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Yor gici thié
4 -

Cac em hoc sinh va thay gido, ¢d gidao than mén !

Cudn sach Cic dang todn va phuwong phdp gidi bai todn chitng minh ding thitc & tinh gid
tri biéu thitc dwoc tac gia bién soan nham gitp cac em hoc sinh hoc tap t6t mon Toan &
THCS hién nay va THPT sau nay.

Tac gia 8 gang lwa chon nhitng bai tap thudc cac dang dién hinh, sap xép thanh
mot hé thong d€ boi dudng hoc sinh kha gidi cac 16p THCS. Sach dugc viét theo cac chu
dé twong ting véi cac van dé quan trong thuong dugc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nide. Mdi chu dé duoc viét theo cau
trac ly thuyét can nhd, cac dang toan thuong gap, bai tap rén luyén va huéng dan giai
gitip cdc em hoc sinh nam viing kién thitc dong thoi rén luyén dugc cac kién thire da hoc.
Mbi cht dé c6 ba phan:

A. Kién thifc cdn nhé: Phan nay tém tat nhitng kién thiic co ban, nhitng kién thikc bd sung
can thiét d€ 1am co so giai cac bai tap thudc cac dang cua chuyén dé.

B. Mgt s6 vi du: Phan nay dua ra nhitng vi du chon loc, tiéu biéu chita dung nhiing ki
ndng va phurong phap luan ma chuwong trinh doi hoi.

Mbi vi du thuwong cé: Loi giai kém theo nhitng nhan xét, luu y, binh luan va phuong phap
giai, vé nhitng sai [am thuong mac nham gitip hoc sinh tich Iy thém kinh nghiém giai
toan, hoc toan.

C. Bdi tdp vdn dung: Phan nay, cac tac gia dwa ra mot hé thong cac bai tap dugc phan loai
theo cac dang toan, tang dan d¢ khoé cho hoc sinh kha gidi. Co nhitng bai tap dwgc trich ti
cac dé thi hoc sinh giéi Toan va dé vao 16p 10 chuyén Toan. Cac em hdy cd gang tu giai.
Néu gap kho khan cé thé xem hudng dan hodc 1o giai & cudi sach.

C4c tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d6 va nang luc giai toan, gép phan dao tao, boi dudng hoc sinh gidi & cap THCS.
Mic dit da c6 nhiéu c8 géng trong bién soan song cudn sach nay van kho tranh khoi
nhing sai s6t. Chung t6i mong nhan dwgc nhitng y kién déng gop cua ban doc.

MOI Y KIEN THAC MAC XIN VUI LONG GUT VE DIA CHI
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Xin chan thanh cam on!



CAC CHUYEN BE BOI DUGNG
Chuong |

CHUNG MINH PANG THUC

7~ Dang 1: St dung phép bién ddi twong duwong

*Thi du 1. Cho x, y, z 1a s8 thuc thoa man xyz = 1. Chting minh rang:
1 1 1

P= + + =1
I+x+xy 1+y+yz 1+z+zx
Loi giai
Ta co: = X = X ;
l+y+yz x+xy+xyz 1+x+xy
Mt khde: — = S AEE—]
1+z+zx xy+xyz+x~.yz 1+x+Xxy
Do dé: P= 1 + 1 + 1
l+x+xy 1+y+yz 1+z+2zx
1 X Xy —1+X+Xy=1(dpcm)

= + + =
I+x+xy 1+x+xy 1+x+xy 1+x+xy

*Thi du 2. Gidsttx,y, z1a cac s thiee dwong thoa man diéu kién: x+y+z=xyz.

2y 3z  xyz(5x+4y+3z)

Chtng minh rane: + + =
& & 1+x2 1+y2 1+ 2> (x+y)(y+z)(z+x)
Loi giai
Ta c&: X _ XyZ 3 XyZ 3 XyZ 3 Xyz

1+x*  yz+xxyz yz+x(x+y+z) xXP+xy+yz+zx (x+y)(z+x)

2 2
Tuong tw ta co: Y = Yz 32 __ Iy

1+y2 (X+y)(y+z); 1+2° (y+z)(z+x)

Do d: X 2y 3z XyZ 2xyz 3xyz

1+x> +1+y2 +1+22 _(X+y)(z+x)+(x+y)(y+z)+(y+z)(z+x)
~ xyz(y+z+2x+2z+3x+3y) B xyz(5x+4y+3z)

(x+y)(y+z)(z+x) (x+y)(y+z)(z+x)
X 2y 3z  xyz(5x+4y+3z)

+1+y2 +1+z2 (x+y)(y+z)(z+x)
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a b C a b C

*Thi du 3. Cho + + =0.Chtng minh: P = =+ =+ ==0
b-c c-a a-b (b—c) (c—a) (a—b)
Loi giai
) b c a b c b’-ab+ac-c’
Ta co: + + =0=> = + =
b-c c-a a-b b-c a-c b-a (a—b)(c—a)
a b*-ab+ac-c’
= = (D)
(-] a-b)(c-a)b—]
Tuong tu ta c6: b  -bctba-a’ 2y —C = b? —ac+cb-b’ 3)

(c—a)2 ~(a=b)(b-c)(c-a) (a—b)z (a-b)(b-c)(c-a)
Cong (1), (2), (3) V€ theo v€ ta duoc diéu phai chtitng minh.
*Thidu4. Cho 3s0 thucx, y, z thoa mai diéu kién: x +y + z=0 va xyz # 0.

X2 y2 Z2
Tinh gia tri biéu thtec: P = —F——+——5——+
y +z"-x" z°+x -y

X2+y2—ZZ
Loi giai
Taco:x +y +z =0=y +z :—x<:)(y + z)2: (—x)2

X X

vy +2z2 =X ) -2yz

Suy ra: y* +z* — x> =-2yz. Do dé:

2 2 2 2
. z z
Tuong ty ta co: — y2 > = Y S =
Z-+X -y~ —2Xxz X +y -z" -2xy
2 2 2 2 2 2 3 3 3
. X z X z X' +y +z
Do dé: P = + Y + = P A— = Y

y2+Z2—X2 ZZ+X2—y2

x> + y2 —z7 -2yz —-2xz -2Xy —2Xyz

_ (x+y+z)3 —3(x+y)(y+z)(z+x) _ 0—3.(—2).(—X).(—y) _ 3xyz =_§
—2Xyz —2Xyz -2xyz 2

3
Vay P=——
Yy 5
7~ Dang 2: S&t dung cac hang dang thitc quen biét

*Thidu5. Cho a,b, ckhac0 thoa man l+%+1:2; a+b+c=abc.
a C

Chttng minh rr?mg: lz + lz T
a

NGUYEN QUOC BAO TAI LIEU TOAN HOC



a+b+c
abc

=4-2. 2.

*Thi du 6. Cho a +b + ¢ =0. Chitng minh rang: a* +b* +¢* =%(az+b2+cz)2
Loi giai
T:a+b+c=0 :>b+c:—a:>(b+c)2:::12::>b2+2bc+(:2=a2
=a’-b*-c*=2bc=> <a2 —b*-¢? )2 =4b*c®* = a* +b* + ¢* =2a’b? + 2b*c? + 2¢%a?
:>2(a4+b4+c4)=(a2+b2+c2)2
A 4 4 4 1 2 2 2 2
Vay: a”+b" +c =E(a +b +c)

*Thidu?7. Cho céc sd thuc a, b, ¢ khac nhau ddi mot thoa man: a° +b’ +¢® =3abc va

2 2 2
, ab bc ca
abc#0 . Tinh: P= ——— S T
a“+b"—-c© b°+c"—-a° c"+a -b
Loi giai

Do a’ +b® +¢c® =3abc :>(a+b+c)(a2 +b2+c2—ab—bc—ca)=0

Do a’ +b*+c*—ab—bc—ca > 0vdia, b, d6i mot khidc nhaunén: a+b+c=0
Suyra:a+b+c=0
as ab? ab? ab? b? b? b
Khi do: b — =— — = — ==
a“+b"-c° a +(b c)(b+c) a +(b c)( a) a+c-b b-b 2

bc? C ca’ a
Tuong tu: - S T
b°+c—-a~ -2 ¢ +a"-b° 2

Cong theo vé& cac dang thiic trén ta dugc:

ab’ bc? ca’ b ¢ a 1
P= + + =—+—+—=——(a+b+c)=0
a?+b*-c? b*+c*-a® PF+at-p* 2 2 =2 2( )
Vay P =0.

