m—2n=-4

Dong nhét hai vé ta suy ra: =
-3m+5n=13

3 7
m=—,n=—
2 2

!

+ Tuong tu ta gia su: (4x—3)zm’(2x—3)+n'(5—2x):m':%,n :%

Khi gidi phwong trinh: 74/3x -7 +(4x—-7)J7—x =32.

Ta thuc hién phan tich: m(3x—7)+n(7—x)=7 va
p(Bx—T)+q(7-x)=4x—7 Sau d6 dong nhét 2 vé dé tim m, n, p, q ta
co: m=l;n=3;p=3;q=l

2 2 2 2
Nhu vay ngoai cach dit 4n phu nhu trén ta c6 thé giai cac bai toan theo
cach khac nhu sau:

a) Biéukienis)csi
2 2

Pit a=+2x-3,b=~/5-2x thi a*+b*=2.

Tur cach phan tich trén ta c6 hé sau:
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a’+b* =2 (a+b) —2ab=2

{(3a2 +7b%)a + (3b° +7a2)b=4+16ab©{3(a+b)3 —2ab(a+b)—16ab—4=0
(a+b) —2ab=2

Q{s(wa +[2=(a+b) [(a+b)+8[2-(a+b) |-4=0

Piat a+b=S,ab=P didukién S,P>0,5>>4P.

Ta c6 hé méi sau:

S?-2P=2 S=2
= Sa=b=1lx=2
25°-85%+25+12=0 P=2

b) Pat a=+3x-7,b=+/7—x taco hé phuong trinh

{(a+b)3 = 64 @{a+b=4

A +3p7 =14, |a>+3b* =14
Giai hé phuong trinh ta thu duoc: a,b = x.
2) Pit 4n phu hoan dé quy vé hé ddi xirng loai 2:
Phuong phap nay dac bi¢t hi¢u qua vdi cac phuong trinh dang:
ax> +bx+c= dm hodc ax’ +bx* +cx+d = e{/m

Véi muc dich tao ra cac hé d6i xtimg hodc gan d6i xtmg ta thuong 1am
theo cach:

Poi v6i nhirng phwong trinh dang: ax® +bx+c=dex+h .
Ta dat my +n=+/ex+h thi thu dugc quan hé:

{ax2 +bx+c=d(my+n) @{ax2+bx—dmy+c—dn:0

m’y* +2mny +n’ =ex+h m’y* +2mny —ex+n*—h=0
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Ta mong mudn c6 quan hé x = y . Néu diéu nay xay ra thi tir hé trén ta s&
a b-dm c—dn

co: — (*).

m 2mn n’—h

Cong viéc con lai 1a chon m,n chin théa man (*)
Poi véi nhirng phwong trinh dang: ax® +bx” +cx+d = el gx+h
Ta dat: my +n=3/gx+h thi thu dugc hé:

ax’ +bx’ +cx+d = e(my +n)
m’y’ +3m’ny” +3mn’y* +n’ = gx+h
{ax3 +bx* +cx—emy+d—en=0

m’y’ +3m’ny” +3mn’y’ —gx+n’ —h=0

Dé thu duge quan hé x = y ta can: %: 5 b 2:C—€m:d3—€7’l
m- 3m'n+3mn -g n —h
Vidu 1: Giai cac phwong trinh sau:
2 2 2 37
a) 2x"—6x—-1=+4x+5 b) g\/4X+1—9x +26x—?=0
) Y3x—5=8x"-36x"+53x-25 d) 273/81x -8 =27x’ —54x” +36x—54

Giai:
a) biéu kién: x> —%. bat my+n=+/4x+5 khi do taco hé:

{2x2—6x—1:my+n {4x2—12x—2my—2—2n=0
<~

m’y* +2mny +n’ =4x+5 m’y’ +2mny —4x+n*-5=0

Ao 2 n 4 -12-2m -2-2n
Tacan tim m,n d€taoraquanh¢ x=y < —= =—
m 2mn—4  n" -5

THCS.TOANMATH.com



-2-2n B
n> =5 - n2+2n—3:O:>
-16 dn=-12

Chon m=2= n=-3

4dn—-4
Chu y:
Viéc nhan sb 2 vao phuong trinh (1) ctia hé dé taora 4x> —12x—1 larat

cAn thiét dé chon m duge chdn va nhom 4x> —12x—2 thanh binh
phuong biéu thire bac 2 duge de hon.

Tt do6 ta co 101 giai cho bai toan nhu sau:

Pit 2y —3=+/4x+5 thi thu dugc hé:

{4x2 -12x-2=202y-3) {(2x—3)2 =4y+5
(2y—-3)> =4x+5 (2y-3) =4x+5

Trur hai phuong trinh cua hé cho nhau ta co:

X=Yy

(2X—3)2 —(2y—3)2 =4(y—-x)=2(x—y)4x+4y-4)=0 <:>{
x+y=2

Truong hop 1:
(2x-3) =4x+5
x=y & 2x-3=+4x+5 3 o x=2+3

X=—
2

Truong hop:

(1-2x)> =4x+5

y=2-x<22-x)-3=4x+5 < 1 ox=1-2
x<—
2

Két luan: Phuong trinh ¢ 2 nghiém 1a: x =2+ NE) ,x=1- V2
A 1A 1
b) Diéu ki¢n: x > R
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Phuong trinh da cho dugc viét lai nhu sau: 9x> — 26x + ? = %\/ 4x+1

bat my+n=+4x+1

9x2—26x+£=g(my+n) 9x2—26x—gmy+£—gn=0
= 3 3 = 3 3 3
m*y*> +2mny +n’ =4x+1 m*y* +2mny —4x+n’—-1=0
L a6l 32
Tacan: — = 3 32 3 Chon
m 2mn—4 n -1
-28 1
6n-4
m=3=< 37 2 =n=-4
————n
3 3
=1
n’—1

Pat 3y—4=dx+1 =

H¢ phuong trinh sau:

