HAM SO BAC NHAT VA HAM SO BAC HAI

Van dé 1: Ham so bac nhat

Kién thirc cAn nhé:
1. Dinh nghia:

+ Ham sb bac nhat 1a ham sé dugc cho bai cong thirc: y =ax+5b trong d6

a va b 1a cac so thuc cho trudc va a =0.

+Khi b =0 thi ham s6 bac nhét trd thanh ham sé y = ax, biéu thi tuong

quan ti 1én thuan gitta y va x.

2. Tinh chit:

a) Ham s6 bac nhat , xac dinh v6i moi giatri xeR.

b) Trén tap $6 thue, ham $6 y=ax+b dé)ng bién khi @ >0 va nghich
bién khi a <0.

3. Do thiham sé y=ax+b vé6i (a=0).

+ P4 thi ham sb y = ax+b 1a duong thing cit tryc tung tai diém c6 tung do

N \ < \ PRy r \ A N b
bang b va cat truc hoanh tai di€ém c6 hoanh 6 bang ——.
a

+ a goi 1a hé sb goc cia duong thing y=ax+b
4. Cach v& d6thihamsé y=ax+b.
+ V& hai diém phan biét cua dd thi roi v& duong thing di qua 2 diém.

+ Thuong v& dudng thiang di qua 2 giao diém cua dd thi véi cac truc toa do
b

I A(__;oj,s(o;b).
a
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+ Chu y: Puong thing di qua M (m;0) song song vdi truc tung cé phuong
trinh: x—m =0, dudng thang di qua N (0;n) song song véi truc hoanh ¢6

phuong trinh: y—n=0
5. Kién thirc bd sung.

Trong mit phang toa do cho hai diém 4(x;;y,),B(x,;y,) thi

4B = \/(xz X )2 +(2, _)’1)2 .Diém M (x;y) la trung diém ctia AB thi

x=x1+x2. :y1+y2.
2 7 2

6. Diéu kién dé hai duong thing song song , hai dudng thang vudng
goc.

Cho hai dudng thang (d,):y =ax+b va dudng thang (d,): y=a'x+b' véi

a,a'#0.

o (d)//d)=a=a vib=b'.
o (d)=(d)=a=a vib=b"
o (d)cit(d)=a=a'.
o (d)L(d,)aa=-1

Chu ¥: Goi ¢ 1a goc tao boi duong thing y =ax+b va truc Ox, néu a >0
thi tanp=a.

MGt s6 bai todn trén mdt phing toa dj:

Vi du 1) Cho duong thing (d,): y =x+2 va duong thing
(dz):y=(2m2—m)x+m2+m.

a) Tim m dé (d,)//(d,).
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b) Goi 4 la diém thuoc duong thang (d,) c6 hoanh o x =2. Viét
phuong trinh dudng thing (d,)diqua 4 vudng goc voi (d,).

¢) Khi (d,)//(d,). Hay tinh khoang cach giita hai duong thang
(dl),(dz) .

d) Tinh khoang céch tir gbc toa @6 O dén dudng thang (d,) vatinh
dién tich tam giac OMN vo&i M, N lan luot 1a giao diém cua d))

véi céce truc toa do Ox, Oy .
Loi giai:
a) Duong thing (d,)//(d,) khi va chi khi

{2m2_m:1©{(m—1)(2m+1)=0 1

m+m#2 (m—1)(m+2)#0 sz_?

Vay v6i m = —% thi (d,)/ /(d,).

b) Vi 4 la diém thudc duong thang (d,) c6 hoanh d6 x=2 suy ra
tung do diém A4 1y =2+2=4= A4(2;4) .

Duodng thang (d,) c6 hé s6 goc la a =1, dudng thang (d,) c6 hé sé goc la
a'=a'l=-1=a'=-1.Dudng thing (d,) c6 dang y=—x+b. Vi (d,)
di qua A(2;4) suyra 4=-2+b=b=6. Viy duong thing (d,) 1a
y=-x+6.

c)
Khi (d,)//(d,) thi khoang c4ch giira hai duong thing (d,) va (d,) ciing
chinh 1a khodng c4ch giita hai diém 4, B 1an luot thudc (d,) va (d,) sao
cho 4B L (d,),AB 1 (d,).

(ds)
Hinh v&: Goi B 1a giao diém ctia duong thang A (d1)
il
(d;) va (d,). Phuong trinh hoanh d¢ giao diém
B[ (d>)
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cua (d,) va (d,) la:

—x+6:x—l<:>x=£:>y=§:>13 5
4 8 8

8 8 '

2 2
Vay do dai doan thang AB 1a: AB = \/(%—2} +(§—4j =ﬂ.

d) Goi M,N lan luot 1a giao diém ctia duong thiang (d,) véi céc truc
toa do Ox,Oy . Ta co:

Cho y=0=x=-2= A(-2;0),cho y=0=>x=-2= N(-2;0). Tir do
suyra OM = ON =2 = MN =22 .Tam gidc OMN vudng can tai O. Goi
H 1a hinh chiéu vudng goc ciia O 1én MN tacd6 OH =%MN =2 va

S = %OM.ON =2 (dvd).

Chii y 1: Néu tam gidac OMN khong vudng can tai O ta cé thé tinh OH
theo cach:

y
Trong tam gidc vudng OMN ta co:
N
P _ 1,1 (*). Tir d6 dé khoang cach tir diém O
oH o4 0B s "
dén duong thang (d)ta lam theo cach: ° M\

+ Tim cac giao diém M, N cua (d) voi céac truc toa
do

+ Ap dung cong thuc tinh dudng cao tir dinh gdc vudng trong tam giac
vudng OMN (cong thirc (*)) dé tinh doan OH .

Bing cach 1am twong tur ta c6 thé chirng minh dwgc cong thire sau:
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Cho M (x,;y,) va dudng thang ax+by +c =0. Khoang cach tir diém M

dén duong thang la:

g |axo+by0+c| .

Ja* +b?
Vi du 2:Cho dudng thang mx+(2-3m)y+m—1=0 (d).

a) Tim diém cb dinh ma duong thing (d) ludn di qua.

b) Tim m dé khoang cach tir gbc toa o dén dudng thing (d) 1 1on
nhét.

c) Tim m dé duong thrfmg (d) cit cac truc toa do Ox,0y lan luot tai
A, B sao cho tam giac OAB can.

Loi giai:
a) Goi I(x,;,) la diém cb dinh ma duong thang (d) ludn di qua voi
moi m khi do

ta co:

mx0+(2—3m)y0+m—1:O‘v’m <:>m(x0—3y0+1)+2y0—1=0‘v’m

Hay

1
X, =3y, +1=0 YTy
P R Yo . 2<::>
2y,~-1=0 1

2

b) Goi H 1a hinh chiéu vudng goc ciia O 1én dudng thang (d). Ta co:
OH < OI suy ra OH 16n nhit bang OI khiva chikhi H=1 < OI 1L (d).
Puong thang qua O ¢6 phuong trinh: y = ax do

1(1;1JEOI:>l:a.l<:>a:1:>0]:y:x.

2°2 2 2

Puong thang (d) duoc viét lai nhu sau:
mx+(2—3m)y+m—1=O<:>(2—3m)y:—mx+1—m.
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L ) 2 . 1 .
+ Dé y rang v61 m = 3 thi duong thang (d): x 5" 0 song song vai truc

Oy nén khoang cach tir O dén (d) 1a %

+Néu m;«r&g duong thang (d) c6 thé viét lai: y = " x4+ m-1 . Diéu
3 3m-2  3m-2

M =1 m=2-3me m=—. Khidokhoang

1
3m—-2 2
2 2
cach OI = 1 + lj =£. Vay m =l 1a gia trj can tim.
2 2 2 2

kién d&é (d) L OI 1a

c¢) Ta co thé giai bai toan theo 2 cach sau:
+ Cach 1: Dé thiy m zg khong thoa man diéu kién (Do (d) khong cit

Oy). Xét m ;t%, duong thang (d) cit Ox,Oy tai cic diém A, B tao thanh

tam giac can OAB , do goc AOB =90° = AOAB vuong can tai O. Suy ra
hé sb goc ctia duong thang (d) phai bang 1 hodc —1 va duong thing (d)
khong di qua gbc O.

m
=1 m=1 1
3m=2 | |.Tathdy chico gié trj m=— I3 thoa man didu kién
3m-2
bai toan.

Céch 2: D& thay m = %,m = 0 khong thoa man diéu kién

Xét m;tO;z,duz(‘mg thang (d) c6 thé viét lai: y = " x4+ m-l .
3 3m-2  3m-2

Puong thang (d) cit truc Ox tai diém A4 c6 tung do bang 0 nén

, duong

3m—2 3m—2 m m

m m—1 _l—m:A(l—m_ l1-m
m

x+ =0 x= ,0):0/1:‘—

THCS.TOANMATH.com 35



thang (d) cét truc Oy tai diém c6 hoanh d6 bang 0 nén

y=mol :B(O;M—_IJ:OB: m-1 ‘.Diéukiéndétamgiéc OAB
3m—2 3m—2 3m—-2
1 m=1
can la OA=OB<:>| —m|=| | 1. Gié tri
| m | | | |m| |3m 2| 2

m =1 khong théa min , do dudng thang (d) di qua gdc toa do.

Két luan: m = l
2

Vi du 3) Cho hai dudng thing
(d) mx+(m-1)y-2m+1=0,(d,):(1-m)x+my—-4m+1=0

a) Tim cac diém c6 dinhma (d,), (d,) luon di qua.

b) Tim m dé khoang cach tir diém P(0;4) dén duong thang (d,) la
16n nhét.

¢) Chimg minh hai dudng thang trén ludn cit nhau tai diém / .Tim
quy tich diém 7 khi m thay doi.

d) Tim gia tri [6n nhét cua dién tich tam giac 1AB v6i A,B lan luot 1a
cac diém c6 dinh ma (d,),(d,) di qua.

Loi giai:

a) Taviétlai (d):mx+(m—1)y-2m+1=0<c m(x+y—-2)+1-y=0.
Tur d6 dé dang suy ra duong thang (d,, ludn di qua diém c6 dinh: 4(1;1).

Tuong tu viét lai (d,):(1-m)x+my—4m+1=0m(y—x—4)+1+x=0

suy ra (d,) ludn di qua diém c6 dinh: B(-1;3).

b) Déy rang dudng thang (d,) ludn di qua diém cé dinh: 4(L;1). Goi
H 1a hinh chiéu vudng goc cia P 1én (d,) thi khoang cach tur 4 dén (d,)
la PH < PA. Suy ra khoang cach 16n nhit 1a P4 khi
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P=H < PH 1(d,).Goi y=ax+b 1a phuong trinh dudng thang di qua
a.0+b=4 {b:4

suy ra phuong trinh duong

=
al+b=1 a=-—

P(0;4),4(1;1) taco hé :{
thing PA:y=-3x+4.

Xét duong thang (d,)::mx+(m—1)y—2m+1=0.Néu m=1 thi

(d,

) x—1=0 khong théa man diéu kién. Khi m =1 thi:
) y= 2m . Diéu kién & (d,) L P4 1a

m —

Ll’_"_‘r—‘

m(—3)=—1©m—

¢) Néum=0thi(d,):y-1=0 va (d,):x+1=0 suy ra hai duong
thang nay ludn vudng goc voi nhau va cit nhau tai 7 (—1;1) .Néu m=1 thi
(d,): x—=1=0 va (d,): y—3=0 suy ra hai duong thang nay ludn vuong

gdc voi nhau va cit nhau tai 7 (1,3). Néu m # {01} thi ta viét lai

m 2m—1 m—1  4m—1 .
(dl)Iyzl_mx+ — v (d,):y= — X+ — . Ta thay
i C d)
PR

Do d6 hai dudng thing nay ludn cit
nhau tai 1 diém 7.

Tom lai voi moi gid tri cua m thi hai B

dudng thang (d,),(d,) luén vudng goc
va cit nhau tai 1 diém 7 . Mat khac theo
cau a) ta c6 (d,),(d,) lan luot di qua 2

diém cb dinh 4, B suy ra tam gidc /4B vuong tai A.Nén [ nam trén

duong tron duong kinh AB .
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d) Taco AB=/(-1-1)'+(3-1) =242 Dung IH 1 4B thi

1 1 1 AB ABR?

EIH.AB < EIK.AB = ET.AB = = 2. Vay gia tri 1on nhit ciia

Saraz =
dién tich tam giac I4B 1a 2 khi va chi khi /H = IK . Hay tam giac /4B

vudng can tai /.

Ung dung ciia ham s6 bac nhéit trong chirng minh bat ding thirc va tim
GTLN, GTNN

Ta c6 cac két qua quan trong sau:

+Xétham sd y= f(x)=ax+b véi m<x<n khi 6 GTLN, GTNN cua
ham s6 sé& dat duoc tai x=m hodc x =n. Noi cach khac:

min& =min{f(m);f(n)} va max& = max{f(m);f(n)} . Nhu vay

m<x<n m<x<n

dé tim GTLN, GTNN ctia ham s6 y = f(x)=ax+b v6i m<x<n ta chi
can tinh céc gid tri bién1a f(m), f(n) va so sanh hai gié tri d6 dé tim
GTLN, GTNN.

+ Ciing tir tinh chat trén ta suy ra: Néu ham s6 bac nhat y = f(x)=ax+b
6 f(m),f(n)=0 thi £(x)=0 véimoigid tri cia x théa man diéu kién:
m<x<n.

Vi du 1: Cho céc s6 thuc 0 < x, y,z < 2. Ching minh rang:
2(x+y+z)—(xy+yz+zx) <4.
Loi giai:
Tacoi y,z nhu la cac tham s, x 1a ansé thi bat dang thuc can chimg
minh c6 the viét lai nhu sau: f(x)=(2-y—z)x+2(y+z)-yz-4<0.

: . ‘ . |/(0)<0
Dé chimg minh f(x)<0 ta chi can chimg minh: . That vay ta

f(2)<0

co:
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+ f(0)=2(y+z)—yz—4=(y—-2)(2-2)<0 v6i y,zthéa man:
0<y,z<2.

+ f(2)=2(2-y-z)+2(y+z)-yz—4=-yz<0 Vv6i y,zthéa man:
0<y,z<2.

Tir d6 ta suy ra diéu phai chimg minh: Dau bang xay ra khi va chi khi
(x;52)=(0;2;2) hodc céc hodn vi clia b s6 trén.

Vi du 2: Cho cac s6 thuc khong am x, y,z thoa man diéu kién:

x+y+z=1.Tim GTLN ctia biéu thirc: P =xy + yz+ zx —2xyz.
Loi giai:

Khong mat tinh tong quat ta gia st z =min(x,y,z) = z < % = % Ta
2 2

+ 1-
cc')OSxyS(x y) :( Z) .