*Thi du 7. Cho ba s8 thuca, b, c théaman: b#c;a+b#c va a’+b* =(a+b-c)’

a’ +(a—c)2

:a_
b’ +(b-c) b-

Loi giai

Chttng minh réng: <
C
Ta co:

a’ :(a+b—c)2 -b*=(a+b-c+b)(a+b-c-b)
:(a+2b—c)(a—c)
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Tuong ty: b’ +(b—c)2 =(2a+b-c)(b-c)

Q a2+(a—c)2 =(a+2b—c)(a—c)+(a—c)2 =(2a+2b—2c)(a— ) a-c
b’ +(b—c) (2a+b-c)(b-c)+(b-c) (2a+2b-2c)(b-c) b-c

7~ Dang 3: Phwong phap d6i bién

(dpcm)

% Thi du 8. Vdi a,b,cla cac so thye thoa man:
(3a+3b+3c)’ =24+(Ba+b-c)’ +(3b+c-a)’ +(3c+a-b)’
Chttng minh r:?mg:(a+2b)(b+2c)(c+2a):1
Loi giai

3a+b-c=x
Dat <3b+c-a=y

3c+a-b=z
Ta co:

(3a+3b+3c)’ =24+ (3a+b-c)’ +(3b+c—a)’ +(3c+a-b)’
S (x+y+z) =24+ +y’ +2°
& (x+y+2z)’ =24+ (x+y+2)’ =3(x+y)(y+2z)(z+X)
< 24-3(x+y)y+z)(z+x)=0
< 24 -3(2a+4b)(2b+4c)(2c+4a)=0
< 24-24(a+2b)(b+2c)(c+2a)=0
< (a+2b)(b+2c)(c+2a)=1 (dpcm)
*Thi du 9. Cho a,b,c>0 théamina+b+c=+/a+b+c=2. Chting minh rang

Ja b e 2

I+a 1+b l+c \/(1+a)(1+b)(1+c)

-----

Dat x:\/g;y:\/E;z=x/zz>xy+yz+zx:1:>a+1:(x+y)(x+z).
Tuwong tu: b+1=(y+x)(y+z);c+1=(z+x)(z+y)

Khi d6 ta co:

\/— \/_ Je 2(xy+yz+zx) 2

T+a 1+b 14c (x+y)(y+z)(z+x)_\/(1+a)(1+b)(1+c).

*Thi du 10. Cho 3 56 a, b, c khac 0 théa manab + bc+ca =0 . Chiing minh rang;

NGUYEN QUOC BAO TAI LIEU TOAN HOC



x =ab

y=bc thia+b+c=0 va abc=0. Ta co:

Z=Ca

bc ca ab b’c’+c’a’+a’d® X’ +y’+7°
a®> b* & a’b’c? Xyz

(x+y+z)(x2+y2 +z° —xy—yz—zx)+3xyz

Xyz
3xyz

=3
XyZz

I~ Dang 4: Phuwong phap st dung bat dang thirc

2 2 2
*Thi du 11. Cho a, b, ¢, z, y, z théa man %zx_ﬁy_ﬁz_z.
a~+b°+c” y° b ¢

Chttng minh rang X200 4 y2019 + 272 =.

Loi giai
Ta co:
x2+y2+zz_ﬁ y_2+i
a2+b’+c® a® b: &
2 2 2 2 2 2
SX__ Xy oy A2

< x =y =2z=0(do mdi s6 hang ctia tdng déu khong am)

V‘l Vay: X2019 + y2019 +ZZOI9 — O

*Thi du 12. Cho ba s8 thiuc duwong a,b,c thdéa man av1-b% +byvl—-c? +cy1-a’ 22.

Chting minh rang: a* +b* +¢” =

N | W

Loi giai

Ap dung bét dang thizc Cauchy cho hai s§ khong am ta c6

2 2 2,12 2,12
aV1-b2 +by1-c® +cy1-a2 <2 +; L +; €4S +; a =§.

VT (2
Déng thitc xay ra khi va chikhi 1b=v1-c* < b2=1—c2:>a2+b2+c2=%(dpcm).

c=+1-a’ ¢ =1-a’
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~ Dang 5: Phuwong phap stt dung luwong lién hop

*Thi du 13. Cho x, y thoa man:

VX +2014 ++2015-x —+/2014 —x =]y +2014 +,/2015~y — /2014 - y
Chiing minh: x =y
Loi giai
Vx+2014 +42015-x ~v2014 - x = |y +2014 +,/2015 -y — 2014~ (1)
PKXD: ~2014 < x;y <2014

(1) & X+ 2014~y + 2014 +y2015- X ~2015-y +,2014 ~y ~2014 -x =0

Néu x khécy va 2014 <x;y <2014 thi v/x+2014 +,/y +2014 >0;

V2015 x +4/2015-y > 0;+/2014 —x +,/2014—y >0, do d6 (1)

1 1 1
)

- + =0
Y a0ty + 2018 V2DI5 x +2015y 204 —x + 2014y

2) @(x—

Khi d6 dé chimg to 1 - 1 )
V2014 —x +,/2014—y /2015 x +,/2015~

Néu x-y #0 nén (2) vo ly vi VI(2) ludn khac 0
Néu x =y dé thay (1) dung. Vay x =vy.

r ~N AY Vé ~N A A 2 ~ OA - A + \ v
*Thidul14. Néua,b,c lacdcso khong am thoa man diéu kién: b= % thi ta co:

11 2
b Joide Jeida
Loi giai
Ta co 1 \/— \/_ b-c ()
\E+I Vot (Jerva)a+ib) (e +va)a+vb)b +e)
1 1 a-b

B Y S SO S S SN A S YA A
Ma b=2" S a-b=b-c(3)
\ 1 111
OO0 = T erva Jerva vardb

1 2

1
M b Vbde Jerda
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7~ Dang 6: Chitng minh c6 mot s6 bang hang s cho truéc

a+b+c=2019
*Thi du 15. Cho3s6a, b, ckhdcOthéaman {1 1 1 1
St =—
a b c¢ 2019

Chttng minh rang trong cac s a, b, ¢ c6 mot s& bang 2019
Phan tich:
Ta thdy viéc chiing minh trong cac s8 a, b, c c6 mot s6 bang 2019 sé twong duong
voi viée chitng minh hé thitc sau dung: (a—2019)(b-2019)(c-2019)=0 (*) khai
trién (*) ta duoc:
(*) < (ab—2019a—2019b+2019" )(c~2019) =0
&> abc—2019(ab+bc+ca)+2019% (a+b+c)-2019° =0 (**)

Tt gia thiét 1+%+1 =2019 suy ra abc—2019(ab+bc+ca) =0 (2)
a c

Tir gia thiét a+b+c=2019 suy ra 2019°(a+b+c)-2019° =0. (3)

Cong (2) va (3) theo vé ta dugc (**) tir day ta dan dén 1oi giai sau:
Loi giai
Tt gia thiét R TS suy ra abc— 2019(ab +bc+ ca) =0 (2)
a b c

Tir gia thiét a+b+c=2019 suy ra 2019*(a+b+c)-2019° =0. (3)
Cong (2) va (3) theo vé€'suy ra:

abc—2019(ab+bc+ca)+2019° (a+b+c)-2019° =0
& (a—2019)(b-2019)(c-2019)=0 (1)

Ttr (1) suy ra bai toan dugc chirng minh.
Nhan xét: Tt phan tich va cach giai bai toan trén ta thdy dé€ giai don gian dang toan
nay chung ta can suy luan nguoc dé tim ra 1oi giai.