(3x-4) =2x+2y+1 [(3y—4) =4x+1

{(3y4)2=4x+1 Q{(xy)(9x+9y22)=0
(3y—4) =4x+1

@{X=y
I9x+9y-22=0

Gidi phuong trinh (rng v6i 2 truong hop trén ta thu dugce cac nghiém la

14+J61 . 12-53
sz va sz

Cha y: Ta ¢6 thé tim m, n nhanh hon bang céch:
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(2x—3)* =2(my+n)+11

c) bat my+n=+4x+5 khido taco hé:
(my+n)’ =4x+5

Trir hai phuong trinh cho nhau: (2x—3)* —(my +n)> =2my —4x+2n+6

. ) N 2my =4x
bé c6 quan hé: x =y tacan: =>m=2n=-3.
2n+6=0

Tuong tu khi giai quyét cau b).

d) Bat my+n=:/3x-5 taco hé sau:

8x' —36x*+53x—my—n—-25=0
P3x—5 =8x —36x° +53x—25 < 4
m’y’ +3m’ny” +3mn’y —-3x+n’ +5=0

Ta chon m,n sao cho %: _326 = 53_2m :_n_25:>m:2,n——3
m 3mn 3mn -3 n+5

bit 2y -3 =13/3x—5. Ta c6 hé phuong trinh sau:
(2x-3)=2y-3+x-2
(2y-3) =3x-5

Trur hai phuong trinh cho nhau ta thu dugc:
(2x-3) -(2y-3)’ =2y -2x

& 2x-y)|[(2x-3) +(2x-3)2y-3)+(2y-3)’ +1]=0=x=y

Do (2x-3)" +(2x=3)2y-3)+(2y-3)* +1

:|:(2x—3)+[2y2_3j:’ +%(2y—3)2+1>0

Gidi x=y taco: (2x-3)" =3x—5 < 8x* —36x" +54x—27=3x-5

THCS.TOANMATH.com



& (x-2)(8x° —20x+11)=0=| 543

Lo 1A . . , n 5+ \/g
Keét luan: Phuong trinh da cho ¢6 3 nghiém: x=2, x= T

d) Ta viét lai phuong trinh thanh: 273/81x -8 = 3x—2)* —46
bit 3y -2 =1/81x—8 ta c6 hé phuong trinh:

3y-2) =81x-8 3y-2) =81x-8
=
(3x—2)' =273y -2)+46  |(3x—2)' =81x-8

Trir hai phuong trinh ctia hé ta thu duge: (3x—2) —(3y-2)" =81(y —x)
&30r-p)| (3x-2) +(3x-2)(3y-2) +(3y-2) +27 | =0 x=y.

Thay vao ta dugc:

x:
3x—2) =27(3x—2)+46 < 27x* —54x* -33x =0 < n
EEETNE
3
34245

Két luan: Phuong trinh ¢6 3 nghiém la: x=0, x=

Chii y:
+ Véi nhitng phwong trinh dang: [ /(x)] +b=atlaf (x)-b (¥)
Béng phép dat ¢ = /(x); y =4%/af (x)—b ta co hé dbi xing loai 2 1a:

t"+b=ay
yv'+b=at
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+ Trong phwong trinh (*) néu ta thay a, b boi cac biéu thirc chira x thi
cach giai phuong trinh van nhu trén. Nhitng phuong trinh dang nay
thuong co6 hinh thic va 161 giai kha dep.

* Ta xét vi du sau:

Vi du 2: Giai cac phwong trinh sau:

a) 4x* —1lx+6=(x—1)V2x*—6x+6
b) 8x’ —13x+7=(x+13/3x*-2.

Giai:

a) Ta viét lai phuong trinh thanh:

(2x—3)* +x-3=(x=DJ(x—1)(2x—3)—(x—3)

Dit a=2x-3,b=+/(x—1)(2x—3)—(x—3) ta thu duoc hé sau:

. Trur hai phuong trinh cua hé ta dugc:

a’+x-3=(x-1)b
b>+x-3=(x—1)a

a’-b=(x-Db-a)< (a-b)a+b+x-1)=0

Truong hop 1:

3-3

3 =B
Z_
a=be2x—3=2F —6x+6<1" "2 o

2 —6x43=0 |y 3+\/_(TM)

Truong hop 2:

2x=3+42x*—6x+6+x-3=0<=2x*—6x =6—3x

x<2
S 5 (VN)
Tx~=30x+36=0
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3+\6

2

Vay phuong trinh ¢6 nghiém duy nhat: x =

b) Ta viét lai phuong trinh thanh:

2x—1y = (x> —x—1) = (x+ D/ (x + D@x—1) + x* —x—1

Pit g =2x—1,b=3/(x+1)(2x—1)+x> —x—1=33x* —2 ta thu duoc h¢

‘ a—(x*-x+)=(x+Db _ . o
phuong trinh: . Trur hai phuong trinh cua h¢
b —(x*—x+1)=(x+1)a
cho nhau ta thu duoc: (a—b)(a*> +ab+b* +x+1)=0
Truong hop 1: a=>b taco:

x=1

2x—1=33x -2 = 8x* —15x* +6x+1=0 < 1
X=—=

8

2
Truong hop 2: a* +ab+ b’ +x+1:0<:>(a+%] +%(2x—1)2+x+120

2
& 4[a+§j +4x" +2(2x-1)> +5=0(VN)

Tom lai phuong trinh ¢6 2 nghiém la x=1,x = —é .

3) M@t s6 cach dat 4n phu khac:

Vi du 1: Giai cac phwong trinh sau:

a) X’ —36+Yx+6=6

b) 2(x*+x+1)" +2x* +2x-3-4x+5=0.
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Giai:

5 {\3/x+6zz {23—)6:6
a) bat =

Jz+6=y |y -z=6

Mit khac v6i cac phép dit an phu trén, tir phuwong trinh trong dau bai, ta
6 X’ —y-6=0.