4 4

P=xy(1-2z)+(x+y)z=xy(1-2z)+z(1-z). Tacoi z la thamsb xy 1a

ansd thi f(xy)=xy(1-2z)+z(1-z) la ham sd bac nhét cia xy véi
2

OSxyS%. Pé y rang: 1-2z >0 suy ra ham sb

f(xv)=xy(1-22z)+z(1-z) ludn dong bién . Tir d6 suy ra

fxy)< [#}:(1—2Z)M+Z(1_22):M:

4 4
2
i_(lf_lzz.;_Lj:i—l(z—lj (z-i-lel.Déubﬁngxéyra
27 \2 4 108) 27 2 3 6) 27
khivélchikhix:y:Z:é.

Vi du 3: Cho céac s6 thuc duong a,b,c théa man diéu kién: a+b+c=1.

Chtng minh rang: S(a2 +b’ +c2)—6(a3 +b’ +c3) <l.
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Loi giai:

Khong mét tinh tong quat gia str: @ =min{a,b,c} suyra a < % Bit dang
thirc twong duong voi

S[a2 —i—(b-i—c)2 —2[)0} < 6[a3 +(b—i—c)3 —3bc(b+c)}+1

& 5| a+(1-a) ~2bc |<6[ @ +(1-a) ~3be(1-a) |+ 1< (9a—4)be+(2a-1) =

2 2
.bat ¢ =bc thi 0<t§(b;CJ :(l;a] . Ta can chtig minh:

-
f(t):(9a—4)t+(2a—l)2 >0 véi moi te[O;(l_Ta] .Do 9a-4<0 suy

2
raham s6 f(¢) nghich bién. Suyra f(¢)> f((l_Taj = %a(3a —1)2 >0.
Ding thirc xay ra khi va chi khi a:bzc:%.

Van dé 2: HAM SO BAC HAI
Kién thirc cin nhé.
Ham s y=ax’ (a= 0): Ham s6 xéac dinh véi moi sb thuc x
Tinh chat bién thién:
+) Néu a >0 thi ham sb dong bién khi x > 0, nghich bién khi x<0.
+) Néu a <0 thi ham ddng bién khi x <0, nghich bién khi x> 0.

bo thi ham s6 1a mot duong Parabol nhan géc toa dd O lam dinh, nhan truc
tung lam truc ddi ximg. Khi a >0 thi Parabol c6 bé 16m quay 1én trén, khi
a <0 thi Parabol ¢ bé 16m quay xudng dudi.
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Vidu 1.

a) Hay xac dinh ham s6 y = f(x)=ax’ biét rang do thi ctia né di qua
diém A(2;4).

b) V& do thi cia ham s6 da cho ‘

¢) Tim céc diém trén Parabol c6 tung d bang 16.

d) Tim m sao cho B(m;m3) thudc Parabol.

e) Tim cac diém trén Parabol (khac gbc toa d6) cach déu hai truc toa
do.

Loi giai:

a)Taco Ae(P)=4=a2" < a=1

b) Do thi Parabol c6 dinh 1a géc toa do
0(0;0) quay bé 16i xudng dudi, 6 truc
dbi xtmg 1a Oy di qua cac diém

M (L1),N(-L1),E(3;9),F(-3;9)

¢) Goi C la diém thudc (P) c6 tung do béang 16.

Taco: y. =16 < x’. =16 < x. =+4. Vay C(4;16) hoac C(—4;16).
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d) Thay toa do diém B vao (P) ta dugc:

m3:mz<:>m3—m2=0©m2(m—1)20®m=0 hodac m=1.

e) Goi D la diém thudc (P) cach déu hai truc toa d0. Ta co:
d(D,Ox)= |yD| =x,:d(D,0y)= |xD| . Theo gia thiét ta co:
xD|©|xD|=O (loai) hoidc |xD|=1.V£1y D(L1) hodc D(-11).

2 _
Xp =

Vi du 2: Mot xe tai co chiéu rong 1a 2,4 m chiéu cao 12 2,5 m mudn di qua
mat cai cong hinh Parabol. Biét khoang cach giita hai chan cong 1a 4m va
khoang cach tir dinh cbng t6i mdi chan cong 1a 25 m( Bo qua do day cua
cong).

1) Trong mit phing toa dd Oxy goi Parabo (P):y=ax’ véi a<0 1a

hinh biéu dién cong ma xe tai mudn di qua. Chimg minh a =—1.
2) Hoi xe tai c6 di qua cong duoc khong? Tai sao?

(Trich dé tuyén sinh véo 16p 10 — Truong THPT chuyén DPHSP Ha Noi
2015-2016)

Loi giai:

1) Gia st trén mat phéng toa do, do dai cac doan théng duoc tinh theo
don vi mét. Do khoang cach giita hai chan c6ng 1a 4 m nén MA = NA=2m .

Theo gia thiét ta co0 OM = ON = 25 , ap dung dinh ly Pitago ta tinh duogc:
OA =4 viy M(2;—4),N(-2;—4). Do M (2;-4) thudc parabol nén toa do
diém M thoa man phuong trinh: (P):y=ax’ hay 4=a2’ = a=-1 va
(P):y=—x".

2) Dé dap tmg chiéu cao trude hét xe tai phai di vao chinh giita cong.

Xét dudng thing (d) [y = —%
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(&ng v6i chiéu cao cia xe). Puong

, , . y
thang nay cat Parabol tai 2 diém
2 )
y=-x e ;
c0 toa do thoa man hé: 3
y=-= —B—H
2
, 3 32 3
X =— = —’y = ——
- 2 2 2 N wy
_3 32 3
y 5 X=———;y=—=
? 2 y=x’
suy ra toa d¢ hai giao diém la
T —ﬂ;—2 H ﬂ;i — HT =32 >2/4. Vay xe tai ¢6 thé dj qua
2 2 2 2
cong.

Vi du 3. Trong mit phing toa 40 Oxy cho dudng thang d:y =—1 va diém
F(0;1). Tim tit cd nhimg diém / sao cho khoang cach tir 7 dén d bang
IF .

Loi giai:
Gia str diém I(x;y). Khi d6 khoang cach tir 7 dén d bang |y+1| va
IF =x* +(y-1)" . Nhu vy (y+1)" =x*+(y—1)". Tir dy suy ra

y= %xz . Do d6 tap hop tat ca nhimng diém 7 sao cho khoang cach tir / dén

d bing IF 1a duong Parabol (B):y = %xz.

Vi du 4.

a) Xac dinh diém M thudc dudng Parabol (P):y =x" sao cho d¢ dai
doan IM 1a nhé nhét, trong d6 1(0;1).
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b) Giastrdiém A chay trén Parabol (P) : y=x". Tim tap hop trung
diém J cua doan OA.
Loi giai:
a) Giastrdiém M thudc dudng Parabol (P):y=x’ suy ra M(m;mz).
Khido IM* =m® +(m*~1) =m" —m® +1. Viy

1Y 3.V3 .. . B J2

2
IM = || m*——=| +=>——.Tathady IM nhé nhat bing — khi m =+~
2 4 2 2 2
ha M[i 1]
2
b) Gia sur diém A(a;az) thude (P):y=x".Goi I(x;y,) la trung

X1=

. Vay tap hop cac trung diém / cua

a

.2 2
diém doan OA .Suy ra

a

2

V= = 2x12

2
doan OA 1a duong Parabol (P):y=2x".

Vi du 4. Trong mit phing toa dd Oxy, cho hai diém 4 va B chay trén
parabol (P):y=x" sao cho 4,B#0(0;0) va O4 L OB.Giasir I 1a trung

diém cua doan AB.

a) Tim quy tich diém trung diém 7 cta doan 4B.

b) Puong thing AB ludn ludn di qua mot diém cb dinh.

¢) Xac dinh toa do diém 4 va B sao cho d6 dai doan AB nho nhét.

Loi giai:

a) Gia stt 4(a;a’) va B(b;b’) 1a hai diém thuoc (P). Dé 4,B = 0(0;0)

va OA 1 OB ta can diéu kién: ab#0 va OA> + OB* = AB* hay ab #0 va
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a’+a*+b*+b* =(a- b) (az—bz)z.Rﬁtgonhaivétadu’o’c: ab =—

Goi I(x;;,) la trung diém doan AB. Khi do:

a+b
X, = 5
. Vay toa do diém 7 théa mén
a’+b’ (a+b) —2ab 5
= B 7 =2X1 +1

phuong trinh y =2x” +1.

Ta ciing c6 thé tim diéu kién d¢ 04 1L OB theo cach sir dung hé s6 goc:
2

Pudng thang OA c6 hé sb goc 1a k, =— = a, dudng thang OB c6 hé s6
a

2

goc 1a k, :%:b. Suy ra diéu kién dé 04 L OB 1a ab=—

b) Phuong trinh duong thing di qua 4 va B 1a (A4B): e ;2 hay
—a -a’

(4AB):y=(a+b)x—ab=(a+b)x+1. T diy ta d¢ dang suy ra dudng

thing (AB):y=(a+b)x+1 ludn luén di qua diém cé dinh (0;1).

1 A A g 2 2 2 2
¢) Vi OA L OB nén ab=-1. D0 dai doan AB:\/(a—b) +(a —b ) hay

AB=+Ja’ +b* —2ab+a* +b* —24°h> Ap dung bit ding thirc Cb si ta co

a’+b*> , a'+b*>2a%*. Ta co:

AB > \[2|ab|+2+2a** ~2a*h* =2. Viy AB ngin nhét bang 2 khi
a’=b*,ab=-1. Taco thé chi ra cdp diém d6 la: A(-1L1) va B(L1) .
Vi du 5) Trong mit phang toa dd Oxy cho Parabol (P):y =x’, trén (P)
lay hai diem A(-1;1),B(3;9).

a) Tinh dién tich tam giac OA4B .
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b) Xac dinh diém C thudc cung nhd 4B cua (P) sao cho dién tich
tam giac ABC 16n nhat.
Loi giai:

a) Goi y=ax+b la phuong

trinh dudng thiang AB.

, {a.(—1)+b:1 {a =2
Ta co =

al3+b=9 b=3

suy ra phuong trinh duong thang 4B
(d):y=2x+3. Dudng thing AB cit

truc Oy tai diém I (0;3). Dién tich tam gidc OAB la:

Sous=Suu +Sog = %AH.O[ +%BK.OI .Tacé AH =1;BK =3,0I =3 . Suy

ra S,,; =6 (dvdt).

b) Giasir C(c;c’) thude cung nho (P) véi —1<c<3. Dién tich tam
i4¢: S e = S s =S e = Syecry - Céc tir gide ABB'A', AA4'C'C,CBB'C’

déu 1a hinh thang vudng nén ta c6:

Sisc = 7'4 -

tam giac ABC 16n nhat bang 8 (dvdt) khi C(1;1).

) 2
1+9 1+c .(C+1)—9+C .(3_0):8_2(0—1)2 SS.Véy dién tich

Vi du 10) Trén mit phang toa dd Oxy cho duong thing (d ) iy=—x+6 va
parabol (P) cy=x".
a) Tim toa do cac giao diém cua (d ) va (P) .
b) Goi A4, B la hai giao diém cua (d ) va (P) Tinh dién tich tam
gidc OAB . (Trich d& tuyén sinh vao 16p 10 THPT Ha Noi nim
2014)
Loi giai:
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1) Phuong trinh hoanh d¢ giao diém cua (P) va (d) la:
X=—x+6x+x-6=0<x=2vx=-3.Taco y(2)=4y(-3)=9.
Vay toa do giao diém cua (P) va (d) 1a B(2;4) va A(-3;9).

2) Goi A',B' 14n luot 13 hinh chiéu cua 4, B Xuéng truc hoanh.
Ta C(,) SAOAB = SAA'B'B - SAOAA' _SAOBB'
Ta c6 A'B':|xB, —xA,|=xB. -x,=5A4"'=y,=9;BB'=y, =4
Suape =B i 9% 5 65 5 L aga0- ]

65 (27
@vdt) = S, 05 =S.uss = Swous —Swoss = ?—(?+ 4) =15 (dvdt).
Phwong trinh béc hai va dinh ly Viet
Kién thirc cin nhé:

Doi v6i phuong trinh bac hai ax® +bx+c=0(a = 0) c6 biét thic

A=b*—4ac.

+Néu A <0 thi phuwong trinh v nghiém.

+Néu A =0 thi phuong trinh ¢6 nghiém kép x = —Zi.
a

—b+x/K_

+Néu A >0 thi phuong trinh c6 hai nghiém phan biét: X, = 5
a

_-b-vA

2 2a
Cong thirc nghiém thu gon : Khi b =2b", taxét A'=b"—ac . Khi do:

+Néu A'<0 thi phuong trinh v6 nghiém.
+Néu A'=0 thi phuong trinh c¢6 nghiém kép x =——.
a
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—b'+\/E.

+Néu A'> 0 thi phuong trinh c6 hai nghiém phan biét: X, = 5
a

—b'—~JA

X, =
2
2a

SU TON TAI NGHIEM CUA PHUONG TRINH BAC 2
Dé ching minh mot phuong trinh bac 2 ¢6 nghiém. Thong thudng ta ching
minh: A >0 dua trén cac k¥ thudt nhu bién dbi twong duong dé dua vé
dang (Ax+ B)2 >0, kién thirc vé bat dang thirc , bat phuong trinh, trong
mot s6 bai toan kho ta can ndm bét duge nhiing tinh chét dic biét cua tam

thire bac 2 dé van dung.

Ngoai cac kién thirc co so trong SGK ta can nam thém mot so két qua, bo dé
quan trong sau:

+Moi tam thire bic 2: f(x)=ax’ +bx+c véi a#0 déu c6 thé phan tich

2
thanh dang f(x)= a(x+iJ _ A 6 A=b—4ac.
2a 4a
+ Pé chimg minh mot phuong trinh bac hai f(x) =ax’ +bx+c= O(a * 0)

c6 nghiém ngoai cach ching minh A >0 ta con c¢6 cach khac nhu sau:”Chi
ra s thye & sao cho a.f (@) <0 hodc hai sb thuc a, B sao cho:

fa).f(B)<0”.

Thét viy ta c6 thé chirng minh diéu nay nhu sau:

+Taco a.f(a)=a’ [a—i—i]z— A l<o=
' 2a) 4a’ |
2 2
(a+ij —AZSO:AZZ a+ij > 0= A >0 suy ra phuong trinh
2a 4a 4a 2a
cO nghiém.
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+ Xét (a.f(a))(a.f(B))=d’f(a).f(B)<0= trong hai s6 af () va
af (B) c6 mot sé khong duong, tic 1a af (a)<Ohodc af (B)<0 =
phuong trinh c6 nghiém.

Vidu 1). Gidi cac phuong trinh sau:

1) x’-5x+6=0

2) 2x*+3x+1=0.

3) xz—(2+\/§)x+2\/§:O

4) xz—(2m+l)x+m2+m:O.

Loi giai:

1) Taco A=(-5) -4.1.6=1=A=1.

5-1
x12?=2
Phuong trinh ¢6 2 nghiém phan biét 5' |
+
XZZF::;
2) Tacod —2x*+3x+1=0A=3"-4(-2).1=17=JA =17
L3173+
Ph h o6 2 nghiém phanbict | L2 *
uvong trinh c6 2 nghiém phan biét
. _—3+\/ﬁ_3—\/ﬁ
o 2(2) 4

3) Taco:

A=(2+43) ~42v3=(2-+3) = VA =23 Phuong trinh c6 hai

2+3+2-43
X = 5 =2
nghiém phan biét la: ,
sHemp 2+43-(2-3)
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4) A=(2m+1) —4(m’ +m)=1.