1 1 1
*Thi du 16. Cho 3 s3 a, b, c khéac 0 thoa man “b*c‘E*TE

abc=1
Chting minh rang trong 3 s8 a, b, ¢ c6 it nhat mot s3 bang 1.
Phan tich:

Ta thdy viéc chiing minh trong cac s8 a, b, ¢ cé mot s6 bang 1 sé trong duwong véi
viéc chitng minh hé thitc sau ding: (a-1)(b—1)(c—1)=0 (*) khai trién (*) ta duoc:

(*)@(ab—a—b+1)(c—1):0
<:>abc—(ab+bc+ca)+(a+b+c)_1:0 (**)
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T gia thiét i+%+1:a+b+c va abc =1 ta duoc:
a c

a+b+c=ab+bc+ca hay(ab+bc+ca)—(a+b+c):0 (2)
Mt khac abc =1 hay abc-1=0 (3)
Cong (2) va (3) theo vé ta duoc (**) tir day ta dan dén 1oi giai sau:

-----

T gia thiét l+%+1=a+b+c va abc =1 ta duoc:
a C

a+b+c=ab+bc+ca hay(ab+bc+ca)—(a+b+c):0 (2)
Mt khac abc =1 hay abc-1=0 (3)
Cong (2) va (3) theo vé ta duoc:
<:>abc—(ab+bc+ca)+(a+b+c)—1:0
<:>(ab—a—b+1)(c—1)=0
< (a-1)(b-1)(c-1)=0 (1)

Tt (1) suy ra bai toan dwgc chitng minh

1 1 1
*Thi du 17. Cho 3 s8 a, b, ¢ khéc 0 théa man % b e

wlr—\

Ya+ b+ o=

Chting minh trong 3 s6 c6 it nhat mot s& bang 27.

Q

-----

T gia thiét 1

1
TR

Rut gon bidu thirc:
J29-124/5 =4/9-124/5+20 = (3—2\/5)2 =‘3—2\/§‘=2J§—3
:>\/6+2\/§—m:\/6+2\/g—(2\/§—3)=\/§=3
Do ds Ya+ib+Vc-3=0=9(Ya+Jb+c)-27-0. (2)
Cong (1) va (2) theo v€'ta duoc:
Yfabe - 3(3fab +3fbe +Yca ) +9(¥a + b+ Yc) 27 =0
& (Ya-3)(¥b-3)(Je-3)=0  (3)

Tt (3) suy ra bai toan dwgc chitng minh

NGUYEN QUOC BAO

1_1 suy ra \S/abc—3(3/£+é/a+3 ca):

6+245 —y29-1245.

(1)
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I~ Dang 7: Van dung tinh chit cta day ti s6 bang nhau

a+b+c=1
% Thi du 18. Cho 3 s0 a, b, c khdc 0 théa man {a%+b’*+c? =1.

X 'y z

abz

Chttng minh r;img xy +yz+zx=0
Loi giai

St dung tinh chat cta day ti s6 bang nhau ta cé:

Mit khéc ciing theo tinh chat day ti s6 bang nhau ta co:

X2 y2 22 X2 +y2 +Z2
a? b* & a*+b’+c?

Do do:

=x’+y>+27°

2
(x+y+z) =xX*+y’+2° X" +y + 2 +2(xy+yz+2zx) =X’ +y’ + 2

< Xy+yz+zx=0

*Thi du 19. Cho 3 s5 thuca, b, ¢ théaman -2 =2 -
2016 2015 2014

Chttng minh r;img: 4(a —b)(b —C) = (a - C)2 .

Loi giai

St dung tinh chat cta day ti s6 bang nhau ta cé:

a b ¢ ~a-b = a-c __b-c _a-b_a-c_b-c
2016 2015 2014 2016-2015 2016-2014 2015-2014 1 2 1
:{igi:ig:j:z:>4(a—b)(b—c):(a—c)2
*Thi du 20. Cho cac so thuca, b, ¢, X, y, zkhac 0 thoa mén?:%:%.
X +y?+c? 1

(ax+by+c:z)2 Ca+bi 4

Chting minh rang;

(Cic mau déu khdc 0)
Loi giai
Str dung tinh chat ctia day ti s8 bang nhau ta cé:
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2
x y z Xy 722 X+y'+z? _ad [ X+y’+7Z’
a b c ax by cz ax+by+cz b’

ax+by+cz

Mit khac ciing theo tinh chat day ti s6 bang nhau ta co:

2 2 2 2
a b ¢ Xy zZ2 X+y'+z

X y z a b* & at+b*+c

Do dé:
2
x2+y2+z2 x2+y2+z2 x2+y2+z2 1
= 2 2 2 2: 2 2 2 (de )
ax+by+cz a~+b +c (ax+by+cz) a“+b " +c

bx—-cy cx—az ay-bx
a b c

% Thi du 21. Cho 3 s0 thuc a, b, ¢ thoa man

N a b c
Chttng minh rang: —=—=—
Xy
Loi giai
St dung tinh chat cta day ti s6 br?mg nhau ta co:

bx—-cy cox—az ay-bx bx-cy+cx—az+ay-bx

a b C a+b+c 0
Do do:

bx =cy

cx=az<:>i=k=£(dpcm)

ay = bx x ¥z

*Thi du 22. Cho cac s0 thuca, b, ¢, X, y, zkhac 0 thoa man

x _y _ z
a+2b+c 2a+b-c 4da-b+c

a 3 b 3 C
X+2y+z 2X+y-z 4x—4y+z'

Chting minh rang;
Loi giai

Str dung tinh chat ctia day ti s8 bang nhau ta c6:

X _ 2y _ z _ X+y+z _X+2y+z (1)
a+2b+c 4a+2b-2c 4a-4b+c (a+2b+c)+(4a+2b-2c)+(4a-4b+c) 9a

2x _ y _ z _ 2X+y+z _2x+y-z (2)
2a+4b+2c 2a+b-c 4a-4b+c (2a+4b+2c)+(2a+b-c)—(4a-4b+c) 9b

4x _ 4y _ z _ dx—-4y+z _4x-4y+z (3)
4a+8b+4c Ba+4b-4c 4a-4b+c (4a+8b+4c)—(8a+4b—4c)+(4a—4b+c) 9b

Tt (1), (2) va (3) suy ra:
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X+2y+z 2x+y-z 4Ax-4y+z
9a 9b 9c
a b C

=

X+2y+z B 2X+y-—z B 4x—dy+z
~ Bai tap tu luyén:
Cau 1. (Chuyén Khinh Hoa 2018)

Chtng minh r:img vdi moi s6 thue a,b,cta ludn co:

(a+b+c)2 =a’+b*+c” +2(ab+ac+bc)

Cau 1. (Chuyén Nam Dinh 2016)

Cho a,b,C 1a c4c s8 thuc thoa man cac ditu kien a+b+c=6;