X=y+6 (1)
Nhu vay ta duge hé phuong trinh: {1’ =z+6 (2)
Z=x+6 (3

Nhin thiy hé trén khong thay d6i khi hoan vi vong quanh dbi véi x, y, z
nén khong mat tinh tong quat, ta c6 thé gia thiét x = max (x, V, z) (x 1a

sO 16n nhat trong 3 s6 x,y,z hay x> y,x>z)
Néu x>y, tr(1)vaQ)suyra y+6=x">)" =z+6=y>z

Khi d6 tir (2), 3)suyra y+6=x> >y’ = x+6 = z > x. Mau thuan véi
gia thiét x>z & trén. Do d6 phai co x=y.

Voi x=y,tau(l)va(2)suyra y==z
Vay x=y=z

Phuong trinh (1) tro thanh: x° —x—6 =0 hay (x— 2)()c2 +2x+ 3) =0
“4)

Vi x2+2x+3=(x+1)2+2>0 nén PT (4) c6 nghiém duy nhat x=2.

b) Pit y = x* + x—1 khi d6 phuong trinh dua vé

—1+~/5+4x

2" +2(y+1)=3+5+4x = Y +y-1= 5
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_ —1+/5+4x

biat z=———" " diéukién ZZ_—I.
2 2

Tacd 2z+1=~/5+4x =>4z’ +4z+1=5+4x=>z" +z—-1=x.

X +x-l=y x(x+1)=y+1
Do d6 ta ¢ hé phuong trinh: <y’ +y—1=z (*) <<y(y+1)=z+1.

2 +z-1=x z(z+1)=x+1
A1 -1
Do diéu kién 227:y¢—1:>z¢—1.

Nhan cac phuong trinh theo vé rdi riat gon duge xyz =1.
Miat khac tir hé phuong trinh (*), cong cac phuong trinh vé theo vé ta c6:
X' +y 4z =323 xyz = xpz <1.

Do dang thirc xay ra nén phaicé x> =y* =z’ =l x=y=z=1 (vi
x,y,z#—1).

Vay phuong trinh da cho c¢6 nghiém duy nhat x=1.

Vi du 2: Giai cac phwong trinh sau:

a) V2x +4x+7 =x" +4x° +3x* —2x -7

b) i—i-‘/x—l :x+‘/2x—£
X x x

6-2x 6+2x 8

) G x 3
b) 2(5x=3)Vx+1+5(x+1)V3—x =3(5x+1)

Giai:
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Cich 1: Bién ddi pt nhu sau:

42 +4x+7 = (2 +4x+7) ~16(20 +4x+7)+35 (1)

Pit V2x* +4x+7 =a (véi a=+/5), ta co:
4a=a'~16a>+35 (a* =6) =(2a+1) & (> ~2a~7)(a* +2a~5)=0(*)

Véi a>+/5 thi a®+2a—5>0,nén tir (*) suy ra a* —2a—7 =0, phuong
trinh nay c6 2 nghiém 1a a =1+2+/2 . Péi chiéu véi diu kién a >+/5
chi chon duoc a=1+ 2«/5 .

Khi d6 2> +4x+7 :1+2J§©x2+2x—(1+2ﬁ):0 (%)

Phuong trinh (**) ¢6 2 nghiém la —1+£+/2+ 22 . Vay tap nghiém cua

PT di cho I {—11\/2+2ﬁ}.
Cich 2: Bién doi PT vé dang: 4/2(x+1)" +5=(x+1)" =3(x+1)" =5
Bt (x+1)" =u;2(x+1) +5 =v,(u 2 0;v>/5 ). Ta cé h¢:

u’ =3u—-5=v u' —u=v+v u—-v—-1=0
o =
2u+5=1? 2u+5=1? v=+2u+5

Dan d&én u? —4u—4=0, PT nay c6 2 nghiém 24242 .Do u>0 nén
chon u = 2+2+/2 . T dé suy ra két qua nhu cach 1.

b) biéu kién trén ta dugc: x > \/g hoac —-1<x<0 (*).
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Phuong trinh (1) twong duong: \/x—l —\/2x—2 = x—i
X X X

Détuz\/x—l;v:\/2x—§ voi u > 0;v>0. Ta duoc: u—vzx—i
X X X
(1)

Lai c6 v —u’ =(2x—£j—(x—lj=x—i (2)

X X X
Tu (1) va (2) suy ra: v —u’ :u—v©(u—v)(u+v+1)=0.Vi

R 4 5 x=2
u+v+1>0nénu—-v=0<x——=0x =4
X x=-2

Thir lai thiy nghiém x = —2 khong thoa man diéu kién , nghiém x =2
thoa man phuong trinh.

¢) bibu kién: -5 <x<5.

bat: a=\/5+x;b=\/5-x (a,b>0).
Khidotacd: 6-2x=2b>-4; 6+2x=2a" -4
Khi d6 ta co:

2_ 2_
2b7-4 227248 o’ —4)a+(2a2—4)b="Sab
a b 3 3

< 2ab(a+b)—4(a+b) =§ab

Tur d6 ta c6 hé phuong trinh:

8 8
2 —4 == 2 —4 -2
ab(a+b)—4(a+b) 3ab ab(a+b)—4(a+b) 3ab
a’+b’> =10 (a+b)*—2ab=10

bat: S=a+b;P=ab,SZx/ﬁ.
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8
2SP-45=—P
H¢ phuong trinh trén tré thanh: 3

S*-2P=10

2

Tu phuong trinh (2) taco: P = thé 1én phuong trinh trén va rit

gon ta duge: 65° —85> —845+80=0< (S—4)(35>+85-10)=0 <
S =4 (TM)

357 +85-10=0(VN)i S >10.
S=4

—4
:P:3©\/5+x.\/5—b:3<:>25—x2:9<:>x2:l6<:>{ T 4 (TM)

Vay phuong trinh da cho c6 2 nghiém la: x=4;x=-4

d) Piéukién —1<x<3

u =x+1
_ |lu=+x+1 3u® —2v* =5x-3
bat ta suy ra
v=+3-x 4y’ —v* =5x+1
u’+vi =4

Phuong trinh da cho tr¢ thanh:
2(3u’ =20 )+ Sun” =3(4” =V ) = 61’ (2-u) =V (u+3).
Thay v’ =4 —u ta thu dugc phuong trinh:

2(3u2 —2\/2)+5uv2 =3(4u2 —vz)
u=2

< 6u’ (2—u)=(4—u2)(u+3)<:> o 5+4/145
10
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x=3
Tur d6 tim dugc cac nghiém cua phuong trinh la: 74145
X=———

10

Khi gip cic phuwong trinh dang: ai/b+c.f(x)+d%e+h.f(x)=g ta
¢6 thé dit 4n phu theo cach:

Pat fhre /0 =u= (=" {erhf()=v= f()="""
C

h
au+dv=g
Tur d6 ta c6 hé phuong trinh: <, —p " —¢ 0
c ho
Vi du 1: Giai cac phwong trinh sau:
a)24+x+V12-x=6 b) VI—x + x4 x—1+{1—x =1

¢) 1+§\/x—x2 =Jx+1-x A x-1+Yx-2=Y2x-3
Gii:

a) biéu kién: x <12

bat u =3/24+x;v=\/l2—x =u S%/%,VZO, ta c6 h¢ phuong trinh:

u+v=06 v=06-u v=06-u
= =
WP =36 |uwl+(6-u) =36 |u(u’+u-12)=0(*)
Phuong trinh (*) c6 3 nghiém u = 0;u = —4;u =3 théa man u < 336.
Tur day ta tim dugc: x = —24;x =—-88;x =3

Vay phuong trinh da cho c6 3 nghiém x =-24;x=-88;x=3.
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b) Pidu kién: _1;*/5 <x<1.

Ta thay tong cta biéu thirc trong cin bang 1 nén ta dt:

a=+1-x2,b=4x*+x-1,c=41-x; a, b, c>0.

a+b+c=1
Khi d6 taco hé: a* +b* +c° =1
a,b,c>0
a’*<a
la,b,c>0 . s a6
Vi =0<a,b,c<1=><b"<b=a +b"+c" <1.
at+b+c=1 .
c <c
a=a’

Hé phuong trinh ¢6 nghiém khi <5 =5b* < x =1 la nghiém ctia phuong
6
c=c

trinh da cho.

o

-1

c) bat t=~/x +4/1-x thi Vx—x° _! 5

Khi d6 phuong trinh da cho tro thanh phuong trinh bac hai véi 4n 1a t:

2

1+ =tot’-3t+2=0=t=1t=2
Vay ta c6 \/;+ l_x:1c> 2 x_x2:0<:> 0 1
ay ta co: x=0;x=

Jx+l-x=2  |IN(VT<2)

d) Sir dung dang thirc: (a+b)3 =a’+b’+3ab(a+b).
Lap phuong 2 vé ta thu duoc:
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& 2x=3+33(x-1)(x-2) (Ix-1+3x -2} =2x-3

Thay Yx—1+Yx-2=32x-3 thi phuong trinh tré thanh:

3
3J(x=1)(x-2)(2x-3) =0 x=1x=2x=>

Vi du 2: Giai cac phwong trinh sau:

a) NIx+7 +7x—6+249x% + Tx —42 =181 —14x

b) 5v/x+ > =2x+i+4

2x 2x

c) x° +«/(1—x2)3 :x1/2(1—x2)

x+3:8

d) (x—=1)(x+3)+2(x-1) T

Giai:

a) Diéu kién: x> g .

Dit 1 =+/7x+7 +V7x—6,(¢20) = 14x+2:/49x° + Tx - 42 =¢* -1
BPT da cho tr¢ thanh:

, X B t=13 B
t+t°—-1=181<¢t"+1t-182=0< o 14<:>t—13

o VTx+T+7x-6 =13 (%)

Viham s§ f(x)=~+/7x+7 +~/7x—6 —13 1a ham ddng bién va 7(6)=0

Két hop véi diéu kién suy ra nghiém ciia phuong trinh 1a x=6.
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b) Diéu kién: x > 0. Phuong trinh & 5(\/;+ ! j:2(x+Lj+4
2x 4x

1 1
Pit t=Jx +——,(t>2 ) x+—=F 1.
. ¥ 2\/x( ) Y

X
Phuong trinh tré thanh:

51=2(t2—1)+4<:>2t2—5t+2:0<:>t:2 eri o3
4x

3-242
X =

oA —12x+1=0< 2
_3+2\/§

la nghiém cta puong trinh.

2

¢) Pidu kién: —1<x <1.Phuong trinh dd cho twong duong véi

(x+m)(x2 —xﬁ—i—l—xz):x\ﬂ(l—xz)

2
Dt t =x++/1-x :>t 5 lzxxll—x2 . Ta ¢6 phuong trinh:

2

z[l—tz_ljzﬁt 2_1 @ﬁ+\/§t2—3z—x5=0<:>(t—ﬁ)(t2+2ﬁz+1)=0

2
- 1=2 - t=v2
2122t +1=0 |t=-+2+1

+ Néu: t=\/§

< x+1-x2 =\/5@\/§—x= 1—x* @(\/E—x)2 =1—x2(d0|x|£1)
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1
28— 22x+1=0 x=—
V2
+ Néu t=—\/§—l<:>x+\/l—x2 =—1-/2 vb nghiém ,do VT >—-1>VP

+ Néut=-V2+1l-x*=1-2-x

—1<x<1-42 - 1-V2 2421
x2—<1—\/§)x—\/§+1:0 e 2

<

Vay phuong trinh c6 2 nghi¢m x =

N2 124221
S .

2

x+3 thi

d). Piéu kién: x—+320©xﬁ—3 hodc x>1.Pat t=(x-1)
x—1 x—1
t=2

t* =(x—1)(x+3) ta co phuong trinh: t2+2t—8:0<:>L_ A

x=-1+22

x=-1-22

Néu t:2:>(x—1)(x+3)=4<:>x2+2x—7:0<:>l:

x=—1+25

x=—-1-25

Nét t=—4 thi (x—1)(x+3)=16< x> +2x-19=0 <:{
Toém lai phuong trinh c6 4 nghiém la:

x={—1+2\/§;—1—2\/§;—1—2\/§;—1+2\/§}.

MOQT SO BAI TAP REN LUYEN.