2m+1+1
X, =———=m+l
Suy ra phuong trinh c6 hai nghiém phan biét la:
2m+1-1
T

Vi du 2. Cho phuong trinh: (m—1)x*-2(m+1)x+(m—-3)=0 (1)

1. Giai phuong trinh (1) khi m =2
2. Tim m dé phuong trinh (1) c6 nghiém kép.
3. Tim m dé phuong trinh (1) ¢6 hai nghiém phan biét.

Loi giai:

1. V&i m =2 ta c6 phuong trinh: x> —6x—1=0 . Tacod
A'=(—3)2+1:10nén phuong trinh ¢6 2 nghiém 1a: x=3-+/10 va

x:3+\/ﬁ.

2. Phuong trinh (1) c6 nghiém kép khi va chi khi:

{(m1)¢0 @{mil .

A= (m+1f —(m-1).(m=3)=0 " l6m=2=0" "3

3. Phuong trinh (1) c6 hai nghi¢m phan biét khi va chi khi

{(ml);tO {mil m> L

2 = 3.
A':(m+1) —(m—l).(m—3)>0 6m—-2>0 ezl

Vidu3.Cho a+b>0,b+c>0,a+c>0.Ching minh ring phuong trinh

sau c6 nghiém: (a+b+c)x’ —2\/3(a3 +b’° +c3)x +(a2 +b* +c2) =0.
Loi giai:
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Néu a+b+c=0 thitir gia thiét tasuy ra @ =b =c =0. Do vy phuong
trinh ¢ v6 s6 nghiém.

Dudi day ta xét truong hop a+b+c#0.

Ta co: A'=3(a3+b3+c3)—(a+b+c).(a2+b2+c2)
=2(a3+b3+c3)—ab(a+b)—bc(b+c)—ac(a+c)

:(a3 +b’ —ab(a+b))+(b3 +c —bc(b+c))+(a3 +c —ac(a+c))
=(a+b).(a—b)2+(b+c).(b—c)2+(a+c).(a—c)2 >0.

Do a+b,b+c,a+c>0. Tu dé suy ra phuong trinh da cho c6 nghiém.
Vi du 4: Cho phuong trinh: ax> +bex +b> + ¢ —4abc =0 (1)

(a # 0) v6 nghiém. Chimg minh rang trong hai phwong trinh sau ¢ mot

phuong trinh v6 nghiém va mot phwong trinh ¢6 nghiém: ax” +bx +c =0
(2) vaax’+ex+b=0 (3).

Loi giai:
Vi (1) vé nghiém nén ta co:

A =bc’ —4a(b3 +c —4abc) <0< (b2 —4ac)(02 —4ab) <0(*)
Phuong trinh(2) ¢6: A, = b” — 4ac; Phuong trinh (3) c6: A, =c* —4ab

Nén (*) < A,.A, < 0= trong hai s6 A,,A, luén c6 mot sé dwong va mot sd
am dan dén trong hai phuong trinh (2) va (3) ludn c6 mot phuong trinh co
nghiém va mot phuong trinh v nghiém.

Vi du 5)

a) Cho cac s6 duong a,b,c thoa man diéu kién a+2b+3c=1. Chung

minh rang co it nhat mot trong hai phuong trinh sau ¢6 nghiém
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4x* —4(2a+1)x+4a2 +192abc+1=0 va
4x* —4(2b+1)x+4b* +96abc+1=0.

b) Cho cac s6 a,b,c théa man diéu kién a +b+ ¢ = 6. Chirng minh
rang it nhit mot trong ba phuong trinh sau ¢6 nghiém : x* +ax+1=0;
X 4+bx+1=0x"+cx+1=0

¢) Chimg minh rang trong ba phuong trinh sau c6 it nhat mot phuong
trinh c6 nghiém: ax® +2bx+c¢=0 (1); bx’ +2cx+a=0 (2)
cx’ +2ax+b=0 (3).

Loi giai:

a) Hai phuong trinh trén 1an luot co

A', =16a(1-48bc),A", =16b(1-24ac). Vi a,b 1a cc s6 duong nén
A',,A", 1an lugt cing du voi 1-48bc va 1—24ac . Mit khac ta lai co

1—48bc+1—24ac:2—24c(a+2b):2—24c(1—3c):2(6c—1)2 >0.Dan

dén A, +A, >0. Vay co it nhat mot trong hai phwong trinh trén c6 nghiém.

b). Ba phuong trinh da cho 1an lugt c6 A, =a’ —4;A, =b* —4 A, =c* — 4.
Dodd A, +A,+A,=a’ +b* +c” —12.
Lai co

3(a2 +b° +cz):(a+b+c)2+(a—b)2 +(b—c)2 +(c—a)2 2(a+b+c)2.Suy

+bh+c) 6
ra a’+b*+c’ 2%:%:12.D0d6 a’+b>+c*-12>0 hay

A +A,+A;20. Vay co it nhat mot trong ba phwong trinh da cho ¢6

nghiém.

¢) Néu Trong ba s6 a,b,c¢ c6 mot sé bang 0, ching han a = 0= (2)c6

nghi¢ém x=0.
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Ta xét a,b,c 1a cac s6 thue khéc 0, khi d6 ba phuong trinh da cho 1a ba
phuong trinh bac hai 1an lugt c6 :A'|, =b* —ac;A', =c* —ab;A', = a* —bc.

Xéttong A, +A, + A, ta co:
1
A +A+A =a’+b*+c* —ab—bc—ca =5|:(a—b)2 +(b—c)2 +(c—a)2} >0
Suy ra trong ba sd A'A' A et nhat mot s6 khong am hay ba phuong
trinh da cho c6 it nhit mot phuong trinh c6 nghiém.

Vi du 6)

a) Cho tam thtrc bac hai f(x)=x"+bx+c trongdd b,c la céc s

nguyén. Chimg minh rang, ton tai sé nguyén k& dé duoc

f(k)=£(2015).1(2016) .

b) Cho tam thirc bac hai f(x)=x*+bx+c .Gia s phuong trinh
f(x)=x c6 hai nghiém phan biét. Chimg minh rdng phuong trinh
f(f(x)) =x co 4 nghiém néu: (b+1)2 >4(b+c+1) .

Giai:

a) Day la bai toan kho: Dé chirg minh su ton tai ctia sb & ta can chi ra
tinh chat:
Vi moi da thire bac 2 dang f(x)=x"+ px+¢. Ta ludn ¢6

f(f(x)+x):f(x).f(x+l) v6i moi x . That vay ta co:

f(f( )=[f x)+x}2+b[f(x)+x]+c

=7 ( )+2f( )x+x2+b.f(x)+bx+c

= f2(x)+2f (x)x+b.f (x)+x* +bx+c

=12 (x)+2f (x)x+bf (x)+ f(x)

=f(x)[ f(x +2x+b+1]:f(x)[x2+2x+1+b(x+1)+c]:f(x).f(x+1)

Tro lai bai toan chon x =2015 ta co
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f(£(2015)+2015) = (2015).(2016). Tasuy rasé k can tim chinh la
k= f(2015)+2015.
b) Taco: f(f(x))—x=/f7(x)+bf(x)+c—x
= f(x)[f (x)=x]+x[ f(x)=x]+b[ f(x)—x]+x* +bx+c—x hay
f(f(x))—x=[f(x)—x][f(x)+x+b+l]=[f(x)—x][x2 +(b+1)x+b+c+1]

D¢ y rang phuong trinh x2+(b+1)x+b+c+1=0 co
A=(b+1)2—4(b+c+1)>0 va f(x)—x=0 c6 2 nghiém phéan biét nén
suy ra f(f(x)) =x c0 4 nghiém.

Chu :

+ Dé chimg minh trong n s6 a,,a,,...a, co it nhat mot sé khong am (hoic
mot s6 duong) ta chi can chimg minh tong ka, + k,a, +....+ k,a,>0 trong
do k,k,..k,>0.

Vi du 7: Cho a,b,c 1a cac sb thuc c6 téng khac 0. Chimg minh rang
phuong trinh sau luoén ¢6 nghiém:
a(x—a)(x—c)+b(x—c)(x—a)+c(x—a)(x—b) =0 (1)

Cach 1: (1)<::>(a+b—i—c)x2 —2(ab+bc+ca)x+3abc:O (2)

Vi a+b+c#0 nén (2) la phuong trinh bac hai, do d6 dé chimg minh
phuong trinh c6 nghiém ta chi cdn chimg minh A'> 0

Ta co:

A'= (ab+bc+ca)2 —3abc(a +b+c) =a’b’ +b’c’ +c’a’ —abc(a +b+c)

= %[( b —bc)2 + (bc —ca)2 +(ca - ab)z} > 0. Vay phuong trinh da cho luén
cO nghiém.

Cich 2: Goi f(x) l1a vé tréi clia phuong trinh (1). Ta c6:
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f(O)——3abc f(a) a( )(a c) f(b):b(b—a)(b—c);f(c):c(c—a)(c—b)
= f(0).f(a).f(b).f( —3[abc a-b)(b-c)(c- a)] < 0 = trong bén
s6 £(0 ),f(a),f(b),f(c) ludn ton tai hai sé c6 tich khong dwong. Dan

dén phuong trinh d3 cho luén c6 nghiém.

Vi du 8: Cho a,b,c thoa man: 3a + 4b + 6¢ = 0. CHimg minh rang phuong

trinh sau luoén cé nghiém: f(x) =ax’+bx+c=0

Cach 1:

* Néu a:0:>4b+6c:O:>c:—§b:>f(x)zb(x—%jéf(x) co

nghié¢m
*Néu a =0 ta co:

2 2
A=b2—4ac=%—4ac=@zo:f@)=0cé nghi¢m

Cach 2: Ta co:
2f(1)+4f[%j:2(a+b+c)+4(%a+%b+cJ:3a+4b+6c:0
:»f(1):-zf@jf(l).f@:-—f [ j<0:>f( )= 0c6 nghiém.

Cach 3: Taco

3(3a+4b+6¢c)-2 2
f(0)=cf 3 o2 gidpa o 2ati2brl6e (34 ¢)-2_ ¢
4) 16 4 16 16 8

Suyra f(0).f (%j <0 suy ra phuong trinh ludn c6 nghiém.

Nhdn xet:
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V6i cach giai thir hai thi viéc kho nhét 13 phai ching minh duoc ding
thire: 2 /(1) + 4f(%j =0. Tai sao ta xétf(l),f(%] va nhan thém céac hé
s6 2 va 4. Vay ngoai hai gia tri f(l),f(%} ta con c6 nhitng gia tri nao
khac khong? Cau tra 16i 1 c6, chang han ta xét f(1), f [%), £(0). Tacan
xéc dinh hé s6 m,n, p >0 saocho: mf (1)+ nf(%j +pf (0)=3a+4b+6c.

DPong nhét cac hé s ta c6 hé phuong

m+in:3
9

trinh: m+£n:4 @mzl,nzg,pzl.\/éyta
3 2 2

m+n+p==6

co: 2f(1)+9f(§)+f(0) = (0 = trong ba s6 f(l),f(%j,f(O) t6n tai mot
s6 khong 4m va mot s6 khong dwong, dan dén tich hai sb d6 khong duong
hay phuong trinh c6 nghiém.

Cach gidi thir 3: Tai sao ta chi ra dugc f (%) . Diéu nay 13 hoan toan tyr

nhién néu ta can tao ra mot ty 1€ 3a:4b dé tan dung gia thiét:
3a+4b+6¢c=0

Ta xét bdi todn tong qudt sau:
Vi du 9: Cho cac sb thuc duong m,n,p théa man: n < m;mp < n’
.a b c , oo . 2
va— +—+— = 0. Chimg minh rang phuong trinh: f (x)=ax* +bx+c=0

m n p

(1) c6 nghiém x € (0;1)
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Giai: Dé chirng minh (1) ¢6 nghiém x e (0;1), ta s& chi ra cac s6 thuc

a, B e(0;1)sao cho f(a).f(B)<0.Via,Be(0;1) vaco gia thiét
2

n n < .
=a—+b—+c.Matkhac
m m

n A X A . n
n<m<> — <1 nén dan dén ta xét: f(—

m m

2 2 2

2
u‘x:i+2+3=O:ﬁ(a.”—+bﬁ+cj+c[l—ﬁ]=0

m n p n m m p n
2 2 2
Q%f[ﬁ}-c-n éam:O@f(lj:Pm n czpm n f(O)
n m pn m pm pm
*Xét c=0

-Néu a=0=b=0= f(x) 1a da thirc khong, do @6 f(x)s& c6 nghiém
trong (0;1)

A N . & b n .
-Néu a#0, tr gid thiet = ——=—<1 va
a m

f(x)=x(ax+b)=0<:>x=—ée(0;l)

a

2
* Xét ¢ # 0 taco: f(ij.f(o) 7T £2(0)<0= f(x)c6 nghiém
m pm

xe (o;ﬁj < (01)

m

VAN DUNG PIEU KIEN CO NGHIEM CUA PHUONG TRIiNH BAC
2 TRONG BAI TOAN CHUNG MINH BAT PANG THUC
GTLN,GTNN (Phwong phap mién gia tri ham so)

2
Bai toan 1: Tim GTLN, GTNN cita biéu thire y =% 2+ (g

mx’ +nx+ p

mx* +nx+ p>0Vx.

Phuong phap:
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Goi y, 1a mot gia trj cua biéu thirc: Khi do

ax’ +bx+c 5
= &S (ym—a)x +(yn->b)x+ —c=0.(*
Yo mx2+nx+p (yo ) (yo ) YoP (*)

Ta xét 2 truong hop:

X a \ . a ..
+Neéu yym—a=0< y, =— thay vao (*) tatim duoc x suyra y,=— Ia
m m

mot gia tri cua biéu thuec.

+Néu y,m—a+0< y, #— thi (*) 1a phuong trinh bac 2 4n x. Didu kién
m

dé phuong trinh c6 nghiém 1a: A >0. Tir d6 ta suy ra diéu kién cta ¥, - Trén

co s& d6 ta tim dugec GTLN, GTNN (néu c6) cua biéu thirc.

+ Ngoai ra trong qua trinh ching minh bt dang thic ta cin nim két qua

bY A bY A
sau: Ta co: a. =d*|| x+— | —— |=a*| x+— | —==.Tudosuyra
af(x)=a Kx 2aj 4a2} ¢ (x 2a] 4 g

Néu A<0 thi a.f(x)20< a, f(x) ludn cing déu. Mot két qua thuong
xuyén sir dung trong giai toan 1a: “Néu tam thirc bac 2 : f (x) =ax’ +bx+c

co a>O,A£0:f(x)20,Vx.”