1 1 1 47
a+b +b+c " cta 60

; r e o 1m 1 a b c
Tinh gia tri cta biéu thtc + + .
b+c c+a a+b

Cau 2. (Chuyén Thanh Héa 2018)

a’-3a’+5a-17=0

Cho a,bla cac sd thuc duong thoa man biéu thic
b’ —3b* +5b+11=0

Chting minh rang a+b =2

Cau 3. (Chuyén Hai Dwong 2018)
Cho x,y,zthoa man x+y+z+4/xyz =4

Chtrng minh \/x(4—y)(4—z)+\/y(4—x)(4—z)+\/2(4—x)(4—y) —\/E:S

Cau 4. (Chuyén TP. H6 Chi Minh 2018)

Cho a,b,cla ba so thuc thoa man diéu kién a+b+c=0va a’ = 2(a+c+1)(a+b—1).
Tinh gi4 tri ctia bi€u thiec A =a’ +b* +¢*
Cau 5. (Chuyén Quing Ngai 2018)
a’+a=b’
Cho a, b, c 1a cac s6 thuc khac 0 théa man diéu kién{b? +b = 2
c*+c=a’
Chting minh rang(a—b)(b-c)(c-a)=1
Cau 6. (Chuyén Lao Cai 2018)

Cho 2 s6 duong a,bva s6 ckhac 0 thoa man diéu kién 1 +%+1 =0. Chiing minh
a C

rang : Va+b =+va+c+vb+c
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Cau 7. (HSG Qudn Hdi An 2018)
Cho (x+ x? +2019)(Y+ y2 +2019) _2019. Chting minh: 320 +y2019 ~0

Cau 8. (HSG Quin Lé Chin 2018)

Cho AABC c6 A=60°.DgtBC=a ;CA=b;AB=C
1 1 3
+ = .
a+b a+c a+b+c
Cau 9. (HSG Hdi Dwong 2017)

Chting minh rang
Cho X,Y,Z# 0 va d6i mot khac nhau thdéa man l+l + 1 =0. Chttng minh rr?mg
X 'y z

1 1 1 2016, 2017 | 2018 *
+ + X + +72°" ) = xy + yz + zx
(x2+2yz y? +2zx ZZ+2xyj< Y ) Ty )

Cau 10. (HSG Hai Dwong 2016)
Cho x, y 1a hai sO thuc dwong. Chitng minh rr?mg:

\/2(,/x2 +y’ —x)(w/x2 +y’ —y) =x+y—{X+y’.

Cau 11. (HSG Phii Tho 2016)
Cho a,b,c 1a cac s6 thiee duwong théaman a+b+c=>5 va Ja+b+c=3.
Ja + Vb + Ve = 4 :
a+2 b+2 c+2  J(a+2)(b+2)(c+2)
Cau 12. (HSG Nam Dinh 2015)

Cho cac s6 thuc x, y, z thoa man dong thoi cac diéu kién Xx+y+z=2,

1 1 1
+ + :
xy+z—-1 yz+x-1 zx+y-1

Chting minh rang

x*+y* +2z* =18 va xyz=-1. Tinh gi tri ctia S =

Cau 13. (HSG Phu Tho 2015)

Cho cac sd thue X, Y, Z d6i mdt khac nhau thdéa man

x*=3x-1,y’=3y-1va z’=3z-1.

Chiing minh rang x* +y* +2z*> =6.
Cau 14. (HSG Bic Ninh 2016)
Cho céc s6 thuc a,b,c théaman a+b+c=0,a’+b> #c*, b’ +c*#a’, ¢’ +a’ #b’. Tinh gia

a’ b? c?

a’-b*-¢? " b? —c*-a? i c>—a’-b’

Ciu 15. (HSG Déng Nai 2016)

tri biéu thic P =

Cho a, b, c1a cac s6 thiee duong thoa a’ +b” +c” +2abc=1.
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Tinh gia trj bi€u thiec P = a\/(l—bZ)(l—cz) +b\/(1—a2)(1—c2) +c\/(1—b2)(1—a2) —abc
Cau 16. (HSG Phu Tho 2016)

Cho céc s6 duong a,b,c thoa man ab + bc+ca =1. Chting minh rang

a-b b-c c-a
+ +
1+c® 1+a”> 1+b°

Cau 17. (Chuyén Phui Tho 2017)

1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

Tinh gia tri biéu thirc P = véix, y, z la cac

s0 thoa man xyz = 5 va biéu thic P c6 nghia.

Cau 18. (Chuyén Hai Dwrong 2015)

Cho X,y 1a hai s& thuc théa man xy +/(1+x*)(1+y?) = 1.

Chting minh rang x\/l +y° + y\/l +x7 =0.
Cau 19. (Chuyén Ha Tinh 2016)
Cho ba s0 a, b, c thoa man: ¢? +2(ab—bc—ac):0, b#c va a+b#c. Chtng minh

2a’—2ac+c®  a-
2b®> —2bc+c* b-
Cau 20. (Chuyén KHTN 2010)

X C
rang: .
c
Vi moi s6 thuc a, ta goi phan nguyén cua s6 a la sd nguyén 16n nhat khong vuot

qué a va ky hiéu 1a [a]. Chitng minh rang véi moi n nguyén dwong ta luon 6.

3 7 n’+n+l
— et —t——
12 23 " n(n+1)

Cau 21. (Chuyén Hai Dwong 2010)

x+y=a+b

3

Cho treée ,beR; goi X, Y la hai s6 thyc thoa man { s s s
x’+y’=a’+b

Chttng minh rang: x4 y2011 =a% M 4 p*1,

Cau 22. (HSG huyén Kinh Mon)
Choa+b+c+d=0. Ching minh rang: a’+b’+c’+d’ =3(c+d)(ab-cd)

Cau 23. Chitng minh rang néu c6: ax® =by? = c¢z® va 111
X y z

Thi: i/ax2+by2+cz2 =a+¥b+3c

4 4
Cau24. Cho >+ 2 -
X Yy X+y

va a’+b’ =1 . Chting minh rang:
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2000 2000
y 2

a) bx* =ay” b) =

+
1000 10
aVO t) 00

(a+b

)1000

ax+by=c
Cau 25. Cho x, y la hai s6 thuc thoa man: {bx+cy =a
cx+ay=b

Chtng minh r.’img: a’+b® +c® =3abc

a-b b-c c—a
;y: ;Z:
a+b b+c c+a

Thi: (1+x)(1+y)(1+z)=(1-x)(1-y)(1-z)

Cau 26. Chitng minh rang néu: x =

Céu 27. Cho a, b, ¢ 14 ba s3 khong am thoa man: Y —PX - X=az _bz=cy

c b a
Chting minh réng: (ax+by + cz)2 = (x2 +y*+2° )(az +b* + c2)

Cau 28. Chom=a+b;n— ctd, | _ac—bd

a-b’ c—d'p_ ad +bc
CAiu 29. Cho a va b 1a cac s0 thuc thoa man cac diéu kién:
6a’+20a+15=0; 15b>+20b+6=0; ab=1.
b’ 6
ab’ —9(ab+1)3 2015

. Chitng minh rang: m +n+p =m.n.p

Chting minh rang;

Cau 30. Gia str a,b 12 hai s8 thuc phan biét thoa man a’ +3a=b*+3b =2
a) Chttng minh rang a+b =-3
b) Chitng minh réng a’ +b’ =45

Cau 31. Gia st x, y la nhiing s thuc duwong phan biét thdéa man:

2 4

y+2y+4y+

8y 4
X+y x2+y2 x4+y4 x8—y

8

Chitng minh rang: 5y = 4x
Cau 32. Cho CAc s8 thuc a, b, ¢ thoa man dong thoi 2 déng thikc:
i) (a+b)(b+c)(c+a)=abc

ii) (a3 +b’ )(b3 + C3)(C3 + a3) =a’b’c’.Chtimg minh: abc =0

x+y=a+b

3

Ciu 33. Cho trude a,beR; goi x,y la hai s6 thuc thoa man s s 1
x’+y’=a’+b

Chttng minh rang: X204 yzo11 =a’ M 4 p*1,
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a b 2(ab-2)
—+ =
b’-1 a’-1 a’b*+3
a+b=c+d
ab+1=cd

Bai 34. Cho a, b # 0 thoa man a + b = 1. Chitng minh:
Cau 35. Cho 4 s0 a, b, ¢, d nguyén thoa man: { . Chtrng minh: c=d.