Giai cac phuong trinh sau:

1) x2+x+6+2x\/x+3:4(x+ x+3> (1).
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2
3 iz X2l

2x+1

3) Vxrl+2(x+1)=x—l+T—x+3/1-x .
\/x(x+1)+\/x(x+2) :\/x(x—3) .

5) Tim tat ca cac s6 nguyén duong p >1 sao cho phuong trinh sau co

4

N’

nghiém duy nhat

x3+px2+(p—1+ ! }x+1=0
p-1

6) Ix*—4x+31+x" =4x-1.

7) x*+4/x+2016 =2016.

8) Tim k dé phuong trinh sau c6 nghiém:
(x" +2)[ x* —2x(2k =1)+5k” — 6k +3 | = 2x =1. Trich d& thi vao
16p 10 Chuyén Amsterdam 2002).

9) Cho phuong trinh m/x® +1 =3 (x4 + 2)

a) Giai phuong trinh véi m =10.
b) Tim m dé phuong trinh c6 dung hai nghiém.

10) x* —2(x+1)vx* -1-3x* +6x—1=0.

11) x+1=\/2(x+1)+2\/2(x+1)+2,/4(x+1) .

12) i+‘/x—l =X+ 2x—i (*).
X X X

13) \/x+9=\/}+\/2%.

14) [x(3x+1) - Jx(x=1) = 2% (1).
15) 4Jx+1=x>-5x+14.
16)(x/x+2—x/x—2>(1+\/x2+7x+10)=3 ().
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17) \/12—% +\/4x2 LRI
X

X
18) (\/x +3-+/x )(\/1 “x+ 1) = 1(THPT chuyén KHTN-DHQG Ha Noi
2011-2012).

19) Giai bat phuong trinh: ;/25x(2x2 +9) 2 4x+ 3 Trich dé thi vong 2,

X
THPT chuyén Ha Noi Amsterdam 2004-2005

x +l
20) Vi #2414\ [x(2 —x41) <
21) (x_z)(4_x)+\4/x—2+\4/4—x+6x\/§3x3 +30

22) (x+1)v2x* —2x = 2x* —3x—2 (Trich d¢ tuyén sinh 16p 10 Chuyén
Lam Son Thanh Hoa 2014)

23) V2x 1 +41-2x% = 24/x—x* . (Trich d& tuyén sinh 16p 10 PTNK-
DHQG Tp Ho Chi Minh 2015).

24) 8x2 +16x-20—+/x +15 =0

25) 4x% —11x+10 = (x = 1)V2x* —6x + 2

26) x> —3x+1:—§\/x4 +x2+1

27) 24x—-1+3J5-x +3x* =30x+71=0
28) (2><2 —4x+1)\/2x—1 —4x2 —7x+3

29) ~%<—1 +%/x—2=§'/2x—3

2 2
30) i+ X +E 1=x = +2=0
x> x2

1-x> 2
31) 5mzz(x2+z)
32) M+M=W+m
33) x3+6x2—2x+3:(5x—1)m
x> +x+1

34) XL oy 2

x+4 241

THCS.TOANMATH.com



35) 25x+9\ox2 —4 = 2 4 X
X

x? +1

36) \20x2 +80x + 125+ < 2x + 1+ 44/3x + 6

37) 13Vx2 = x* +9Vx2 +x* =16
LOI GIAI BAI TAP REN LUYEN

1) Giai:
Piéu kién: x> -3
Taco: (1) < x> =3x+2xJx+3-4/x+3+6=0 (2)
bat t=x++x+3

Dodo (2) =1 —4t+3=0(t-1)(1-3)=0=1=1;r=3

Vi ¢t =1, ta gidi phuong trinh x++x+3=1<+Vx+3=1-x

1-x20 x<1 x<1
= , & , &9
x+3:(1—x) x+3=1-2x+x x =3x-2=0

x <1

= 2 2
3-417

2

3+\/ﬁ 3—\/ﬁ
=X

Véi ¢ =3, ta gidi phuong trinh x++Vx+3=3<Jx+3=3-x

x<3
SHlx=1lex=1
x=6
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Vay phuong trinh da cho c6 hai nghiém x =
2)

Diéu kién x> —2;x # —%.

Taco (1) & (2x+1)Vx+2 =x +2x+2
@(x+x+l)m:x(x+l)+(x+2)
<:>(x+2)—(2x+1)\/x+—2+x(x+l)20
@(m—x)[\/m-(x+l)]:0

Truong hop 1: Vx+2 =x véi x>0 :>x2—x—2:O<:>(x—2)(x+1):O
< x =2 (théa man) hodac x =-1 (loai)
Truong hop 2: Vx+2=x+1véi x>-1=x"+x-1=0

~1+/5 ~1-+/5
2 2

( théa man) hodc x =

(loai)

—1+\/§

Vay phuong trinh c6 hai nghiém x=2,x = 5

3)

Pit u=~/x+1L,v=+1-x (u,v>0)

Phuong trinh da cho tr¢ thanh:
u+2u’ = +v+3uy &V —(3u+1)v+2u2 +u=0 (1)
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Xem (1) nhu 14 phuong trinh bac hai dbi vé6i bién v, giai ra duogc u =v hodc
v=2u+1.

Xét v=2u+1,vivi=l-x=2~u’=2-u*=(2u+1)

=—(t
o 5ul+du-1=0c|" S(m).V(yi u:l:x:—i—:
=-1()
24
Vay phuong trinh c6 hai nghiém x=0;x = s
4) Giai:
<=2
Diéu kién: [ x=0
x2>3

Dé thiy x =0 1a 1 nghiém va x =3 khong la nghiém ciia phuong trinh da
cho

Xét x #0,x #3 khi do phuong trinh da cho twong duong voi

/“ /“ \/1+ \/1+ S
x-3 x—3

bat a= |1+ (a>0); b= (b>0)
x=3 xX—
 [a+b=1 a=-4-21()
Ta co hé &
5a* —4b* =1 a=—4+\/i

:>1+—3=—4+\/7 _2\/_
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221

3

Vay phuong trinh c¢6 hai nghiém x=0;x =
5) Phuong trinh dé cho tuong duong véi (x+ p - 1){x2 +x +L1] =0
p

x=—p+1 )
) 1 Yéu ciu bai toan twong duong (2) vo nghiém
X +x+——=0

hodc c6 nghiém kép x=—(p—-1)
Vay pe{2;3;4}.