Vi du 1: Tim GTLN, GTNN ctia cic biéu thirc:

a) = a
Y x*=5x+7
b) sz 28x+7
x +1
2 2
) A=2X 2O s,

x> +2xy+5y°
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B 2x” +12xy

=——— "= biét x’ +° =1 (D& TS DH khdi B- 2008)
1+2xy+2y

d)
Loi giai:

2
a) Do x’—5x+7= (x—%) +% >0, Vx suy ra biéu thirc y ludn xac
dinh véi moi x. Goi y, la mdt gid tri cia biéu thuc khi d6 ta co:

2
X

Yo :mﬁ(yo—l)xz —5yx+7y,=0 (*)

+Néu y, =1:>—5x+7=0<:>x=% diéu d6 co nghiala y, =1 la mot gia
trj ctia biéu thirc nhan dugc.

+Néu y, #1 thi (*) 1a mot phuong trinh bac 2 ¢6

A=(5y, )2 —4.(y,—1).7y, = »,(28—=3y, ). Phuong trinh c6 nghiém khi va

chi khi AZO@OSyOS?. Dé y rang véi mdi gia tri ¥, =0 hodc

Yo :% thi A=0 nén
+ GTNN ciia y 14 0 khiva chikhi x=——20 _—0.
(J’o_l)
28
5y, ST 14

+GTLNCf1aylé?khivéchikhix:—z = =—.

b) BDKXD VxeR.

2
Taco P=""3*7 . (p_1)x* +8x+(P-7)=0 (1).Coi(l) Ia

x*+1

phuong trinh bac hai 4n x.

Truong hop 1: P-1=0< P=1 thi x:% *)
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Truong hop 2: P—1#0< P #1 phuong trinh (1) c6 nghiém khi

A'>0# P’ -8P-9<0< (P+1)(P-9)<0& -1<P<9 (*%).
Két hop (*) va (**) ta c6 min P=—I;max P=9.

2x% —2xy+9y°
x>+ 2xy+5y°

c) A= . Biéu thitc 4 c6 dang dang cap bac 2.

T S S \ as X . 2672149 ,
Ta chia tir s0 va mau s6 cho y* vadit t=—thi 4=————-. Taco
y t"+2t+5

£ +2t+5=(t+1)" +4>0 véimoi ¢. Goi A4, 1a mot gid tri ctia biéu thirc.

26> —2t+9

Khi d6 ta c6: 4; =—
1 +2t45

& (A4, —2) +(24, +2)t+54,-9=0 (*¥)
+Néu 4, =2 thi t=—% suy ra 4, =2 la mot gia tri ctia biéu thirc nhan

duoc.

+Néu 4, #2 thi (*) 1a mot phwong trinh bac 2 co
A'=(4,+1) —(A4,~2)(54, —9) =442 +214, 17 Didu kién dé phuong
trinh ¢6 nghiém la

A'>0& 442 +214,-1720 = (1- 4,)(44,-17)20 = 1< 4, s%m

do ta co GTNN cua A4 1a 1 khi va chi khi t=—AO—+;=2<:>x=2y.GTLN

cila 4 1a ) Khivachikhi r=—0 LT T
4 4-2 3 3

d) Néu y=0 thi x¥’=1=P=2x"=2.

23X +12xy  2x7+12xp _2(t2+6t)

14+2xy+2y> X2 +2xy+3y° £ +2t+3

Gidi trong tu nhu cau b) Tacd -6 < 4 <3. Suy ra GTNN cua 4 la —6 dat

Xét y#0 dat x=¢y thi 4=
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. GTLN cua

xXy+yz+zx =28

Vi du 2: Cho cac s6 thue x, v,z théa man diéu kién: { im

x+y+z=35
GTLN, GTNN cua x.

Loi giai:

yz=8—x(y+z)

(*) hay
y+z=5-x

Ta viét lai hé phuong trinh dudi dang: {

{yz:S—x(S—x)

5 (*). Vi x,p,z 1a céc s6 thuc thoa min (*) nénsuyra y,z
y+z=5-x

1a hai nghiém cua phuong trinh: > —(5—-x)7+8—5x—x" =0 (**).

Diéu kién dé phuong trinh (**) c¢6 nghiém la:

A:(S—x)2 —4(8—5x+x2):—3x2+10x—720<:>(7—3x)(1—x)20 hay

1<x<

W |

Khi x=1=2¢=2=y=z=2 nén GTNN cua x la 1.

Khi xz%:tz%:y:z:§ suy ra GTLN cua x:%.

Vi du 3) Cho céc s6 thuc x, y,z théa man diu kién: x+y+z=1. Tim
GTLN cuia biéu thirc: P=9xy+10yz+11zx.

Loi giai:
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Thay z=1-x-y vao P taco:
P:9xy+z(10y+11x)=9xy+(l—x—y)(10y+11x)
:—11x2+(11—12y)x—10y2+10y hay

11x* +(12y—11)x+10y* =10y + P = 0. D¢ phuong trinh c6 nghiém diéu
kiénla A>0< (12y-11)° -4.11(10y* ~10y+ P) > 0 hay

~296y +176y+121-44P >0

22 121]__74( _11)2 495 _ 495

—y—— — — | +——<——=.Do do
377 296 11 27 148 148

< P< —%(—yz +

GTLN cua P la 935 dat duogc khi xzégyzﬂ;z:ﬂ.
148 74 37 74

Vi du 4) Cho céc s6 thuc duong a,b,c sao cho a+b+c=3. Ching minh

rang: a+ab+2abc S%.

Loi giai:

Tir gia thiét ta suy ra b =3 —a—c. Ta bién d6i bat dang thic thanh:
a+a(3—a—c)+2ac(3—a—c)—%£0<:>(20+1)a2+(2cz—50—4)a+%20
coi day 1a ham s bac 2 clia a. Xét f(a):(2c+1)a2+(202—50—4)a+%
ta c6 hé s clia @’ 14 2c+1>0 vata co:

A=(26 ~5c-4) ~18(2c+1)=(2¢~1)’ (* —4c~2) =
(2¢-1)"[¢(c-3)-c-2]<0 do 0<c<3. Suyra f(a)>0, du bing xay

ra khi va chi khi a:i,bzl,c:l.
2 2

PINH LY VIET VOI PHUONG TRINH BAC 2

Kién thiwre can nho:
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Dinh Iy Viet: Néu x,,x, la hai nghiém cua phuong trinh
X tx,=——

ax2+bx+c:0,(a¢0) thi a *)

_c
XX, =—
a

Ghi chu: Trudc khi st dung dinh 1y Viet, chung ta can kiém tra diéu kién
phuong trinh c6 nghiém, nghiala A>0.

MGt s6 irng dung co bén ciia dinh Iy Viet

+ Nham nghiém ctia mot phuong trinh béc hai:

Néu a+b+c=0 thi phuong trinh c6 hai nghiém la x =Lx, = <
a

Néu a—b+c =0 thi phuong trinh ¢ hai nghiém la x =-Lx,= £

+ Tinh gid tri cia biéu thire g(x,,x,) trong d6 g(x,,x,) la biéu thire déi
xung gitra hai nghiém x,,x, ctua phuong trinh (*):
Bude 1: Kiém tra diéu kién A >0, sau d6 ap dung dinh 1y Viet.

Buéc 2: Bicu dién biéu thirc g(x;,x,) theo S =x, +x,, P =x,.x, tir d6 tinh

duoc g(x,x,).
Mot s6 biéu thire ddi xirng giira hai nghiém thwong gip:

X, +x; :(x1+x2)2—2x1x2 =S*-2P;
X, +x :(x1 +x2)3—3x1x2(x1 +x2):S3—3SP;

X, +x; :()c12+x22)2—2x12x22 :(Sz—2P)—2P2 =8*-48’P+2P%;
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|x1 —x2|=\/(x1 —xz)2 =\/(x1 erz)2 —4xx, =NS*—4P,...

+ Lap phuong trinh bac hai c6 hai nghiém 1a x,x, cho trudec:
Budc 1: Tinh § =x, +x,; P=xx,.
Budc 2: Phuong trinh béc hai nhan hai nghiém x,,x, 1a X *_SX+P=0.

+ Tim diéu kién dé phuong trinh bac hai (*) (a,b,c phu thugc vao tham )
m ), c6 hai nghiém x,,x, théa man mot diéu kién cho trude h(x,,x,)=0
(1

Budc 1: Tim diéu kién dé phuong trinh (*) c6 nghiém, nghia la A>0. Sau
d6 p dung dinh 1y Viet dé tinh S =x, +x, = —S (2)va P=x,.x, :g 3)
theo m .

Budc 2: Giai hé phuong trinh (1),(2),(3) (thuong sir dung phuong phap thé)
dé tim m , sau d6 cha y kiém tra diéu kién cta tham sb m & budce 1.

+ Phén tich da thic bac hai thanh nhéan tir: Néu phuong trinh (*) ¢6 hai

nghiém x,,x, thi ax’ +bx+c=a(x—x).(x—x,).

+ Chimg minh bét dang thirc lién quan dén nghiém cta phuong trinh béc 2
ta can chu v dén cac diéu kién rang budc sau:

Néu: x, <m<x, <::>(x1 —m)()c2 -m)<0.

. X, +x,22m
Néu m<x <x, <
(x,—m)(x,—m)=0
X, +x,<2m

Néu x, <x, <
€u x <x, mQ{(xl—m)(xz—m)ZO

Mot so vi du:
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Vi du 1. Khong giai phuwong trinh, cho biét ddu cac nghiém

a) x’—13x+20=0 ¢) Sx*+7x+1=0
b) 3x*+5x—-2=0

Loi giai:
P=xx=5=20>0
a) Taco: a 5
S=x+x,=——=13>0
a

Vi P >0 nén hai nghiém x,x, cung dau va § >0 nén hai nghiém cung dau

duong.

] c 2 R . . n . 1A
b) Taco: P=x.x, =—= —§< 0 nén hai nghiém x,,x, trai dau.
a

P:x1x2=£=l>0
a 5

c) Taco:
-b -7
S=x+x,=—=—<0
a 5

Vi P >0 nén hai nghiém x,,x, cung dau va S <0 nén hai nghiém cung dau

am.
Vi du 2: Phéan tich da thtrc sau thanh nhan tir

a) f(x):3x2—5x+2 b) g(x)z—x4+5x2—4

c)P(x;y)=6x2—11xy-|—3y2 d)
Q()c;y):Zx2 -2y*=3xp+x-2y.

Loi giai:
a) Phuong trinh 3x> —5x+2 =0 c6 hai nghiém x =1 hodc x =§
Suy ra f(x)=3(x—1)(x—§j=(3x—2)(x—l).
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b) Phuong trinh —x* +5x° ~4=0o —(x*) +5x° ~4=0& x> =1
hodc x> =4 .Suyra g(x) = —(x2 —1)(x2 —4) = —(x—l)(x+l)(x—2)(x+2) .
¢) Ta coi phuong trinh 6x* —11xy+3y*> =0 la phuong trinh bac hai an
X.
Taco A, =(1 ly)2 —4.18y* =49y” > 0. Suy ra phuong trinh c6 nghiém la

3y

+
lely—_7y<:>x:§ hoic sz.Dodé

12
P(x;y)=6(x—§)(x—37yj=(3x—y)(2x—3y)

d) Taco 2x2—2y2—3xy+x—2y=0<:>2x2+(1—3y)x—2y2—2y=0
Ta coi ddy la phuong trinh bac hai 4n x va co:
A, =(1-3y) =8(-2)" —2y)=25y" +10y+1=(5y+1)" 20

3y—1£(5y+1
Suy ra phuong trinh c6 nghiém 1a x = J (Sy+1)

< x=2y hodc

x:%_l. Do do Q(x;y):2(x—2y)(x—_y2_1j=(x—2y)(2x+y+l)

Vi du 3: Phan tich da thie f'(x)=x" —2mx’ —x+m* —m thanh tich cua hai

tam thac bac hai 4n x.
Loi giai:

Tacod x* —2mx* —x+m’ -m=0< m’ —(2)62 Jrl)m+x4 -x=0
Ta coi ddy 1a phuong trinh bac hai 4n m va co:

A, =(22° +1) —4(x* ~x) =42’ +4x+1=(2x+1) 20
2

Suy ra f(x)zO@m:%:xz+x+l hoic

2x% +1-2x -1

=2 1201

=¥ x.Dodo f(x)=(m-x—x=1)(m-x"+x).

Vi du 4:
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a) Cho phuong trinh 2x*> —mx+5=0, v6i m la tham sb. Biét phuong
trinh c6 mot nghiém 1a 2, tim m va tim nghiém con lai.

b) Cho phuong trinh x* —2(m+1)x+m’—1=0, v6i m 1a tham sb.

Tim m dé phuong trinh ¢6 hai nghiém dwong.

¢) Cho phuong trinh x* —4x =2|x— 2| —m—5,voi m 1a tham s6. Xac

dinh m dé phuong trinh c6 bén nghiém phan biét.
Loi giai:
a) Vi x=2 langhi¢m cua phuong trinh nén thay x =2 vao phuong
trinh ta duoc 8-2m+5=0m= % . Theo hé thirc Viet ta co: x,x, =§
ma x, =2 nén x, = % Vay m = % va nghiém con lai la %

b) Phuong trinh c6 hai nghiém duong

> _
A=om+2z0 |7
<SS =2m+1>0 & m>—% Sm>1
P=m’-1>0

m>lvm<l1

Vay véi m >1 thdéa man bai toan.

¢) Taco x’ —4x=2x-2|-m-5& (¥ —4x+4)-2/x-2/=-m-1

& (x=2) =2|x=2|=-m~1 (1)

Dit 1 =[x—2|>0.Khi d6 (1) thanh: /> =2r+1+m=0 (2)

Dé (1) c6 4 nghiém phan biét thi (2) ¢ hai nghiém phan biét duong, tic 1a
A>0 —4m >0

phai c6:4 P>0<{1+m>0< —1<m <0 théa min yéu ciu bai toan.
S>0 2>0

Vi du 5)
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a) Tim m dé phuong trinh3x” +4(m—1)x+m’ —4m+1=0 c6 hai

nghiém phan biét x,,x, théa man: L + L = l(x1 + X, ) .
X x, 2

b) Chimng minh ring phuong trinh: ax® +bx+c =0(a # 0)(1) c6 hai
nghiém phan biét va nghiém nay gp & (k #—1)1an nghiém kia khi va chi
khi (1+k)” ac=kb*.

¢) Tim céc gia tri cia m dé phuong trinh x* —mx+m* -m—-3=0 c6

hai nghiém x,,x, 1a d§ dai cdc canh goc vudng cua tam gidc vuong

ABC , biét d6 dai canh huyén BC =2.
Loi giai:
a) Trudc hét phuong trinh phai c¢6 hai nghiém khac 0 nén:

" 2
A=m"+4dm+1>0 {m2+4m+1>0
Rt

c mr—4m+1 (*). Khi d6 theo dinh 1y Viet ta
—=—%0 m’ —4m+1+0
a 3
4(1- -
cé:S:xl+x2:—( m);P:xlxzz—m ;lm+1

X X :l(x1 +x2) @(x1+x2)(xlx2_2)zo

1 1 1
Taco:—+— :—(x1 +x2) =
X x, 2 XX,

sSm=lm=-Im=5

+x,=0 m=1
(do x,x, ;«tO)c{x1 % c{

xx,—=2=0 m* —4m—5=0
Thay vao (*) ta thdy m = —1 khong thoa man.