Cau 36. Cho x, y, z la cac s6 thuc duwong thoa man: l+l+l=1 va x+y+z=1.

X y Z
Chttng minh rang: (x - 1)(y = 1)(z-1) =0
Cau37. Gidsira b, c x, v,z la cic s8 thue khac 0 thoa man: 2+ 2+S -0 vaXs Y 2 1.
X y z a C
. X2 y2 ZZ
Chting minh rang: —+-—+—=1
g g a2 b2 C2

3,13 4 3
Cau 38. Cho a + b + ¢ = 2009. Chitng minh rang; > 2 J;b -:C 3abc =2009
a”+b” +c” -ab-ac-bc

Cau 39.Cho3s6a, b, cthébamana+b+c=0. Chttng minh rr?mg:
2(a5 +b° +c5) = 5abc(a2 +b? +c2)

X—yz y'-zx z'-

2 2 2
Xy . Chitng minh ring: —be_b-ca_c-ab
a b c X y z

Cau 41. (HSG Qudn 9 TP. H6 Chi Minh nim 2011)

2mn____ o oo fmn

Chting minh rang;
NN Sy s

2410
V245447

Cau 42. (HSG Qudn 1 TP. H6 Chi Minh nim 2012)

Cau 40. Cho

Ap dung tinh: A=

Gia st 4 sO a, b, ¢ théa man diéu kién a’+b? +(a+b)2 =c? +d? +(C+d)2 . Chting
minh rang: a* +b* +(a+b)4 =ct+d* +(c+d)4.
Ciu 43. Cho x(m+n)=y(n+p)=2z(p+m)trong d6 x,y,zla cic s6 khac nhau va khac 0,
m-n _ n-p _ p-m
x(y—z) z— x) ( )
Cau 44. Chting minh rang;

a(b—c)(b+c—a)2 +c(a—b)(a+b—c)2 :b(a—c)(a+c—b)2

Chting minh rang;

Cau 45. Cho a,b,cd6i mot khac nhau va khac 0. Chiing minh réng:

Néu a+b+c:0th‘1(a_b+b_c+c_aj.( c 2. b J=9

C a b a-b b-c c-a
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Cau 46. (Trich dé Chuyén Lam Son nim 2017-2018)
Cho cac s6 thiic m, n, p, X, y, z thoa man diéu kién:
X=Ny+ pz;y=mx+ pz; z=mx+ny; X+ y+z#0.
1 1 1
+ + =
1+m 1+n 1+p

Chting minh rang;

Cau 47. Cho cac sO thuce X,Y,Z d6i mdt khac nhau thoa man
(y-2)V1-x* +(z2-x)31-y> +(x-y)I1-2° =0.

Chitng minh ring (1- X*)(1-y*)(1—2z%) = 1- xyz)°.
Cau 48. (Trich dé vao 16p 10 Chuyén Nam Dinh nim 2019-2020)

a) Cho x = \/3+ V54243 +\/3—\/5+2\/§ . Tinh gia tri cta bi€u thirc P = x(2 —x) .
b) Cho ba s§ a,b,C théa man ab +bc +ca = 2019 .Chiing minh:
a’ —bc . b’ —ca . c> —ab
a’+2019 b*+2019 «¢*+2019
Cau 49. (Trich dé vao 16p 10 Chuyén Dién Bién nam 2019-2020)

1 -1
342324232 241
Cau 50. (Trich dé vao 16p 10 Chuyén Phii Yén nam 2019-2020)
a b c 1
b’—ca c*-ab a’-bc 2019
Cau 51. (Trich dé vao I6p 10 Chuyén Sw Pham Ha N§i nam 2019-2020)

Chttng minh réng:

Ton tai hay khong 3 s6 a, b, ¢ thoa man

Cho cac sd thuc X, y, a thodn man \/x2 +3x'y? +\/y2 +3y*x* =a.
Chting minh rang Ux + %/7 =3a .
Cau 52. (Trich dé HSG Vinh Phiic nam 2017-2028)

Cho ba s0 theee duwong X,Y,Z thoaman X+ Yy = ( X+\/7 \/E) £z

(ff)&
)\N

SR

va y #z. Chttng minh dang thﬁfc

Cau 53. (Trich d¢ HSG Binh Dinh ndm 2017-2018)

Tinh gi4 tri biéu thiec A =x°+ y*— 3(x + y), biét rang

Xx=33+ 242+ Y3-242; y =17 + 1242 + 17 -122
Cau 54. (Trich dé HSG Da Ning nim 2017-2018)

Cho ba s6 X, Y,z thoa cac hé thie (z-1)x—y=1 va x+zy =2. Chung minh rang

(2x— y)(z2 -z +1) =7 va tim tat ca cac sd nguyén x, Y,z thoa hé thirc trén.
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Cau 55. (Trich dé HSG Thuwong Tin nam 2020)
Cho a,b,cthéa man 2a+b+c=0.Chténg minh 2a®+b* +c® =3a(a+b)(c-b)
Cau 56. Cho X,y,z>0 va xy+yz+zx=1. Chttng minh rang :

X N y 7z _ 2xy
1+x* 1+y® 1+72° \/(1+x2)(1+y2)(1+22)'

Cau 57. (Trich dé Chuyén KHTN ndam 2017-2018)
Véi a, b 1a cac s6 thuc duwong théa man ab + a + b = 1. Chiing minh rang;
a b 1+ab
2 + 2 -
1+a* 1+ \/2<1+a2>(1+b2)
Cau 58. (Trich dé Chuyén KHTN ndam 2009-2010)

_ 2
T+ 3 et 2n-1 = r;
4+1" 443 44+(2n-1)" 4n°+1

Chting minh rang

Véi moi n nguyén duong

HUONG DAN GIAI

Caul.

VT=(a+b+c)2 :(a+b+c)(a+b+c)

—a’+ab+ac+ab+b?*+bc+ac+bc+c?

=a’+b’+c’ +2(ab+bc+ca)=VP
Cau 2.

3

{3—3a2+5a—17=0 (a-1) +2a-16=0(1)
f—
b’-3b*+5b+11=0  |(b-1)"+2b+12=0(2)
= (1)+(2) = (a-1) +2a-16+(b-1)’ +2b+12=0
(

<:>(a—1+b—1)[(a 1) ~(a=1)(b=1)+(b- )}+z(a+b 2)=0
o (athe z)[[Tm 1)2 3(b—1)2+2]—0
<:>a+b—2[do(a7_1+b—lj2+%(b—1)2+2>0Va,bJ

Cau 3.
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Tacé:x+y+z+,/xyz:4<:>4(x+y+z)+4 xyz =16
Mat khac:
x(4—y)(4—z) [16 4y+z yz} x[4(x+y+z)+4w/xyz—4(y+z)+yz}

2

—x(4x+4 xyz+yz) (2\/;+ yz)
:>\/ 4-— y(4 z (2\/;+ yz) 2X +4/XyZ
co

Chttng minh hoan toan twong tu ta

\/y 4—x 4—z =2y+\/><}77

\/2(4—x)(4—y)=22+ Xyz

Do vay
\/x(4—y)(4—z)+\/y(4—x)(4—z)+\/z(4—x)(4—y): Xyz
= 2x+2y +22+3\/xyz —/xyz

:2(x+y+z+ xyz):8

Vay \Jx(4-y)(4-2) +\ly(4-x)(4-2) +\/z(4-x)(4-y) —xyz =8
Cau 4.