6)

Phuong trinh dé cho twong duong véi §/(x - 2)2 +27 +(x— 2)2 =3.

Do 3J(x—2)"+27 +(x—2)" >3,Vx va dang thitc xay ra khi va chi khi

x =2 nén phuong trinh c6 nghiém duy nhat x=2.
7

Phuong trinh da cho tuong duong voi:

x4+x2+%=(x2+2016)—\/x2+2016+%
2 1Y (m 1Y
& x +E =|\x +2016—§

<:>x2+%: x2+2016—%<:>x2+1:\/x2+2016<:>x4+x2—2015:0.

Vay phuong trinh c6 hai nghiém x = 1/w;x = /w .
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8) Giai:
Phuong trinh da cho tuong duong voi:

(37 +2)[ % = 2x.(2k 1)+ (4> =4k +1) + (K* =2k +1)+1 | = 2x+1
e +2)(x=2k+1) +(x* +2) (k1) +(x-1) =0 x=k=1.

Vay phuong trinh c6 nghi¢m khi £ =1.

9) Phuong trinh da cho tuong duong véi:
m\/()c2 +1)(x4 -x° +l) = 3[(x2 +1)+(x4 —x’ +1)]
@ﬁ_\/ x*+1 +\/x4—x2+1

3 Vaxt—x*+1 x*+1

x'=x?+1 m 1

- L (t>0) taduge: Z=t+-o2 -2 ir1=0
x"+1 3 t t

bat ¢ =

a) Véi m=10 ta c6 phuong trinh: 37 —10¢+3=0
tasuyra ¢ =3 hodc t=%

b) Tu giai
10) .Gidi:

Diéu kién: |x| > 1. Phuong trinh twong duong véi

x* —1—2()c+1)\/x2 —1+x2+2x+1-4x>+4x-1=0

42 _
@(st)(zxm)zo{sx-m

N e
Truong hop 3x = x2—1©{9
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Truong hop

1<x
1<x<2 1<x<£2
2—x=\/x2—1<:>{ <:>{ o o S x=

X' —4x+4=x"-1

11) .Giai:
Diéu kién x>-1.Ta c6 x =3 1a mot nghiém ctia phwong trinh.

Vi x>3. Dt x+1=y,(y>4), phuong trinh da cho

thénh:y:\/2y+2«/2y+2\/@.
Taco Jay <[y =y = 2f4y <2y
:»\/2y+2\/2y+2\/@ <y2y+2fay < 2yT2y=Jay <y

Phuong trinh v6 nghiém.

Véi 0 < x <3. Chiing minh tuong ty, ta c6 phuong trinh vé nghiém.
Viy x =3 1a nghiém duy nhit ctia phuong trinh.

12) Giai:

Ta cé (*) <:>i—x+\/x—l—\/2x—é =0 (1)
X X X

1
bat u = ‘/x——;v= ‘f2x—§ thi u,v>0 va u* -’ :i—x
x x x

Do d6 (1) thanh: u* —v? +u—v=0<:>(u—v)(u+v+l):0<:>u=v (vi

u,v=0)

Tu do ta co: \/x—lz\/Zx—écnc—lzbc—éZO (2)
X X X X
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Phuong trinh x 1 =2x _3 co nghiém la x =2
X X

Tur (2) suy ra chi c6 x =2 la nghiém ctua phuong trinh da cho.

13)
Giai:Diéu kién x>0.

Phuong trinh twong duong véi:
8 Jr4\/2x <::>9x+1_4\/2x 3
x+1 x+1 x+1  x+1

8x  42x 2Wox Y
S————t=0| —-1| =0
x+1 x+1 Vx+1

xX+9=x+ 0

242x
Vx+1

14) Giai:

=

:1<:>8x:x+1<:>x:% (thoa man

Diéu kién: x>1. D& thdy x =0 1a nghiém cua (1)

Véi x #0, chia hai vé cua (1) cho \/x_zsto, ta duogc:

(1) ,/3+l—‘/l—l:2
X X
- 1 1
batu=,3+—20,v=,/1-—20
X X

u—v=>2 {MIV-Fz

? (2+v)2+v2:4

Ta c6 hé phuong trinh: 5
u +v- =4

Giai hé ta duoc v=0,u=2 trddtaco x=1.
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15) .Gidi:

(2 —6x+9)+(x+1—4\/x+1+4)20

& (x-3) +(Var1-2) =0

x—3=0

= =
Jr+1-2=0

x=3

Vay phuong trinh ¢6 nghiém duy nhatla x=3.
16) Giai:
Diu kién: x> -2

Nhan hai vé ctia phuong trinh (1) voi vx+5 ++/x+2 >0, ta dugc phuong
trinh twong duong:

1+Vx* +7x+10 =/x+5+/x+2

@\/x+5=1<:>{x:—4 )
Jx+2=1 [x=-1 (m)

17) Giai:

Dit y=x,y >0, taco (*) thanh: /12—2=4y_ f4y_i
y y

b 14 2 2
Binh phuong rdi bién déi thanh: («/4)/2 —3-\y ) 04y —y-3=0
Do do6 cac nghiém cua phuong trinh 1a x=1,x=-1.

18) Piéu kién: 0< x<1
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Nhan cé tir va mau vé trai v6i biéu thire v/x +3 ++/x ta thu duoc:

(Vw3 ) (M= 1) =10 (Vi 41 =1

o 3I—x+1=x+3+/x *)

Néu x=1 thi ¥T(*)=3=VP(*) nén x=1 1a nghiém ctia phuong trinh.
Néu 0<x<1thi VI—x >0=3J1-x+3>3 hay VT(*)>3 véi 0<x<1
Vi 0<x<lnén Jx+3<y1+3=2,Jx </1=1=VP(*)<3

Do d6 phuong trinh da cho khong c6 nghiém trong nira khoang [0;1).