Vay m=1;m=5 la gia tri can tim.

b) Gid su (1) c6 hai nghiém x,,x, va nghiém nay gip k 1an nghiém kia

thi ta co:
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<::>(1+k2))c1x2 —k(xlz+xzz):0<::>(1+k2)xlx2 —k[(x1 +)c2)2 —2x1x2}=0

2
e (1) k[ 28] 228 20 e (1442 ) ac =k (b7 —2ac) & (14 &) ac = kb
a a a ( )

Gia sir (1+ /’c)2 ac = kb* ta chi can chimg minh (1) c6 nghiém 14 duogc. Ta co:
k-1)’ ‘
A=b"—4ac=b" —izb2 =b’ % > 0. Vay ta c6 diéu phai chiing
(k+1) (k+1)

minh.

¢) Vido dai canh cia tam gidc vuong la s6 duong nén x,,x, >0.

X, +x,=m>0

Theo dinh 1y Viet, ta c6 { (1). Piéu kién dé phuong

XX, =m —m—3>0

trinh c6 nghiém 1a: A = m’ —4(m2 —m—3)20<:> 3m* —4m—12<0(2).
Tir gid thiét suy ra x? +x7 =4 < (x, +x,) —2x.x, =4. Do do

m =2(m’ —m-3)=4em’ -2m-2=0m=1£3

Thay m =1£~/3 vao (1) va (2) ta thly m =1++/3.

Vay gié tri can tim 1a m =1+4/3.

Vi du 7: Cho phuong trinh x* — mx’ Jr(erl)x2 —m(m+1)x+(m+1)2 =0.

a) Giai phuong trinh khi m=-2.
b) Tim tit ca cac gia tri ctia tham s& m sao cho phuong trinh c6 bén
nghi¢m d6i mot phan biét.
Loi giai:
a) Khi m=-2, taco phuong trinh: x* +2x" —x* —2x+1=0
Kiém tra ta thdy x =0 khong 1a nghiém ctia phuong trinh
.. g 1 1
Chia hai vé cua phuong trinh cho x* ta dugc: x* +—+ 2(1 ——j -1=0
X X
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1 1 . \ A
Dit t=x-—,suyra x’ + — = t* +2 . Thay vao phuong trinh trén ta dugc:
X X

?+2t-1=0=t=—-1.Véi t=—1 ta dugc
] —1++/5

x——=-loxX+x-1=0x= . Vay v61 m = -2 phuong tinh c6
X
" ~1£/5

nghiém x = S

b) Néu x=0 phuong trinh da cho thanh: (m+ 1)2 =0

Khi m # —1 phuong trinh vo6 nghiém.
Khi m =-1 thi x =0 1a mdt nghiém ctia phuong trinh da cho va khi do

phuong trinh da cho ¢6 dang x* +x’ =0 < { B { Trong truong hop nay
X=-

phuong trinh chi c6 hai nghiém nén khong thoa méin yéu cau bai toan.

Do d6 x#0 va m#—1. Chia hai vé ctia phuong trinh cho x* # 0 va dat

(m + 1) t=-1

X t=m+l

t=x+ . Ta thu duoc phuong trinh: tz—mt—(m+1):0<:{

Véi t=-1 taduge x> +x+(m+1)=0 (1)
Voi t=m+1 taduge x’ —(m+1)x+(m+1)=0 (2)

Phuong trinh di cho c6 bon nghiém phan biét khi va chi khi mdi mét trong
cac phuong trinh (1) va (2) déu c6 hai nghiém phan biét, dong thoi ching
khong c¢6 nghiém chung.
Pé (1) va (2) ¢6 hai nghiém phén biét khi va chi khi:
1- 4(m + 1) >0
5 Sm<-1 (%)
(m+l) —4(m+1)>0

Khi d6 néu x, 1a mot nghiém chung ca (1) va (2) thi:

{(m+1) =-x, — X,

.Suy ra (m+2)x, =0 diéu ndy tuong duong véi
(m +1) =—x; +(m +l)x0

hodac m=-2 hodc x,=0.
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Néu x, =0 thi m =—1 (khong thoa min). Néu m =2 thi (1) va (2) cing

—1++/5
2

c6 hai nghi¢m x =

Do d6 két hop véi (*), suy ra phuong trinh di cho c¢6 boén nghiém phén biét
khi va chikhi 2 #m<-1.
Vi du 8) Tim tat ca cac gia tri cua m d€ phuong trinh:
a) mx’—2(m—1)x+3(m—2)=0 c6 hai nghiém x,,x, thoa man
x, +2x, =1.
b) x’—(2m+1)x+m*+2=0 co6 hai nghiém x,,x, thoa man
3x.x, —S(xl +x2)+7 =0.
¢) x’—3x-m=0 c6 hai nghiém x,,x, thoa man
xf(l—x2)+x22(1—xl) =19.
d) 3x’ +4(m —l)x+ m® —4m+1=0 c6 hai nghiém phan biét x,,x, thoa
1

mén—+L:l(x+x)
X ox, 2 b

Loi giai:

a) Néu m =0 thi phuong trinh da cho thanh: 2x—6=0< x=3
(khong théa man)
Néum#0.Taco A'=(m—1) —m3(m-2)=-2m*+4m+1

2-6 246

Diéu kién dé phuong trinh ¢6 hai nghiém 1a A'>0 < S Sm<=—
(*). Voi diéu kién (*) gia str x,,x, l1a hai nghiém ctuia phuong trinh.
2(m - 1)
A ~ /‘\ N /4 \ r . r xl + xz - 2 - m
Tur yéu cau bai toan va ap dung Viet ta co: m > X,=—

m
X, +2x, =1
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Thay x = ™ vao phuong trinh ta dugc (m — 2(6m - 4) =0< m=2 hodc

2 hax . 2 ;
m= E Poi chiéu diéu kién ta duoc m =2 hodc m = E thoa man yéu cau
bai toan.

b) Taco: A=(2m+1) —4(m’+2)=4m—7
Piéu kién dé phuong trinh c6 hai nghiém 1a A>0< m 2%

xXx, =m’+2
2 thay vao hé thirc
X +x,=2m+1

Theo dinh ly Viet ta co: {
4

3x.x,—5(x +x,)+7=0, ta duoc 3m2—10m+8:0<:>m:§ hodc m =2

Pdi chiéu diéu kién ta duge m =2 thoa man yéu cAu bai toan.

¢) Taco: A=9—4.1(-m)=9+4m

Diéu kién dé phuong trinh ¢6 hai nghiém 1a A>0 < mZ—g

Ta co: xf(l—x2)+x§ (l—xl) =19 x' —x;.x, +x; —x;.x, =19

S XL+ —xtx, —x0x, =19 < x7+x] —x,.x, (xl +x2) =19

< (x,+x, )2 —2xx, —x.x,(x, +x,) =19. Theo dinh ly Viet ta co:

X +x,=3 o )
. Thay vao hé thirc (x, +x,)” —2xx, —x,.x, (X, +x,)=19 ta
XX, =—m
dugc: 32 —2(-m)—(-m).3=19<5m=10 = m=2
Déi chiéu diéu kién ta dwoc m =2 théa méin yéu cau bai toan.

d) Taco: A'=4(m-1)" =3(m*—4m+1)=m’ +4m+1
Diéu kién dé phuong trinh c¢6 hai nghiém la: A'>0 < m < -2 - V3 hoic

N5% 5% Theo dinh Iy

1 1 1
m>-2+3.Taco: —+—=—(x+x,) =
X ox, 2 X,.X,
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—4(m—1)

Viet ta co: , 3 . Thay vao hé thic HEH 4T
—(m —4m+1) X,.X,

3

4(m-1) 3 4(m-1) 2(m—1)(m2—4m—5)

3 mi-dm+l 6 3(m* —4m+1)

2(m-1)(m*-4m-5 =-lvm=1lvm=5
@{(m )(m” —4m )@{m vm=1vm

X +Xx,=

,ta

XXy =

duoc: —

. D01 chiéu diéu kién

m® —4m+1%0 m#2%3

ta dugc m =1 hodac m =5 thdéa man yéu cAu bai toan.
Vi du 9) Cho phuong trinh x* —(m—1)—m’+m—2=0, véi m 1 tham sb.

a) Chung minh ring phuong trinh d cho c¢6 hai nghiém trai dau voi
moi m .
b) Goi hai nghiém cua phuong trinh da cho 1a x,,x,. Tim m dé biéu

3 3
thirc 4= [ﬁ) - [ﬁJ dat gia tri 16n nhét.

Xy X
Loi giai:

2
a) Xeét a.c:—m2+m—2=—(m—%j —%<O,Vme]R

Vay phuong trinh ludn c6 hai nghiém trai ddu v6i moi m .
b) Goi hai nghiém cua phuong trinh da cho 1a x,,x,.
Theo cau a) thi x,x, #0, do d6 4 dugc xac dinh v6i moi x,,x,.

3 3
re qA A X ‘e X
Do x,,x, trai dau nén (—IJ =—t vO1 ¢t >0, suyra [—Zj <0,suyra 4<0
X X

3 3

. 1 ) 1 .

bat X =—t,v01 t>0,suyra Xl -2 Khidé A=—1—- mang gia
X, X, t t

tri &m va A dat gia tri 16n nhatkhi —4 c6 gia tri nho nhét. Ta ¢
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—A:t+122, suy ra 4 <—-2.Dang thirc xay ra khi va chi khi
t

1 - ,
t=—-t*=1=1t=1.Véit=1,tacod
t

3
[ﬁj =—1<:>ﬁ=—1<:>x1:—x2<:>x1+x2:O©—(m—1):0<:>m=1.
X X

Vay véi m =1 thi biéu thc 4 dat gia tri 16n nhat 1a —2.

Vi du 10) Cho phuong trinh 2x* +2mx+m*—2=0, v6i m 1a tham sb. Goi
xX,,x, l1a hai nghiém ctuia phuong trinh.

a) Tim hé thire 1ién hé gitta x,,x, khong phu thudc vao m .
b) Tim gi4 tri nho nhat va 16n nhat cta biéu thuc
2x,x, +3

A:
X7+ x; +2(xlx2 +1)

Loi giai:

Taco A=m*—4(m—1)=(m—2)" >0, véi moi m .
Do d6 phuong trinh luén c6 nghiém véi moi gia tri cua m .
Theo hé thirc Viet, ta co: x, +x, =m va x,x, =m—1
a) Thay m=x+x, vao xx, =m—1, ta duoc xx, =x, +x, -1
Vay hé thte lién hé gitra x,,x, khong phu thudc vao m 1a xx, =x, +x, 1.

b) Taco: x} +x; =(xl+x2)2—2xlx2 =m’>=2(m—1)=m’-2m+2.

Suyra A=—— 2 t3 _2mHl o,
X 4+x+2(xx, +1) m*+2
—m?_ 1Y)
(oo 2mtl o 2m+l-m 2_ (m )SO,VmeR

m*+2 m*+2 m*+2
Suyra A<1,VYmeR.Diu “=" xdy ta khi va chi khi m =1
1 2m+1 1 2(m+l)+m*+2  (m+2)

VéA+E_m2+2+5: 2(m2+2) _2(m2+2)

>0,VmeR

THCS.TOANMATH.com 74



Suyra 42> —%,Vm e R . Diu “=" xay ra khi va chi khi m =-2. Vay GTLN

cia 4 bang 1 khi m=1 va GTNN ciia 4 bang —% khi m=-2.

Vi du 11) Cho phuong trinh x* —2(m—1)x+2m2 -3m+1=0,v6i m la

tham s6. Goi x,,x, 1a nghiém cua phuong trinh. Chirng minh rang:
9

|x1 +x, +x1x2| <—.
8

Loi giai:

Tacd A'=(m—1)"—(2m*=3m+1)=—-m’+m=m(1-m). Dé phuong trinh
c6 hai nghiém < A'>0< 0<m <1. Theo dinh ly Viet ta co:

X, +x, :2(m—1) va x,x, =2m’ —=3m+1.Taco

|x1+x2+x1x2|:|2(m—1)+2m2—3m+1|

(3

m_—| -2
4 16

2 2
\710£m£1<:>—l£m—l£é suy ra m—l Si<:> m—l —iSO
4 4 4 4

(-3) -7
iy o
4 16

. ) . 1
Dau “=" xay ra khi va chi khi m = R

m 1
m————

=|2m2—m—l|=2
2

-

Do d6

X, +x, +x1x2| =2

Vi du 13) Cho phuong trinh x* —(2m+1)x+m’ +1=0, véi m 1a tham s.

tim tat ca cac gia tri m € Z dé phuong trinh c6 hai nghiém phan biét X, X,

. 2 , XX YR TS A
sao cho biéu thirc P =—"2— ¢0 gia trj la s6 nguyén.
X, +x
1 2
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Loi giai:
Tacd A=(2m+1)" —4(m* +1)=4m—3. Dé phuong trinh c6 hai nghiém
phan biét & A>0&m >%. Theo dinh Iy Viet ta co: x, +x, =2m+1 va

xx, m+1 2m-1_ 5
X +x, 2m+l1 4 4(2m+1)

xx,=m’+1.Dodé P= . Suy ra

4P=2m-1+

. Do m>é nén 2m+1>1
2m+1 4

Dé P eZ thita phai co (2m+1) laudccia 5,suyra 2m+1=5<m=2

Thtr lai véi m =2, ta dugc P =1 (thda man).
Vay m =2 1a gid tri can tim thoa man bai toan.

Vidu 14)
a) Tim m dé phuong trinh x> + x+m =0 c6 hai nghiém x,,x, va biéu

thire: Q= x7 (x, +1)+x; (x, +1) dat gia tri 16n nhat.

b) Cho phuong trinh x* —2(m+1)x+m’+2=0, véi m la tham so.
Tim m dé phuong trinh c6 hai nghiém x,,x, sao cho
P=xx,—2(x +x,)—6 dat gi4 tri nho nhat.

¢) Goi x,,x, 1a hai nghiém cua phuong trinh: 2x° — (3a - l)x -2=0.

2
Tim gié tri nho nhét cta biéu thic: P = é(x1 —X, )2 +2 M+L_L
2 2 XX,

Loi giai:

a) Phuong trinh c6 nghiém khi A>0< 1-4m>0<m< % (*).
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S=x+x,=-1

Khi do6 theo dinh ly Viet:{ . Ta co:

P=xx,=m
Q:S(Sz—3P)+S2—2P:mS%(d0 (*)) :maxQ:i dat duoc khi

1 . |
m=. Vay m= Zla gia tri can tim.

b) Taco A'=(m+1) —(m’+2)=2m-1
Dé phuong trinh ¢ hai nghiém < A'>0< m> % (*). Theo dinh ly Viet

taco: x,+x,=2m+2 va x,x,=m’ +2. Tacod
P=xx,-2(x+x,)—6=m"+2-2(2m+2)-6

=m*—4m—8=(m—-2)" ~12>-12. Déu “=" xay ra khi va chi khi m =2

thoa man diéu kién (*). Vay voi m =2 thi biéu thuc P dat gia tri nho nhét
bang —12.

c) Tacd:A=(3a —1)2 +16 > 0 = Phuong trinh ludn c6 hai nghiém phéan

biét. Theo dinh Iy Viet thi: x, +x, = "T;xlx2 =-1.Tacb

2
3 xx (x, —x,)—2(x, —x
Pzg(xl_xz)z"'z{ : 2( : 22x)1xz ( : 2)} :6(361_)52)2

2
= 6[()(1 -x,) —4x1x2} = 6[@+ 4] >24 . Déng thitc xay ra khi

3a-1=0< a=—. Vay minP=24.