Taco: a+b+c=0<b=-a-c
=a’ :2(a+c+1)(a+b—1)
oa’ :2(a+c+1)(a—a—c—1)
oa’ :2(a+c+1)(—c—1)
<:>a2+2(a+c+1)(c+1)=0
<:>a2+2a(c+1)+2(c+1)2 =0
<:>(a+c+1)2+(c+1)2 =0
<:>{a+c:+1:0<:>{a:0 b a—co1
c+1=0 C
=A=a’+b’+c’ =02+12+(—1)2 =2

Vay A=2
Cau 5.
Cong theo v€ta dugca+b +c=0.
Cong (1) va (2) theo vé'ta duoc:
a+b=c’-a’=(c—a)(c+a)=(-b)(c-a) hay —C= (-b)(c-a)
Twong ty ta c6 —b = (—a)(b—c),—a = (—c)(a—b).
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Nhén theo vé& cac dang thtic trén ta duoc (a-b)(b-c)(c-a)=1

1_ (1+1J
“la b 0
Ta co: l+l.|.1:0:> c a b N c<
a b c ab+ac+bc 0 ab+ac+bc=0
abc

\/a+b :x/a+c +\/b+c

<at+b=a+c+b+c+2 (a+c)(b+c)

& c++ab+ac+bc+c? =0

<:>C2+\/C—2=O

< c—c=0(c<0)

Vay Va+b =+va+c+vb+c
Cau 7.

Ta co:

(x+\/x2 +2019)(y+,/y2 +2019) ~2019
= (x—\/x2 +2019)(x+\/x2 +2019)(y+1/y2 +2019) - 2019(x—\/x2 +2019)
—2019(y+1/y2 +2019) - 2019(x—\/x2 +2019)

<::>y+\/y2 +2019 =x* +2019 —

Tuong tu: x+x* +2019 = \/y? +2019 -y

2019 2019
+ =0.

Cong theo vé& hai dang thtic trén ta dwgc x+y=0< x=-y = x y
Cau 8.
1. Ké duong cao BH. AABH vudng tai H nén

BH = AB.sin 60° = AB—\/E

OH
AH = AB.cos60° = %

Xét ABHC vuong tai H nén BC?=BH? + HC?

2 2
s AP (¢ AB
4 2

_ 3AB? AB?

BC? +AC*-AB.AC+

BC? = AB’ + AC* ~AB.AC
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Hay a?=b2+ c>~bc (1)
1 1 3
+ =
a+b a+c a+b+c
< (a+b+c)(a+b+c)=3(a+b)a+c)
< 2a’ +2ab+2ac+ba+b?+bc+ac+bc+c? =3a%+3ac+3ab +3bc

< a?=b?+c?-bc luon dang theo (1)
Cau 9.

T gia thiét l+l+l=0:>xy+yz+zx=0
X y z

=X’ +2yz=x"+yz—xy-zx=(x-y)(x-z)
Tuong tw: y* +2zx =(y —x)(y-z);2° +2xy = (z-x)(z-y)

1 N 1 N 1 1 1 N 1
X +2yz  y*+2zx  z°+2xy - (x—y)(x—z) (y—x)(y—z) (z—x)(z—y)
__Y-X+Xx-z+z-y

(x=y)(x-z)(y-z2)

Suy ra dpcm.
Cau 10.

Ta co: 2(1/x2 +y’ —x)(1/x2 +y’ —y)=2[x2 +y? —(x+y)WX+y’ +xy}
:(x2 +y2 +2xy)—2(x+y)w/x2 +y2 +x +y2
=(X+y)2—2(X+y)1[X2+y2 +X2+y2= (X+y_ [X2+y2 )2 (x-)

Do x>0,y >0nén (x +y)>=x2+1>+ 2xy > x2 + 12

Suyra: x+y>{x’+y’
Khai cin hai vé& dang thic (*) ta duoc diéu phai chtiing minh.

Cau 11.

Va+b+ic =3 a+b+c+2(Vab +be+ca)=9 e Vab +be ++/fca =2
Do d6 a+2=a-++ab+be +ea =(va++b)(Va+c)
b+2=b-++ab +be ++ea = (Vo +c ) (Vb +a)
c+2=c++ab ++be ++ca = (Ve +a ) (Ve +b)

TAI LIEU TOAN HOC
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Suy ra
R A A
a+2 b+2 c+2 (\/§+\/E)(\/§+«/E) (x/g+\/z)(\/5+x/;) (JE+J§)(JE+JE)

_ Jalvb + )+ o(Ve +va )+ Ve(Va + b
(Va + b Jvb ++c)Ve ++/a)

_ 2(Jab + vbc + vea)
~J@+2)b+2)(c+2)

4
J@+2)(b+2)(c+2)

. Na Wb e 4
Va + + = .
a+2 b+2 c+2 J(@a+2)(b+2)(c+2)
Cau 12.

Ta cé xy+z—1:xy—x—y+1:(x—1)(y—1)
Tuwong tu yz+x—1=(y—1)(z—1) va Zx+y—1=(z—1)(x—1)

Suy ra S— 1 N 1 N 1 _ x+y+z-3

(=1)(y=1) (y=1)(z=1) (z=1)(x-1)  (x-1){y-1)(z-1)
-1 1
:xyz—(xy+yz+zx)+(x+y+z)—1:xy+yz+zx

Ta c6 (x+y+z)2:x2+y2+22+2(xy+yz+zx):>xy+yz+zx:—7
1
Suyra S=-—
g 7
Cau 13.
Tacd x°>=3x-1(1),y’ =3y-1(2),z° =3z-1(3).

-y’ =3(x-y)  [+xy+y>=3(4)
T (1), 2) va () suy ra 1y’ —z° =3(y-z) & y* +yz+2* =3 (5)
2’ =X =3(z-x) |2 +zx+x* =3(6).

Tt (4) va (5) suy ra
x? —22+xy—yz:0<:>(x—y)(x+y+z)=0<:>x+y+z:0, (Vix, y, z d6i mot phan biét).
Cong (4), (5) va (6) theo vé vé4i vé€ ta co
g(x2+y2+zz)+%(x+ y+2) =9=x*+y2+2°=6.

Cau 14.

Tt gia thi€t a+b+c=0 ta duoc
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a’ b? c’ a? b* & at+p*+ct
+ + =

P= 2 2 2 - + + =
(b+c) -b*-c* (c+a) —c*-a® (a+b) —a’-b’ 2bc 2ca  2ab 2abc

Ta co a3+b‘°’+c3—3abc:(a+b+c)(a2 +b?+¢? —ab—bc—ca)=0.
Tt d6 suy ra a’ +b’ + ¢’ =3abc do vay ta dugc P :g

Cau 15.
Theo baira: a> +b*+c* +2abc=1

Suy ra a’ +2abc=1-b* -c*;b* +2abc=1-¢* —a*;c* +2abc=1-b* —a*. T d6 ta cb

P:a\/(l—bz)(l—c2)+b\/(1—a2)(1—c2)+c\/(1—b2)(1—a2)—abc
—aV1-c —b? +b2® +by1-c? —a® +a’c® +cv1-a —b” +a’b* —abc
= ava’ +2abc + bc? + by/b® +2abe +a’c? +cy/c? +2abc +a’b® —abe
= a\/(a+bc)2 +b\/(b+ac)2 +c\/(c+ab)2 —abc

=a(a+bc)+b(b+ac)+c(c+ab)—abc:a2 +b?+c*+2abc=1

Cau 1e6.