Vay phuong tinh dé cho c¢6 nghiém duy nhat x=1.
19) Giai:
Diéu kién: x#0

Truong hop x >0 : 4p dung bat dang thirc C6 si ta co:
2 2
4x+§:§x+ 2x°+9 23§/§x.2x. 2x +9 = 43/25x(2x2 +9)
x 3 3x 33 3x

2
DAu bing xay ra khi va chi khi %x - 2x3 ™ e x=3
X

Truong hop x <0 : tir phan trén ta thiy, voi moi x <0 déu thoa man bat
phuong trinh

Dépsé x:\/g.
x<0

20) .Giai:
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biéu kién x>0

) . Zx 1
Chia ca hai vé bat phuong trinh cho 1/x(x2 +1) vadat r=x+—,t>2,ta

X
A 1A \ 1 1
dua ve bat phuong trinh ‘/1—— <t—, /t——
t t

Véi diéu kién 7> 2 thi ca hai vé cua (1) déu duong. Binh phuong hai vé ta

2
dua vé bat phuong trinh tuong duong ( /t —% - 1] >0

Bét phuong trinh ndy nghiém dang v6i moi > 2.
Vay nghiém cta bat phuong tinh da cho 1a x> 0.
21) .Giai:

bicu kién: 2<x<4

Ap dung bét déng thire C6 si ta co: ,4/(x—2)(4—x) < J# =1;

x—2+1

Ji—2=JJx-2.1%< Vx—22+1 <2

2 4

Y4—x< _x2+7 (6x\3x = 240 x° 27 <x° +27

Do do VT <VP v6imoi x thbaman 2<x<4

Vay nghiém ctia bat phuong trinh 1a 2<x < 4.

22)Dit t =+/2x* —2x > 0= 2x* —2x =¢’. Phuong trinh tr¢ thanh :
t* —(x+1)t—x—2:0. Ta co
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e x+1—(x+3) _ 1

A=x*+2x+1+4x+8=(x+3) = 2 .Do ¢>0 ta chi
t_x+1+x+3 B

=x+2

5 x>0
can giai: \/2x2—2x:x+2<:>{ ) = x=3+4/13 .

¥ —6x—4=0
2x-120

23) Diéu kién: {1-2x> > 0. Binh phuong 2 vé ta thu duoc:
x—x>>0

2x-14+1-207 +2,(2x-1)(1-2x*) =4(x—*)

& =22 +2x-2,/(2x-1)(1-2x*) =0

X =
2
@(\/1—2)8 —\/2x—1) 0 1-2x =2x—le X +x—1=0<

K. 1A pe atA 1AL Nt s . . —1+\/§
bai chiéu voi diéu kién nai toan chi ¢6 nghiém x =

thoa man diéu
kién.

24) Ta viét lai phuong trinh thanh:
16x% +32x —40 = 24x +15 =0 < (4x+4)2 — 56 =+/4x + 60

Dit V4x+60 =4y +4 ta co h¢ sau:

(4y+4)* =4x+60 (4y+4)* =4x+60
=

ax+4) —56=4y+4  |(dx+4)’ =4y +60
y y

Trir timg vé 2 phuong trinh ciia hé ta co:
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(4x+4)2 —(4y+4)2 :4(y—x)<:>16(x—y)(x+y+8):4(y—x)

x=y
Tla(x+y+8)=1

Giai phuong trinh tng vdi 2 truong hop ta thu duge: x=1;x= _9+T 221
x < 3 _2\/5
25) Diéu kién:
3+ \/E
X2
2
Ta viét lai phuong trinh thanh:
2
(2x-3) +(x+1) = (x =D (x =1)(2x = 3) = (x + 1)
u=2x-3
bat { ta c6 hé phuong trinh:
v =(x-1)(2x=3) = (x+1)

{u2+x+1=(x—1)v

v +x+1=(x-1u

Trir timg vé hai phuong trinh ta co:

(u—v)(u+v+x—1)=0@{zijv_x+1

Giai theo hai truong hop ta thu dugc phuong trinh vé nghiém.

26) Cich 1: Ta viét lai phuong trinh thanh:

x2—3x+1:—§\/(x2+x+1)(x2—x+1)

2 2 \/7 2 2
<:>2(x —x+1)—(x +x+1):—?3 (x +x+l)(x —x+1)
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Chia phuong trinh cho (x2 X+ 1) >0 ta thu duoc:

Ta c6 phuong trinh: 2t +£t—1 O:>t:i
3 5
2
Giai XL oo
X% +x+1 \/5
* Cach 2:
, . . \ , 1 f
Xét x>0 chia hai vé phuong trinh ta c6: x—3+—:—— +1+—2
X X

bat t:x+122 ta cd phuong trinh:t—3:—§\/t2 -1
X

Xét x<0 chia hai vé phuong trinh ta co: x—3+l:§ /x2+1+i2
X X

V3 /2

bat t:x+l ta co phu’orngtrinh:t—3:? t -1
X

27) Diéu kién:1<x<5. Phuong trinh duoc viét lai:

Ta viét lai phuong trinh thanh:

2Ux—1-4+3J5-x +3x*> -30x+75=0
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( 5) +3V5-x +(x = 5)(3x—15) =0

\/ 1+2
( ) x=5
@2\/_1+2+3\/5 X +(x-5)(3x-15)=0 _21/5 X —\/ﬁ(?;x 15)=0

VX 1+2

Ta thdy —/5-x(3x-15)>0¥xe[1;5]

Ta chimg minh: 25X ‘5_X+320<:>3\/x—1+6—2\/5—x >0 nhung diéu
vx-1+2

nay 14 hién nhién ding do: 245-x <2y/5-1=4 nén 6-2J5-x >0

Vay phuong trinh ¢6 nghiém duy nhat x =5

28) bibu kién x> % biat u=x-1;,v=+2x-1 phuong trinh da cho tro
thanh

(Zu2 —1)V =(2V2 —1)u = (u—v)(ZuV+1) =0

x>1

+ Néu u=V:>X—1=\/2X—1<:>{ - ox=2+2

x> —4x+2=0

+ Néu 2uV+1:0©2(1—x)\/2x—1zljxe(%;l]