W | —

Vi du 14: Gia str phuong trinh x*> +ax+5b =0 c6 2 nghiém 16n hon 1.
a’—a-2b S 2\b

Chtrng minh ring: > .
8 8 b—a+1 1++/b

Loi giai:
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X +x,=—a _, ., )
Theo dinh ly Vi et ta co: { b . Bat dang thurc can ching minh c6
XX, =

X X 24/x,x X X 2./x,x
dang: 41—+ 2> 2 Hay ——+1+—2—+1> 242
I+x  1+x, 1+ xx, 1+x, 1+x, 1+ /x,x,

1 1 2(1"'2 xlxz) L e
(x,+x,+1) + > . Theo bat dang thirc C6 si ta
I+x, 1+x, 1+ /x,x,

cd: X, +x,+1>2/x,x, +1. D& chimg minh (*) ta quy vé chitng minh:

1 1

+ > V61 x,,x, >1. Quy ddng va rat gon bat ding thirc
I+x I4+x, 1+xx,

trén twong duong véi (Jxlx2 - 1)(\/x_l — \/Z)z > 0 ( Diéu nay 1a hién nhién

dung). DAu bang xay ra khi va chi khi x, = x, < a® =4b.

Vi du 15: Gia str phwong trinh bac hai ax” +bx+c =0 c6 hai nghiém thudc
[0;3]. Tim gié tri 16n nhét va gié tri nho nhat ctia biéu thic:

18a* —9ab + b’

9a* —3ab +ac

0=

Loi giai:
Vi phuong trinh bac 2 ¢6 2 nghiém nén a = 0. Biéu thic O c6 dang dang
2
18-9 b + (bj
a \a
b ¢ )

9——+—
a da

cap bac 2 ta chia ca tir va mau ciia Q choa’ thi O =
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X +x,=——
Goi x,,x, 1a hai nghiém cua phuong trinh, theo Viet ta co:

c
XX, =—
a
b (bY
Véy'Q—18_9a+(aj _18+9(x1+x2)+(x1+x2)2
’ 9_Q+£ 9+3(x, +x,)+xx,
a a

* Ta GTLN ciia Q: Ta danh gia (x, +x,)" qua x.x, véi diéu kién
X, X, 6[0;3] .
X < xx,

2
) :>(x1+x2) =X +x7 +2xx, <9+3x,x,
x, <9

Giést:OSxISx2S3:>{

< 18+9(x1 +x2)+3xlx2+9 _3
9+3(x1+x2)+x1x2

Ta ciing co thé danh gia theo cach:
X, (x1 -3)<0
0<x;x,<3=1:x,(x,-3)<0

(x, —3)()62 —3) >0

2 2
X +x,”<3(x +x
:{ b ( : 2):x12+x22£x1x2+9

X%, +923(x, +x,)

& (% +x) <3xx,+9. Suy ra

_ 18+9(x1+x2)+(x1+x2)2 - 18+9(x, +x,)+9+3xx,
- 9+f5(x1+)62)+)cl)c2 B 9+3(x1+x2)+x1x2

0 = 3. Pang thirc

, {xlzxzzfa ;:6 {b=—6a 5 _;:3 { =-3a
X4y ra & hay = hoac &
R 9 o\

a a

3(x1+x2)+x12+x22 .
> 0= 0 2>2.Pang thuc xay ra
9+3(x1 +x2)+x1x2

< x=x,=0b=c=0.Vay GTLN cua Q 1a3 va GTNN cua Q la2.

TacoQ-2=
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Vi dy 16: Cho phuong trinh f (x) = ax” + bx+ ¢ =0, trong d6 a,b,c 14 céc sb
nguyén va a >0, c6 hai nghiém phan biét trong khoang (0;1). Tim gia tri
nho nhat cua a.

Giai: Goi x,,x, €(0;1) 1a hai nghiém phan biét ciia phuong trinh di cho

= f(x)=a(x-x)(x—x,). Vi a,b,c la cac sé nguyén va

a>0= f(0)=c=axyx,, f(1)=a+b+c=a(1-x)(1-x,)la cic s6 nguyén

duong.
Ap dung BDT Cauchy

tacc'):xl(l—xl)ﬁi;xz(l—xz)si :xlxz(l—xl)(l—x2)<%(2) (Vi

2
dox, # x, nén khong c6 dang thirc). Tir (1) va (2)= f—6 >1=a’>16

= a>5 (alasd nguyén duong). Xét da thirc £ (x)=5x(x—1)+1, ta thdy

£ (x) thoa méan didu kién bai toan. Vay gia tri nho nhét cia a bang 5.

Vi du 17: Chimg minh: a, =[ 5 5

3+\/§]"+{3—\/§

] —2 1a s chinh phuong
véi moi s6 tu nhién 1é.

Loi giai:

Tacs o - 355 (3235, _[(145) (1=45) 2
aca, = — 5 = 5 5 .

Xétday S, = (12\/3} + [#] , ta chimng minh 5, 1a mot s6 nguyén.
- x +x,=1
Xét x, =i,x2 = 1++5 taco{ ' ' suyra x,x, lahainghiém
2 2 x.x, =1

cua phuong trinh: x> —x—1=0.
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n+l

’ n+l n n n—1 n—1
Taco S, =x"" +x, :(xl +x, )(x1+x2)—x1x2 (xl +x, ) hay

Sn+1 = Sn _S

n-1°*

Taco S, =1,8, =(x +x,) —2xx,=3,5, =5, -5, =2. Tur
d6 bang phép quy nap ta dé dang chimg minh dugc S 1a s6 nguyén . Suy ra

a, =(S,)" 1a 6 chinh phuong.
CAC BAI TOAN TUONG GIAO PUONG THANG VA PARABOL
Kién thirc cin nhé: Khi can bién luan sé giao diém cua mot duong thang
(d) va Parabol (P):y =ax” tacan cht y:

a) Néu duong thing (d) 1a y =m (song song véi truc Ox) ta c6 thé
dua vao do thi dé bién luan hodc bién luan dua vao ax’ =m.

b) Néu duong thing (d):y =mx+n ta thuong xét phuong trinh hoanh
d0 giao diém cua (P) va (d) la: ax’ =mx+n < ax’ —-mx—-n=0 trdo ta
xét s6 giao diém dya trén s6 nghiém ciia phuong trinh ax® —mx—n=0
bang cach xét dau cua A.

Trong trudng hop duong thing (d) cét do thi ham s6 (P) tai hai diém phéan
biét 4, B thi A(x;;mx, +n),B(x,;mx,+n) khi do ta co:

AB = \/(Xz —x1)2 +m’ (x2 —xl)2 = \/(m2 +1)[(xl +x2)2 —4x1x2} . Moi cau

hoi lién quan dén nghiém x,,x, ta déu quy vé dinh 1y Viet.

Chu y: Dudng thing (d) c6 hé s6 géc a di qua diem M (x,;,) thi co

dang: y=a(x—x,)+y,

Vi du 1) Tim phuong trinh dudng thang (d) di qua diém 7(0;1) va cat
parabol (P): y=x" tai hai diém phan biét M va N sao cho MN =24/10.

(Trich dé thi THPT chuyén Ngoai Ngit - DPHQGHN nim hoc 2000-2001).
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Loi giai:
Dudng thang (d) qua I véihé s6 goc a c6 dang: y=ax+1

Phuong trinh hoanh d¢ giao diém cua (d) va (P) la:
Y=ax+leox*—ax—1=0 (1). Vi A=a’+4>0 véimoi a, (1) ludn co
hai nghiém phan biét nén (d) luén cit (P) tai hai diém phan biét
M(xl;yl),N(xz;yz) hay M()cl;ax1 +1),N(x2;ax2 +1). Theo dinh ly Viet
taco: x, +x, =a,xx, =-1.

MN =210 = (x, —xl)2 +(ax, +1-ax, —1)2 =40

= (a2 +1)(x2 —xl)2 =40 & (a2 +1)[(x1 —1—x2)2 —4xlx2} =40

<:>(a2+1)(a2+4):40:a2:4:>a:ir2.

Vi du 2: Cho parabol (P): y =%x2 va duong thang
1,
(d):y:mx—Em +m+1.

a) Véi m=1, xéc dinh toa d¢ giao diém 4, B va (d) va (P).
b) Tim céc gid tri cua m dé (d) cdt (P) tai hai diém phan biét c6
hoanh d§ x,,x, sao cho |x1 —x2| =2 . (Trich dé tuyén sinh 16p 10 —
thanh phd Ha No6i ndm 2014).
Loi giai:
a) Véi m=1 ta c6 phuong trinh hoanh d¢ giao diém cua (P) va (d)
la:

%xz =x+%<:>x2—2x—3=0<:>x=—1 hoic x=3 (do a+b+c=0)

9

Tacd y(-1)=3i/(3) =3 Vi ton d i gino iém i 4{ 153 | va

2
8(3;2)
2

b) Phuong trinh hoanh d¢ giao diém cua (P) va (d) 1a
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1

EXZ =mx—%m2 +m+le x* —2mx+m*=2m-2=0 (*)

Dé (P) cit (d) tai hai diém phan biét x,,x, thi phuong trinh (*) phai c6
hai nghiém phan biét.

Khido A'=m’ —m* +2m+2>0< m>-1

Cach 1:

Khi m > -1 ta cé: |xl—x2|=2<:>x12+x22—2x1x2 :4<:>(x1+x2)2—4x1x2 =4
<:>4m2—4(m2—2m—2):4<:>8m:—4<:>m:—%.
Cach 2:

Khi m > -1 ta cé: |x1—x2|=2@|_b+@—_b_@|—2@:2\/2m+2
a

a' |_

Theo yéu cau bai toan ta co:

22m+2 :2<:>2\/m+2:2<:>2m+2:1<:>m:—%.

, 1 2
Vi du 3) Trong mat phang toa dd Oxy cho parabol (P) (Y= —Exz , diém
M (m;0) véi m 1a tham sd khéc 0 va diém 7(0;—2).Viét phuong trinh
dudng thang (d) di qua hai diém M, 7. Chimg minh ring (d) ludn cét
(P) tai hai diém phéan biét 4, B véi do dai doan 4B >4.

Loi giai:

Phuong trinh dudng thing (d ) Y= gx — 2. Phuong trinh hoanh do giao
m

diém cua duong thing (d) va Parabol la: e 2
m

S mx’+4x—4m=0.Tacod A'=4+4m’> >0,Vm suyra (d) luon cat (P)
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—x2 2
tai hai diém phan biét A{xl %] B(xz;%J

1

1 1
AB? = (x2 —X, )2 +[5x22 —Efo = [(xl +x, )2 —4xlx2}{l+z(xl +x, )2}

. . -4
Theo dinh ly Viet ta co: x, +x, =—,xx, =—4.
m

2

Viy 4B’ :(1—62+16j[1+ij>16 nén AB>4.
m m

Vi du 3: Trong mit phing toa dd Oxy, cho parabol (P) c6 phuong trinh

2
—X

y=—r Goi (d) la dudng thang di qua 7(0;-2) va c6 hé s6 goc k.

a) Viét phuong trinh duong thang (). Chimg minh dudng thing (d)
luén cét parabol (P) tai hai diém phan biét 4, B khi k thay doi.
b) Goi H,K theo tht tu 1a hinh chiéu vudng goc cua A4, B trén truc
hoanh. Chting minh rang tam gidc /HK vudng tai I .
Trich dé thi THPT chuyén Ngoai Ngir - PHQGHN nim hoc 2006-2007
Loi giai:

a) Puong thang (d):y=kx-2

2
—X

k-2 X +2kc—4=0 (1).Ta

Xét phuong trinh
co:A'=k*>+4>0 véimoi k, suy ra (1) cé hai nghiém phan biét.
Vay (d) ludn cdt (P) tai hai diém phan biét.

b) Gia st (1) c6 hai nghiém phan biét x,, x,
Suyra A(x;y,).B(x,;y,) thi H(x,;0),K(x,;0). Khido
IH? = x} +4,IK* = x2 +4,KH* = (x,—x,)". Theo dinh Iy Viet thi xx, =—4
nén [H’ +IK*> =x] +x; +8=KH". Vay tam gidc [HK vudng tai I .

THCS.TOANMATH.com 84



Vi du 4: Cho Parabol (P):y=x va duong thang (d): y=mx+4 .

a) Chimg minh duong thang (d) ludn cit d6 thi (P) tai hai diém phan

bi¢t 4,B .Goi x,,x, la hoanh d¢ cua cac diém 4,B . Tim gia tri

. 2(x, +x,)+7
16n nhat cua Q = % .
X +x,
b) Tim m dé dién tich tam gidc O4B bang 8 .