Tacd 1+a’ =ab+bc+ca+a’ =(a+b)(a+c). Hoan toan tuwong tu ta c6

1+b? =ab +bc+ca +b? :(b+a)(b+c)

1+c*=ab+bc+ca+c? :(c+a)(c+b)

Suv ra a—b: a-b _ at+c-b-c _ 1 B 1
Y15 T(cra)(c+b) (c+a)(c+b) c+b cra’
b-c b-c _ bt+ta-a-c 1 1

1+a2_(a+b)(a+c)_(a+b)(a+c)_a+c a+b

c—a c—a c+b-a-b 1 1

1+b* (b+c)(b+a) (b+c)(b+a):b+a_b+c

Va a-b b-c c-a 1 1 1 1 1 1

ay ~+ =+ 5= - + - + - =0
1+¢® 1+a° 1+b° c+b c+a a+c a+b b+a b+c

Cau 17.
Két hop xyz =5 ta bién d6i biéu thirc P thanh

B 1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

1 2xy Xyz.2z

= + +
2x+2xz+1 y+2xy+2xyz 2Xyz.z+yz+2Xyz
1 2y 2xz _1+2y+22x_1

2x+2xz+1 14+2x+2xz 2xz+1+2x  2x+2zx+1
NGUYEN QUOC BAO TAI LIEU TOAN HOC




Cau 18. Ta co:

xy +J(1+X3)(1+y?) =1 J(1+x)2(1+y)? =1-xy
= 1+x2)(1+y%) = 1-xy)’

S 1+x7 +y” +x7y? =1-2xy + X7y’

SxX+y +2xy =0 (x+y)Y =0 y=-x

:>x\/1+y2 +y\/1+x2 —x14x2 —xy14x2 =0
Cau 19.

Ta co: ¢ +2(ab—bc—ac)=0 = a’ =a’+c* +2(ab—bc-ac)
=(a?-2ac+c?)+2(ab—bc) =(a—c) +2b(a-c) =(a—c)(a—c+2b).

= 2a2—2ac+c2:(aZ—ZaC+C2)+a2=(a—c)2+a2=(a—c)2+(a—c)(a—c+2b)
~2(a—c)(a+bc)

Tuong tu ta cé: 2b” —2bc+c* = 2(b-c)(a+b—c).

Do dé: 2a® —2ac+c’ =2(a—C)(a+b—C)=a—c
2b* —2bc+¢? 2(b—c)(a+b—c) b-c

(véib#c, a+b#c)
Cau 20.

2 2
kK+k+1  k k+1 k 1 1 +l(keN)

1
= + = +—=
k(k+1) k(k+1) kk+1) (k+1) k k+1 k
Thay k Ian luot tir 1 dén n ta dwoc:

& + 7 + nintl) n+1—L ~In+—2 |=n
1223 “n(n+1) n+l ne1 o (@pem)

Cau 21.
. X+y=a+b
= (x+y)3—3xy(x+y):(a+b)3—3ab(a+b)

X+y=a+b (1)
“Ixy(a+b)=aba+b) (2)

Xét

(*)
n . % x+y=a+b
+/Néu a+b=0 thi (*)<
Xy =ab
=>x, y la 2 nghiém cta phuong trinh X* —(a+b)X+ab =0
x=b

. , X=a
Giai ra ta co ; = M 4+ y? =% 4 b

NGUYEN QUOC BAO
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+/Néu a+b=0=>a=-b.

x+y=0

Tacéhéphu’ongtr‘mh{ s, oXxX=-y.
x"+y =0

2011 2011
a” +b7 =0
= ot ot = X2011 + y2011 — a2011 +b2011
X7 +yT =0
Cau 22.

Tt:a+b+c+d=0

:>a+b=—(c+d):>(a+b)3 :—(c+d)3 =a’+b’+3ab(a+b)=—c’-d’-3cd(c+d)
=a’+b’+c’+d’ :—3ab(a+b)—3cd(c+d):a3 +b’+c’ +d° =3ab(c+d)—3cd(c+d)
=a’+b’+’+d’ =3(c+d)(ab—cd)
Vay bai todn duoc chitng minh.

Cau 23.

Co: %/ax2 +by” +cz’

3 3 3
X y Z X y Z

3[.2 2 2 3/ax2 2 2
Ta cé: \/ax +by vz =3/;;\/ax o z%;\/ax +by tez =3e
X y z
31y 2 2,2 3fa2 24072 3ax? 24 c7?
:\/ax +by” +cz +\/ax +by” +cz +\/ax +by” +cz _Ya+io+ie
X y Z

= Jfax’ +by’ +cz (;+y+—] Ya+3lb+3e

L= E/ax2 +by2 +cz? :3/;-}-%4-%/;
Cau 24.
a* b* 1 4

2 12 a’ b' (aZ"‘bZ)z
a) T —+—= vaa’+b =lsuyra: &y —=1+—— 1
X 'y X+y X

y X+y
:>(x+y)(a4y+b4x)=(x+y)(a2 +b2)2 = (ay2 —bxz)2 =0= bx* =ay’.
b) T cau a) bx* =ay”

Z>X_2:y_2 2 +y 1 _ ﬁwOO: 1 1000. y_z 1000: 1 1000
a b a+b a+b a a+b b a+b
2000 2000

. y _ 2
Do do: a1000 + blOOO - (a+b)1000

NGUYEN QUOC BAO
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Cau 25.
ax+by=c

Ta co: {bx+cy=a .
cx+ay=b

Cong theo v€ cac phuong trinh cua hé ta duoc:

(a+b+c)x+(a+b+c)y=a+b+c=(a+b+c)(x+y-1)=0

a+b+c=0
x+y=1

Véi a+b+c=0 thi: (a+b+c)(a2+b2+C2—ab—bc—ca):0<:>a3+b3+c3 =3abc (1)

Véix +y =1 thay vao gia thiét ta dugc: a=b=c = a’ +b’ +c’ =3abc (2)

Tt (1) va (2) suy ra dpcm.
Cau 26. Ta co;

lix=1+220_ 2a;1+y=1+b_c= 2b;1+z=1+
a+b a+b b+c +C
8ab
:>(1+x)(1+y)(1+z)=(a+b)(ba+z)(c+a) (1)
Mait khac:
1_X_l_a—b_ 2b o _b—c_ 2c g1
~ a+b a+b’ " b+c b+c’ -
8abc

= (=) =9)(-2) =y g era) @

c-a_ 2c
c+a c+a
c-a_2a
ct+a c+a

Tt (1) va (2) suy ra: (1+x)(1+y)(1+z) = (1—x)(1—y)(1—z)

Cau 27.
bat
c b a
) cbx+bcx—abz +abz—acy
a’+b’+c?

= (ay—bx)2 = (Cx—az)2 = (bz - cy)2 =0

ay—bx cx-az bz-cy K sk cay —cby bex—baz _abz-acy

2
C

:>(a2 +b? +c2)(x2 +y’ +z2)—(ax+by+cz)2 =0

Suy ra: (ax+by+cz)2 :(x2 +y’ +zz)(a2 +b? +c2)

Cau 28.