Mit khac ta co: 2(1- x)<2(1——]: V2x-1<+2-1=1 nén phuong

trinh da cho vo nghiém
Két luan: x=2 2

29) St dung déng thirc: (a+ b)3 =a’+b’ +3ab(a+b).
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Phuong trinh @2x—3+3§/(x—1)(x—2)(§/x—1+€’/x—2)=2x—3
Ix-1+3Yx-2=32x-3

= Y(x-1)(x-2)(2x-3) =0

30)

(*)@x:l;x:Z;x:%

2 2
Pidukien: ~1<x<l .Pat t=1—X X e 1 X 4

X \/1—x2 x> 1-x>

PT di cho thanh: 2t> +5t+2=0<t=-2;

-1<x<0
1\/1—x2+ X 1
2

1 2 S Xz
1-—
x x> 1-x2
> -1<x<0
" 1 1-x X ’ A A A
t=——< + =R X 3 hé vo nghiém.
X 1_X2 2 —_ = ——

X2 1-x2 4

Vay phuong trinh d cho ¢6 nghiém duy nhat x = —% .
2
31)

bicu kién. x> -1

PT<Z>5\/(X+1)(X2—X+1) =2(x* —x+1)+2(x+1)

o2 Xt 5 XL Do —x+150vx)
x? —x+1 X2 —x+1

t:
Pit t= /X—”,tzo,tacé: 22 —5t+2=0
x* —x+1 t=

* oo Xl 44 _5x+3-0 PT v6 nghiém
x? —x+1
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t=l<:>x—+1=l<:>x2—5x—3=0<:>x=

5+4/37
2

x*-x+1 4 2

32) Do VT>1 nén = VP>1< x>-1 .

Ta ¢6 PT @(Q/zxz +1-322 +2J+(%/§—\3/2x2 +1)=0

2x% -2x -1 2x% - 2x -1

i’/(sz +1)2 #3220 +1)(2x+2) + i/(2x2 +2)2 It £ (2x41) + 3J(2x2 +1)2

1443

2

=0

&

la nghiém cua phuong trinh da cho.

S2x2 - 2x-1=0x =
33) bidu kién: x>-33.

Tathdy x=— khong 1a nghiém ctia phuong trinh nén ta co:

(SN

3 2
Phuong trinh < X +65X 12X+3 Vx> +3.
X_

3 2 3 442
X +65x 12x+3_2X: /X3+3_2X©%: 3 +3-2x (1)
X — X

. x<0 x<0 _
Néu \/x3+3—2x=0<:>{ { <:>x=3 \/i

x3—4x2+3=0© (x—l)(x2—3x—3):0 2

3-421

2

Khi d6 (1) ding = x= la mot nghiém cia phuong trinh.

£ 3-+21
Néu x # =(1)e =
2 () 5x-1 \/x3+3+2x

3+\/E

2

P-4 +3 X —4x%+3 {X3—4X2+3=0 1

=
Vs +3 +2x=5x-12)

Ta thiy: (1) c6 2 nghiém x=1;x =
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Zl X2—

Q)P +3=3x-1d 3 =
x3 —9x% +6x+2=0 (X—l)(XZ—SX—Z)zO

x=1
=
x:4+3\/5
3+4/21

Vay phuong trinh c6 4 nghiém: x=1;,x= 5

sx=4+322.

34) Diéukién: x>—4

x+4 2 4_(X2+1)
= +x° -3+ =0
x2+x+1+1 (2+\/x2+1j x? +1
x+4
2(x2—3) 2
R +x2 -3+ X3 =0

\/(x+4)(x2+x+1)+x+4 (2+mj X2 +1

<:>(x2—3) 2 14 ! -0

(x+4)(x2+x+1)+x+4 (2+JX2+1) 241

ex2-3=0cx=+/3

35) Pidu kién: |x|2§

* Voi x> %, phuong trinh da cho twong duong voi:
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N -4 _ 2

25+ 5
X X x? +1

(1)

D@ thdy phuong trinh (1) ¢c6 VT >25 va do x>§ ta co VP<Z+% <25

nén phuong trinh da cho vo nghi¢m
* Voi x< —% phuong trinh da cho twong duong voi

25-9 9—%=%+ 218
X X

bat iz = t(o <t< —j phuong trinh (2) thanh:
X

25-9/9 - 4t—2t+ﬁ®9 ONV9 -4t =2t + ﬁ—16

36(t-2)  2(t-2)(t+4
S I R oY) I

Jo—at+1 t+1 Jo—at+1 t+1

s, 9 . 18 18, t+4 3 18
L O<t<= — > LRI I Y P
uu y rang vol 0< 1 co Foaiii 4 va 1 +t+1< <4
e 18 trd

Jo—4t+1 t+1

J2

Vay (3) <:>t:2:>x:—7

KL: Phuong trinh c6 1 nghi¢m x = —%

36) Diéukién: x> -2

BPT duoc viét lai: \/5(2x + 1)2 +20(3x+6) <2x+1+43x +6

Piata=2x+ 1;b 3x+6; BPT < 5a +20b? <a+4b

THCS.TOANMATH.com



<a=b

a+4b=>0
=
5a2 +20b? < (a+4b)’

1
X2>——
2x+1=+/3x+6 & 2 <x=1
4x? +x-5=0

Két luan: Nghiém cuia bat phuong trinh 1a: x=1

37) Piéukién: -1 <x<1

2
Binh phuong 2 vé tacé : x° [13\/1 2 41452 ) =256
Ap dung bét dang thirc Bunhiacopxki:

2
(\/E.\/E.\/l —x2 +333V1+x2 ) <(13+ 27)(13 ~13x% 434 3% ) - 40(16 - 1Ox2)

2
Ap dung bat dang thire Cosi: 10x2 (16 ~10x> ) < (%] = 64

; 2
o F_\/l+x X=—=
Daubing <" X 7T 3 o

10x? =16 — 10x> X=-

Q1
Slm

THCS.TOANMATH.com