Loi giai:

a). Phuong trinh hoanh d¢ giao diém cua (d) va (P) la:

X =mx+4<x*—mx—-4=0.Taco A=m’>+16>0, vdéi moi m nén
phuong trinh ludn ¢6 2 nghiém phan biét, suy ra duong thang (d ) ludn cat

X +x,=m

(P) tai hai diém phén biét. Theo dinh ly Viet ta c6: { ta co

x.x, =—4

2m+7
0= m* +8
dung trong bai toan GTLN, GTNN) ta dé tim dugc gia tri 1on nhat cia Q 1a

. (ding phuong phap mién gia tri ham sd- Xem thém phan tng

1 vaGTNN cua Q la —é dat dugc khi m=1 va m=-8.

b) D¢ y ring duong thing (d) ludn di qua diém cb dinh 7(0;4) nim trén
truc tung. Ngoai ra néu goi A(x;,),B(x,;y,) thi x.x, =—4 <0 nén hai
giao diém A4, B nam vé hai phia tryc tung. Gia sir x, <0< x, thita co:

Spun =Sou +Sos = %AH.O[ + %BK.OI véi H,K 1an lugt 1a hinh chiéu

vuodng goc cua diém A4, B trén truc Oy . Ta c6
OI=4,AH:|xl|:—xl,BK=|x2|:x2. Suyra S, =2(x,—x,)

=82, =4(x-x,) = 4[(x1 +x,) —4x,x2} . Theo dinh 1y Viet ta c6:

x, +x, =m,x,x, =—4. Thay vao ta co: S, = 4(m2 +16) =64 >m=0.
Néu thay diéu kién S =8 thanh dién tich tam gidc OA4B nho nhit ta ciing c6
két qua nhu trén. Vi m’ 20=> S > 4(m’ +16) 2 64.
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Vi du 5) Trong mit phing toa dd Oxy, cho dudng thing
(d):2x—y—a®>=0 vaparabol (P):y=ax’ (a>0).

a) Tim a dé (d ) cat (P) tai hai diém phan bi¢t 4, B. Chirng minh
ring 4 va B nam bén phai truc tung.
b) Goi x,,x, 1 hoanh d6 ctia A4 va B. Tim gi4 tri nhé nhét ctia biéu
thuc 7 = 4 + ! . (Trich Pé thi vong 1 THPT chuyén — TP
X, +X, XX,
Ha No6i nam hoc 2005-2006)
Loi giai:

a) Xét phuong trinh ax’ =2x-a> < ax’—2x+a’ =0 (1)
(d) cét (P) .tai hai diém phan biét 4, B khi (1) c6 hai nghiém phan biét
& A'>0< a<1. Kéthop voi diéu kién ta c6 0 < a <1 khi d6 (1) ¢6 hai
nghiém duong nén A4, B nim & bén phai truc Oy .
b) Theo dinh 1y Vi et ta c6:
2
R 0 Taco: T =2a +l theo bat dang thirc C6 si cho 2 sb

a
x,xp,=a>0

. 1
duong ta co: 2a+122\/§.\/ay min7 =2+/2 khi a=—
a

5
Vi du 6) Cho parabol (P): y=x" va duong thing (d):y=mx+1.
a) Ching minh ring duong thing (d) luén cét parabol (P) tai hai
diém phan biét véi moi gia tri m .
b) Goi 4(x;;),) va B(x,;y,) 1a céc giao diém cua (d) va (P). Tim
gid tri 16n nhat ctia biéu thire M =(y, —1)(», -1).
(Trich d& TS 16p 10 Truong THPT chuyén DH su pham Ha Noi nim 2009)
Loi giai:
a) Phuong trinh hoanh d6 giao diém ctia duong thang va Parabol la:
¥ =mx+lex*—mx-1=0 (1)
A=m’+4>0 véimoi m nén (1) c6 hai nghiém phan biét, suy ra (d) ludn

cat (P) tai hai diém phan biét A(x;;y,) va B(x,;,).
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b)

Theo dinh ly Viet, ta co: x, +x, =m;x,x, =—1

M =(y —1)()/2—1):(x12—1)(x22—1):x12x§+2x1x2—(x1 +x2)2+1:—m2 <0
Vay max M =0 khi m=0.

BAI TAP REN LUYEN

1)

Cho phuong trinh x* —(2m+1)x+m* —m—8=0 c6 nghiém x=2.

Tim cac gia tri cua m va tim nghi¢m con lai cua phuong trinh.

2)

a)
b)

3)

b)

4)

Cho phuong trinh X’ +3x-2=0 (1)

Chtrng minh rang phuong trinh c6 hai nghiém phén biét

Goi cac nghiém cua phuong trinh 1a x,, x, . Khong tinh gia tri cua
X,,X, , hdy tinh cac gi4 tri cuia biéu thuc sau:

A=x]+x B=x+x;

1 1
+

x—-1 x,-1

C:

Cho phuong trinh bac hai x, —2(m+2)x+1+m’ =0, m la tham so.

Tim cac gia tri cia m dé phuong trinh c6 hai nghiém phén biét.
Goi hai nghiém phan biét 1a x,,x,. Tinh gia tri cua biéu thirc P sau
theo m :

2x,x, +3

P=——— . Tur d6 tim céc gid tri caa m dé P dat gia
X, +Xx; +2(x1x2 +1)

tri 1én nhat va tim céc gia tri cia m dé P dat gia tri nho nhét.

Cho phuong trinh x* —2(2m+1)x+4m* +4m—3 =0. Tim cé4c gia tri

ctia m dé phuong trinh c6 hai nghiém phan biét trong d6 c6 mot
nghiém gap d6i nghiém con lai.
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5)

6)

b)
©)

7

8)

9)

b)

10)

a)

b)
11)

Cho phuong trinh x* —2x+m =0, m 1a tham sb. tim diéu kién cia
tham s m dé phuong trinh ¢6 hai nghiém phan biét X,,x, théa man

x, +2x,=1.

Cho phuong trinh x* —2mx +(5m—4)=0, v6i m 1a tham s6. Xac

dinh cac gia tri cia m dé phuong trinh c6:

Nghiém bang 0.
Hai nghiém phan biét trai dau.
Hai nghi¢m phan biét cung duong.

Cho phuong trinh x> —x+3m =0, v6i m 1a tham s6. Xéc dinh cac
gia tri cia m dé phuong trinh c6 hai nghiém phén biét x,,x, thoa

man x, <l<ux,.

Cho cac phuong trinh x* +ax+b=0 (1); x*+cx+d =0 (2), trong
d6 cac hé sb6 a,b,c,d déukhac 0. Biét a,b 1a nghiém cua phuong
trinh (2) va ¢,d 1a nghiém cta phuong trinh (1). Chimg minh rang

a+b+ct+d*=10.

Cho phuong trinh ax’ +bx+c¢=0(a #0) c6 hai nghiém x,,x, thoa
man ax, +bx, +c =0 Ching minh ring ac(a+c—-3b)+5’ =0.
Gia st p,q 14 hai sb nguyén duong khac nhau. Chirng minh rang it
nhit mot trong hai phuong trinh sau c6 nghiém

X+ px+qg=0;x"+qgx+p=0.
Tim céc sd a,b théoa min ddng thoi hai diéu kién sau:

Hai phuong trinh x* +ax+11=0 va x> +bx+7 =0 c6 nghiém
chung;

|a|+[b| bé nhét.
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a) Cho cac sd a,b,c théaman a > 0,bc =4a’,2a+b+c =abc. Ching
. N 6
minh rang a 27.

b) Cho a,b,c 1a ba s khac nhau va ¢ = 0. Chimg minh rang néu cac

phuong trinh x* +ax+bc =0 va x* +bx+ac =0 c6 ding mot
nghiém chung thi cadc nghiém con lai ciia chiing 1a nghiém cua

phuong trinh x* +cx+ab=0.
12)

a) Cho f(x)=ax’+bx+c(a=0),biét rang phuong trinh f(x)=x
v6 nghiém. chimg minh ring phuong trinh af” (x) +bf (x) +c=x

v6 nghiém.

b) Cho céac so a,,a,,b,,b, sao cho cac phuong trinh sau v6 nghiém:

x*+ax+b =0 va x* +a,x+b, =0. Hoi phuong trinh

1 1
x’ +5(a1 +a,)x +5(b1 +b,)=0 c6 nghiém hay khong? Vi sao?

13) Cho phuong trinh x*> —2mx+m—2=0 (x 13 4n sd)

a) Chung minh ring phuong trinh ludn ludn c¢6 2 nghiém phén biét véi
moi m .
b) Goi x,,x, la cac nghiém cta phuong trinh. Tim m dé biéu thuc
—24
M= 2

=— dat gia tri nho nhat.
X, +x, —6x,x,

14) Cho phuong trinh x* +2(m—2)x—m* =0, véi m la tham so.

1) Giai phuong trinh khi m=0.
2) Trong truong hop phuong trinh c6 hai nghiém phan biét x, va x,

vO1 x, < Xx,, tim tat ca cac nghiém cua m sao cho |xl | —|x2| =6.

15) Cho phuong trinh x> —2x—3m* =0, véi m 1a tham sb
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1) Giai phuong trinh khi m =1.
2) Tim tat cac cac gia tri cia m dé phuong trinh c6 hai nghiém

\ ) Y . X 8
x,,x, # 0 vathoa dieu kién —+-——2=—.
x, x 3

16) Cho phuong trinh bac hai: x* —2mx+m*> —m+1=0 (m 1a tham sd).

a) Giai phuong trinh khi m=2.
b) Tim m dé phuong trinh c6 hai nghiém phan biét x,,x, théa man:

X +x =3xx,—1.
17) Cho phuong trinh: x* + Z(m + l)x —2m* +m’> =0 (m 1a tham sd).
a) Giai phuong trinh khi m =1.
b) Chung minh rang phwong trinh lu6n ¢ hai nghiém phén biét véi
moi m .

18) Cho phuong trinh: x* — 2(m + l)x +m’+4=0 (m la tham sd)

a) Giai phuong trinh v6i m=2.
b) Tim m dé phuong trinh c6 hai nghiém X,,x, théa man

x; +2(m+1)x2 <3m’ +16.

19) Trong mit phang toa do Oxy cho duong thing (d): y =mx—3 tham

s& m va parabol (P):y=x.

a) Tim m dé duong thing (d) di qua diém 4(1;0).
b) Tim m dé duong thang (d ) cét parabol (P) tai hai diém phan biét

c6 hoanh d¢ lan luot la x,,x, théa man |)cl - x2| =2.

20) Cho phuong trinh: x*> +x+m—-5=0 (1) (m la tham s, x 1a an)

1) Giai phuong trinh (1) vé1i m=4.
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2) Tim m dé phuong trinh (1) c6 hai nghiém phan biét x,,x, # 0 thoa
man:
6—-m—x, N 6-m—-x, 10

X, X, 3

21) Cho phuong trinh: x*> —2x+m+3=0 (m la tham sd).
1) Tim m d& phuong trinh c6 nghiém x = 3. Tim nghiém con lai.
2) Tim m dé phuong trinh c6 hai nghiém phan biét x,,x, théa man

X +x; =8.
22) Ching minh rang phuong trinh: x* -2 (m + 1) x+m—4=0 ludn co
hai nghiém phan biét x,,x, va biéu thic M = x, (I-x,)+x, (1-x,)

khong phu thudc vao m .

23) Cho phuong trinh x* —2(m+1)x+m2 +3m+2=0 (1) (m latham

A

s0).

1) Tim céc gi tri cia m dé phuong trinh (1) c6 hai nghiém phan biét.
2) Tim cac gi tri ciia m dé phwong trinh (1) ¢6 hai nghiém phan biét
x,,x, théaman x7 +x; =12.

24) Trong mit phing toa do Oxy cho Parabol (P):y =x* va dudng

thang (d):yz—%(m+1)x+% (m 1a tham sd).

1) Chimg minh rang mdi gié tri ctia m thi (P) va (d ) ludn cat nhau
tai hai diém phan biét.

2) Goi x,,x, 1a hoanh d giao diém (P) va (d), dit
f(x) =x +(m+1)x2 -X.
Chimg minh rang: f(x,)- f(x,)= —%(x1 —x, )’ (Trich d& thi vao
16p 10 truong chuyén DHSP Ha Noi 2013)
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LOI GIAI BAI TAP REN LUYEN
1) Vi x=2 la nghiém cua phuong trinh nén ta co:
4-2(2m+1)+m*-m—-8=0<m’-5m-6=0< m=—1 hodc m=6.

Véi m =—1 ta co phuong trinh: x* +x—6 =0. Phuong trinh da cho c6 1

nghiém x =2, nghiém con lai 1a x =-3(vi tich hai nghiém bang (-6))
V6i m =6, ta c6 phuong trinh x* —13x+22 =0, phuong trinh di cho c6
mot nghiém x =2, nghiém con lai la x =11 (vi tich hai nghiém béng 22)
2
2) Xét A= (JE) —4.(—J§) =3+442 >0. Vay phuong trinh ¢6 hai

nghi¢m phan biét

Cha y: C6 thé nhan xét ac <0 nén phuong trinh ¢ hai nghiém phan biét

tréi dau

X +x,= -3

XX, = -2

A=x+x; :(x1 erz)2 —2x,x, :<—\/§)2 —2(—\/5) =3+2\2

B=x +x, = (x1 +x2)3 —3x,x, (x1 +x2) = (—\/3)2 —3(—\/5)(—\/5) =-3J3-3V6

C— 1 N I x+x5-2  x+x-2 —f3-2
x-1 x -1 (xl_l)(x2_1) xlxz—(x1+x2)+l —\/§+\/§+1

b) Ap dung dinh 1y Vi ét, ta co: {

3) a)Taco A=(-m) —4(m—1)=m*—dm+4=(m-2)

phuong trinh c6 hai nghiém phan biét x,,x, < A>0< m#2. Theo h¢

) X +x,=m ) 2 2 1
thirc Viet ta co: { b .Khid6 P= x1x2-|;3 = T+
xX.x, =m—1 (xl+x2) +2 m +2

2m+1_1712+2—(m—1)2_1 (m—l)2
m+2 m’ +2 - m* +2
rakhi m =1 nén gia tri 16n nhit max P =1. Tuong tu ta c6 gia tri nhd nhét

Taco P= <1. Déu dang thirc xay
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min P = —% , dat duoc khi m = -2 .(Xem thém phan phuong phap mién gia
trj ham s)
4)

Cach 1: Phuong trinh c6 hai nghiém phan biét < A'>0

& [—(Zm +1)2} —(4m2 +4m —3) =4>0,Vm. Vay phuong trinh c6 hai

nghi¢m phan biét véi moi gia tri cua m . Goi hai nghi¢m cua phuong trinh la

X +x,=2(2m+1)(1)
x,,X, . Theo hé thirc Viet ta co: , .
XX, =4m +4m—3(2)

2(2m+1
.- (';1 )
Co thé gia st x, =2, (3). Khi do tir (1) va (3)co 1 . Thay
+
I ClAD)
3

(2m+1)

vao (2) ta c6 phuong trinh 8. =4m’ +4m -3 < 4m* +4m-35=0

Giai phuong trinh ta dugc m = % hodac m = —% (thoa mén diéu kién).
Cach 2: Tir yéu cau dé bai suy ra x, = 2x, hodc x, =2x,,
tirc 1a: (x, —2x, )(x, —2x,) =0 < 9x,x, —2(x, +x, )2 =0

4p dung hé thirc Viet ta dugc phuong trinh 4m* +4m—-35=0.
5)

Phuong trinh ¢6 hai nghiém phan bi¢t @ A'>01-m>0< m<1
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X, +x, :2(1)

Theo hé thirc Viet, ta co: { .Taco x,+2x, =1 x, =1-2x,

XX, = m(2)

X, =
(3). Tu (1) va (3) ta co duoc { ? . Thay vao (2) ta ¢6 dugc m=-3
X =
thao mén diéu kién

6)

a) Phuong trinh c6 nghiém x:0<:>5m—4:O<:>m:§.

b) Phuong trinh c¢6 hai nghiém phan biét trai ddu

<:>1.(5m—4)<0<:>m<%
c¢) Phuong trinh c6 hai nghiém phan biét x,,x, < A'>0
<:>m2—(5m—4)>0<:>(m—1)(m—4)>0<:>m>4 hodac m<1.

X, +x,=2m

Theo hé thirc Viet ta co:
x,.x, =5m—4

2m >0

Sm>—
Sm—4>0

Hai nghi¢m ctua phuong trinh cung duong < {

A re 3 A ‘A r 4 -
Két hop véi dicu kién ta co §<m<1 hodac m>4.

7) Cach1.bat x—1=¢,tacod
x<l<x,ox-1<0<x,-11 <0<,

Phuong trinh 4n x 13 x* —x+3m =0 duoc dua vé phuong trinh 4n ¢:

(¢+1) =(¢+1)+3m=0<> > +1+3m =0 . Phuong trinh 4n ¢ phai c6 hai
nghiém trai diu < 3m <0< m<0
THCS.TOANMATH.com



Vay m<0
Cach 2: Phuong trinh c6 hai nghi¢m phén biét

1 . .
X,X%, <>A>0 & 1-12m >0<:>m<E. Khi do theo hé thirc Viet ta co:

x+x,=1 . i L
(1). Hai nghiém x,,x, thoa man
X,.X, =3m

x, <l<x, & x-1<0<x,-1<x —1 va x,—1 trai dau
< (% -1)(x,—1) <0 xx, —(x, +x,)+1<0  (2). Thay (1) vao (2) ta co:

3m-1+1<0<=m<0.

Két hop v6i diéu kién ta c6 m < 0 1a cac gia tri can tim.

Chuy:

Néu hai nghiém x,,x, <1 thi phuong trinh an ¢ c6 hai nghiém déu la s6 am.

Néu hai nghiém x,,x, >1 thi phuong trinh an ¢ c6 hai nghiém déu la s6

duong.
8) Giai:

Ap dung h¢ thtrc Vietta c6: a+b=—-c;ab=d;c+d =—a;cd =b.

c+d=-a c=—a—-d
Ta co: = =b=d
a+b=-c a+b=-c

Két hop véi ab=d va cd =b suyra a=1,c=1
Do a+b=-cvac+d=—-asuyrab=-2,d=-2
2

Do dd a* +b*+c*+d* =17 +(—2)2.|_12 +(_2) =10.

9)
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a) Via#0 nén

2
ac(a+c—3b)+b3 =ac’+a’c+b’ -3abc=a’ [(Ej +£—3b—f:l (*). Theo
a a a

, , b c s N
hé thirc Viet, ta co: x, +x, = ——;x,x, =—. Khi do (*) thanh:
a a
a’ [xfxzz +x,x, —()c1 +x, )3 +3x,x, ()c1 +x, )}

=a’[x0x +xx, - () + 1) |=a’ (3 - x, ) (%) - x,)

= ac(a+c—-3b)+b’ =a’ (xl2 —xz)(xz2 —xl)

Ma theo gia thiét ta ¢6 ax +bx, +c=0 va ax, +bx, +c=0(a #0)

Suy ra bx, +c¢=—ax; =—ax, = x; —x, =0. Do d6 ac(a+c—-3b)+b’ =0
b) Vi p,q nguyén duong khac nhau nén xay ra hai truong hop la

p>q hodc p<gq.

Néu p>q suyra p>qg+1.KhidoA=p®—4q 2(q+1)2 —4q :(c]—l)2 >0.

Vay trong trudng hop nay phuong trinh x* + px+¢ =0 c6 nghiém.

Tuwong tu trudng hop p < ¢ thi phuong trinh x* +gx+ p =0 c6 nghiém

(dpcm).

10)

a) Theo diéu kién dau bai thi ta goi x, 1a nghiém chung hai phuong
trinh, ta co:
x> 4ax,+11=0
oo = 2x, +(a+b)x, +18=0

x; +bx,+7=0
Do d6 phuong trinh 2x* +(a+b)x+18=0 c6 nghiém (*)
Khido A=(a+b) ~144>0 hay |a+b|>12.
Mit khéc, ta ¢ |a|+|b| > |a+b|>12. Vay |a|+|b| bé nhat bang 12 khi va chi

khi @ va b cing dau.
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Véi a+b=-12, thay vao (*) ta dugc: 2x° —12x+18 =0. Phuong trinh trén
c6 nghiém kép x=3.
< . ~ 20 16
Thay x =3 vao cac phuong trinh da cho ta dugc a = —?;b = 3
Véi a+b =12 thay vao (*) ta duge: 2x° +12x+18 =0. Phuong trinh trén
c6 nghiém kép x=-3
. . 20 6 .. ., . 4

Thay x =-3 vao phuong tinh ta dugc: a = ?;b = ? . Vay céc cap so sau

thoa man diéu kién bai toan: (a;b)= (—ﬁ; —Ej,(

2046)
37 3 '

373
11)
a) Tir gia thiét ta co: be =4a’ va

b+c=abc—2a=4a’-2a= 2(1(2012 —1) . Suy ra b,c 1a nghiém cua phuong

trinh x* —(4a3 —2a)x+4a2 =(0.Khi do

A'=a*(2a* -1) —4a* 20 & (24° -1) z4©a=§ (vi a>0).

b) Giasir x, 12 nghiém chung, tic la {x‘i +a%, +be=0
X, +bx,+ca=0

= (a—b)x,—c(a—b)<=(a—b)(x,—c)=0.Vi a#b nén x, =c.Khidé
taco: ¢> +bc+ca=0<c(a+b+c)=0, Do c#0 nén
a+b+c=0= a+b=—c.Matkhac theo dinh 1y Viet, phuong trinh
x* +ax+bc=0 con c6 nghiém x = b; phuong trinh x> +bx+ac =0 con cd
nghi¢m x = a.Theo dinh Iy ddo cua dinh 1y Viet, hai sbavabla nghiém
cua phuong trinh: x* —(a+b)x+ab=0 hay x* +cx+ab=0 (dpcm).

12)

a) Viphuong trinh f(x)=x v0 nghiém, nén suyra f(x)>x hodc

f(x)<x,VxeR

Khi d6 af” (x)+bf(x)+c > f(x) > x,Vx € R hoac

af* (x)+bf (x)+c < f(x) <x,Vx eR.Tac 1a phuong trinh

af’ (x)+bf(x)+c =x vO nghi¢m.
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b) Tur gia thiét suy ra a’ —4b, <0 va a2 —4b, <0.Do d6

2 2
x* +ax+b, =(x+%] ! 44b1 >0,VxeR .va

2
x* +a,x+b, :(x+%]—%>0,VxeR nén

1 1 1
x’ +E(a1 +az)x+5(b1 +b2) ZE[(xz +a]x+b1)+(x2 +a2x+b2)} >0.
Do vay phuong trinh x* +%(a1 + az)x+%(b1 +b,)=0 v0 nghiém.

13)

2
a) A'=m’-m +2(m—%) +% >0 v&i moi m Vay phuong trinh luén
¢6 hai nghi¢ém véi moi m .
b) Theo hé thirc Viet ta co: x, +x, =2m;x,x, =m—2

. —24 —24

Xl al-6xx, (x, +x, )2 —-2x,x, —6x,x, - (x, +x, )2 —8x,x,
= > 24 =— 24 = _62 > -2 . Dau “=" xay ra khi
(2m) —-8(m—-2) 4m’—8m+16 (m-1)"+3
m=1. Vay gia tri nho nhat cia M =2 khi m=1.
14)
1) Khi m =0 phuong trinh thanh: x* —4x=0<> x=0 hodc x=4.

2) A'=(m-2) +m’ =2m’ —4m+4=2(m’ - 2m+1)+2

=2(m—1)" +2>0,Ym .Vay phuong trinh ludn c6 hai nghiém phan biét véi
moi m.Taco S=x+x,=2(2-m);P=xx,=-m" <0
Ta co |xl|—|x2| =6=x/ —2|x1x2|+x§ =36
& (x4 +x,) —2xx, +2xx, =36 = 4(2-m)’ =36 = (m—-2)" =9

Sm=-1lvm=5.
15)
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1) Khi m=1 phuong trinh thanh: x2—2x—3:0®{x_ (do
X =
a—-b+c=0).
2) Véi x,,x, %0 ta co: ﬁ—ﬁ=§@3(xf—x§)=8xlx2
x, x 3
< 3(x +x,)(x, —x,)=8xx,. Tacd ac=-3m" <0 nén A>0,Vm

. , b . c
Khi A>0,taco: x, +x,=——=2 va x,.x, =—=-3m"<0
a a

Phuong trinh c6 hai nghiém #0 dodo m#0 = A >0 va xx, <0. Gia su

X, > X,
Véi a=1= x, ——b'-JA' va X, :—b'+x/?:>xl—x2 = 2JA = 2V1+3m?
Do d6 yéu cu bai todn < 3.2(—2 1+3m2):8.(—3m2) va m#0

m’ =1
S4mt -3m’ -1=0< 1 ©m==l.

16)
a) Khi m =2 tacé phuong trinh:
x’—4x+3=0 <:>x2—x—3x+3:0<:>x(x—1)—3(x—1):0

x=1 )
< (x-1)(x-3)=0= { 3 Phuong trinh ¢6 tap nghiém la: S = {1;3}
X =
b) Tacod A'=m? —(m2 —m+1):m—l.
bé phuong trinh bac hai da cho c6 hai nghiém phan biét x,, x, thi
A'>0=>m-1>0< m>1.Khido theo hé thirc Viet ta co:
X, +x,=2m )
R . Theo bai ra:
xx,=m —m+1

x4+ x2=3xx, -1 & (x5 +x,) —2xx, =3xx, -1
<:>(x1+x2)2—5x1x2+1=024m2—S(mz—m+1)+1:0

<:>m2—5m+4:O<:>(m—l)(m—4):0<:>{mZI
m=4
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Déi chiéu diéu kién m >1 ta cd m=4 thda man bai toan.
17)
a) Khi m =1 phuong trinh thanh: x* +4x—1=0 c6 A'=2*+1=5>0
Phuong trinh c6 hai nghiém phén biét: x, =-2— J5 ;X, =—2+ J5

b) Ta co: A':2m4+2m+1:2m4—ZmZ+%+2m2 +2m+%

1) % m’ —% =0
=2lm*—=| +2| m+—| >0, Vm.Néu A'=0 < (vo

2 2 1

m+—=0
2
nghiém). Do d6 A'>0,Vm . Vay phuong trinh luoén c6 hai nghiém phan biét
vOo1 moi m .
18)

X =
a) V&1 m =2, taco phuong tinh: x2—6x+8:O<:>{
X =

b) Xét phuong trinh (1) ta c6: A'=(m+1)" —(m’ +4)=2m -3
Phuong trinh (1) c6 hai nghiém x,,x, < m 2> % .Theo h¢ thirc Viet:

{xl + X, :2(m+l)

. Theo gia thiét: x{ +(x, +x,)x, <3m* +16
2
xx,=m"+4
2
<:>x12+(x1+x2) x, <3m* +16 < x{ +x; +x,x, <3m” +16

& (x+x,) —xx, <3m’ +16 < 4(m+1)" —(m* —4) <3m* +16
&S 8m<Ll6< m<2. Vay %Smsz

19)
1) Pudng thing (d) di qua diém A(1;0) nénc6: 0=m.1-3=>m=3
2) Xét phuong trinh hoanh d¢ giao diém giita (d ) va (P) :
X*—mx+3=0.C6 A=m’—12,nén (d) cat (P) tai hai diém phan biét c6

hoanh d6 1an lugt 1a x,,x, khi
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m>2\/§

A=m’-12>0&m*>12 < |m[>2{3 & . Ap dung hé thirc

m<—2\/§

X +x,=m

Viet ta co: { . Theo bai ra ta co:

XXy =
|x1 —x2|=2<:>(x1 —x2)2 =4 (x erz)2 —4xx, =4
om’-43=4<m’ =16 m=+4 (TM). Vay m = +4 1a gia tri can tim.

20)

1) Thay m =4 vao phuong trinh ta c6: x* +x—1=0
C6 A=1>+4.1.1=5. Vay phuong trinh c6 2 nghiém:

~1++4/5 ~1-+/5
X = X, = .
2 2
2) Dé phuong trinh c6 hai nghiém phan biét thi:

A=1—4(m—5)>0:>m<%. Theo hé thirc Viet ta co: x, +x, =—-1 (1);

xx,=m—=5 (2)
Xét:
6-m-x , 6-m-x, 10 (6—m)xl+(6—m)x2—x12—x22:£
X, X, 3 X,.X, 3
- (6—m)(x1+x2)—(x1+x2)2+2x1x2 _10
XX, 3
-1(6-m)-1+2(m-5 -
Thay (1).2) vio ta co: —- 0= =1+2(m=5) |10 _ 3m-17 _10
m—>5 3 m—>5 3
< m=-1 (théa man).Vay véi m =—1 thi bai toan thoa man.
21)

1) Phuong trinh ¢6 nghiém x =3
&3 =23+m+3=06+m=0<m=-6
Taco: x,+x,=2<3+x,=2< x, =-1.Vay nghiém con lai 1a x=-1.

2) A'=1-(m+3)=-m-2
Dé phuong trinh c6 hai nghiém < -m—-2>0< m< -2

Khi do: x; +x, =8 < (x, +x2)[()c1 +x2)2 —3x1x2}:8
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Ap dung h¢ thirc Viet ta dugc: 2[2° —3(m+3) |=8<>2(4-3m—-9)=8
& 8-6m—-18=8< -6m—-18=0< m=-3 (thdaman). Vay m=-3 la
gia trj can tim.

22)

a) Phuong trinh: x2—2(m+1)x+4m—3=0 (1)
6 A'=(m+1) —(4m=3)=m* +2m+1—4m+3
= (m2 —2m +1)+3 = (m —1)2 +3>0 v&i moi m . Suy ra phuong trinh (1)
ludn c6 hai nghiém phén biét voi moi m .

b). Goi hai nghiém cua phuong trinh (1) 1a x;,x,

Theo hé thire Viet ta c6: S =x, +x, =2m+2:>m=% (2)

P+3 §-2 P+3
f— =
2
:>2S—P=7:>2(xl+x2)—xlx2—x1x2 =7

P=xx,=4m-3=>m= =25-4=P+3.

23) Phuong trinh x* +2(m+1)x+2m* +2m+1=0
Co A'=(m+1) —2m* =2m—1=m* +2m+1-2m* —2m—1=—m"

Phuong trinh c6 2 nghiém phan biét khi va chi khi m #0.
Theo dinh ly Vi et ta co:

+x,=-2(m+1
hrh (m ):>x12+x22=12<:>(x1+x2)2—2x,x2—1220
X%, =2m* +2m+1
Hay4(m+1)2—2(2m2+2m+1)20c>m=—%.

24)

a) Xét hé phuong trinh: _2( m+ 1) 1

y=x
= {3)8 +2(m+1)x-1=10 (1)
(1) Co hé s6 a va ¢ trai ddu nén ludn c6 hai nghiém phan biét moi m
nén (P) va (d ) ludn cét nhau tai hai diém phan bi¢t véi moi m .
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xl+x2:M —3(x]+x2)
b) Theo hé thuc Viet: .

X, X, =? 3xx, =-1

m+1=

Taco: f(x)-f(x)=x —x; +(m+l)(x12 —xzz)—x1 +x,
=2(/f (%) f(x,))=2x —2x;-3(x, +x2)(x12 —xzz)—le +2x,

=-x +x +3x]x2(x2 —)cl)—2(x1 —xz):—xf +x; +(x1 —xz)—2(xl —xz)

= —(xl3 —x, —3x.x,(x, —xz)) = [(x1 —xz)(xl2 +x; —2x,%, )} =—(x,—x, )3.

Nén f(xl)—f(xz):_?l(xl—xzf.
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