Ta co:

NGUYEN QUOC BAO

b2

=0=ay-bx=cx—az=bz-cy=0
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a+b c+d ac—bd_(a+b)(C—d)+(C+d)(a—b) ac—bd

MNP T Temd Tad+be (a-b)(c-d) Tad+ b
)

_ 2(ac—bd) ,ac—bd _ (ac—bd)(Z(ad+bc)+(a—b (c—d))
(a—b)(c—d) ad + bc (a—b)(c—d)(ad+bc
(ac—bd)(a+b)(a+c)

= == m.n.p

(a —b)(c —d)(ad + bc)

Vay dang thitc duoc chiing minh.
Cau 29.
Ta ky hiéu cac diéu kién nhw sau:
6a2+20a+15=0 (1); 15b2+20b+6=0 (2) ab=1 (3)
Dé thdy cac phuwong trinh (1) va (2) déu c6 hai nghiém phan biét.
Do (3) nén b khac 0. Chia hai vé& cta (2) cho b? ta dwoc

6[lj +20(1j+15:0 (4)
b b

Tt (1), 3) va (4) suy ra a va % la hai nghiém khdac nhau ctia phuong trinh

6x” +20x+15=0 (5)

Theo dinh li Vi-ét: a+l=—£; 3:2
b 3"b 2
b>-9(ab+1)’ : :
Ttr do : (a )zi_g asl] 22 _of_10) _2015
b’ b b) 2 3 6
b’ 6 o e 1 .
Suy ra T = , diéu phai chitng minh.
ab2—9(ab+1) 2015
Cau 30.
2+3b=2
a) Gia st a,b la hai s0 thuc phan biét thoa man a
b*+3a=2
<:>a2—b2+3(a—b)=O<:>(a—b)(a+b)+3(a—b):O<:>(a—b)(a+b+3):0
—b=0(loai
- a (oal)
a+b=-3

b)(a+b) =-27
oa’ +b3+3ab(a+b)=—27<:>a3+b3—9ab=—27

vi a2+3a+b2+3b=4©(a+b)2—2ab+3(a+b)=4<:>ab=—2

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Vay a’+b’ =45

Ciu3l. Taco: d=—Y+ 2y n 4y i 8y __ v n

: s 2yt 4yt(x'-y')+8y
2 2 4 4 8 + 4
x+y x*+y° x'+y" x*-y

—_
X
I
< |
S~
S~

8 _x+y x* +y? (x4+y4)

Ly . 2y2 . 4y4 Ly +2y2(x2_y2)+4y2
Cx+y X4yt xi-yt x4y (X2+y2)(xz—y2)
2y _yl-y)+2y

y . _ _
(X+Y)(X—y) X—y

:x+y x* —y?

Do d6:—Y— =4 & y = dx — 4y < 5y = 4x
x-y

Vay 5y =4x (dpcm)

Cau 32. Ta co: (a° + b%)(b® + ¢%)(c® + a®) = a’b’c?
& (a+Db)(b+c)(c+a)(a?—ab +b?)(b?>—bc + c?)(c? — ca +a?) = a’b>c®
Ma: (a+b)(b + ¢)(c + a) = abc. Do d6:
abc(a? — ab + b?)(b? — bc + ¢?)(c? — ca +a?) = a’b’c?
© abc =0 hodc (a? — ab + b?)(b? — bc + ¢?)(c? — ca +a?) = a?b*c?
* Néu abc #0
Thi: a2—ab +b2 > labl ;b2=bc+ 2> |bcl; c2—ca+a?> lcal
Suy ra: (a? - ab + b?)(b? — bc + ¢?)(c? - ca +a?) = a?b*c?
Ma: (a2 — ab + b?)(b? — bc + ¢?)(c? — ca +a?) = a?b>c?
Do d6 a=b =c thay vao (i) = 7a*=0 = a =0 = abc = 0 (mau thuan)
Vay: abc =0 (dpcm)
Cau 33. Ta co:

: x+y=a+b
DS (xry) =3xy(x+y) = (a+b) ~3ab(a+b)

{x+y=a+b (1) *

=
xy(a+b)=ab(a+b) (2)

—a+b
+/N&Ja+b¢0thi(ﬂ¢»{x+y at
xy =ab

=>x, y la 2 nghiém cta phuong trinh X* —(a+b)X+ab=0

s ,|Ix=b |x=a
Giai ra ta co ; =>4 y? M =22 P
y=a |y=b

+/Néu a+b=0=>a=-b.
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o . x+y=0
Ta cé hé phuong trinh § . ° = < x=-y.
X +y =0
2ot + bzon = 2011 2011 2011 2011
- { 2011+y2011:O=>X +y" =a” +b
Cau3s VI=—2 + B _ a b

b*-1 a’-1 (b—l)(b2+b+1)+(a—1)(a2 +a+1)

a N b _ -1 N -1
—a(b2+b+1) —b(a2+a+1) b>’+b+1 a*+a+1

—(a2+a+1)—(b2+b+1)_ [(a+b)2—2ab+3}
(a2+a+1)(b2 +b+1) T +ab(a+b)+a’ +b’ +ab+2

2(ab-2) _2(ab-2)

T 2 2 212 =VP
a’b +(a +2ab+b )+2 a’b +3

Vay bai todn duoc chitng minh.
Cau35. Taco:a+b=c+dsuyrazta=c+d-bthayvaoab+1=cd
Taco: (c+d-b)b+1=cd<b(d-b)+cd-cd+1=0=(d-b)(b-c)=-
Vib,c,dlasd nguyénnén:d-b=-b+c=1hodc-d+b=b-c=1
Vay c=d
1+ _ Xy+yz+zx

Cau 36. Ta co: 1_1+
X y z Xyz

Suy ra: xy +yz+zx=xyz

Do do: (x - 1)(y - 1)(z — 1) =xyz — (xy + yz + zx) + (x+y+z) -1 (*)
Thay xy + yz + zx =xyz va x +y + z =1 vao (¥) ta duoc:
(x=1)(y - Dz~ 1) =xyz - (xy + yz + 2x) + (xty+2) -1
=(xy+yz+2zx) - (xy +yz+zx)+1-1=0 (dpcm)

Cau 37. Ta co: 0:3+E+£:ayz+bxz+cxy. Suy ra: ayz+byz+cxy =0 .
X y z Xyz
2 2 2 2
Dodé:l=| X+ X2 =X 1Y 4 —+2 Xy, yz,x
a b ¢ a> b ab bc ca
2 2 2 2 2 2
:x_2+y_2+z_2 5 ayz+bxz+cxy :_2+y_2+z_2+2. 0
a- b” ¢ abc a- b” ¢ abc

2 2 2

L Xy oz
Vay?+§+c—2=1 (dpcm)

Cau 38. Ta c6 hang déng thitc: a’+ b’ +¢* - 3abe=(a+b+ c)(a2 +b*+c* —ab-bc —ca)
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Do dé:

3,193 4 o3 a+b+c)(a®+b*+c*—ab-bc—ca
a’+b” +c’ - 3abc =( )( )=a+b+c=2009

a’ +b* +c’ -ab-ac-bc a’+b*+c*—ab-bc-ca
Luu ¥ cdn nhé: Khia+b +c¢=0 thia’®+b3+ ¢ =3abc
va nguoc lai khi a®+ b3+ c®=3abcthia+b+c=0

Cau 39. Ta c6 cic hang dang thirc:
a?’+b3+c3—3abc=(a+b+c)(a2+b2+c2 —ab—bc—ca).
(a+b+c)2 =a’+b’+c*+2(ab+bc+ca)

a’+b’+c®

Tra+b+c=0=a’+b’+c® =3abc va —(ab+bc+ca)

Ta co:

(a3 +b’ +c3)(a2 +b’ +c2)=3abc(a2 +b’ +C2)

©a’+b’+c’ +a’b’ (a+b)+b’c* (b+c)+c’a’ (c+a):3abc(a2 +b’ +c2)
<a’+b’+c’ —abc(ab+bc+ca):3abc(a2 +b’ +C2)

a?+b*+c?

< a’+b° +c” +abce. =3abc(a2+b2+c2)

<:>2(a5+b5+c5)=5abc(a2+b2+c2)(dpcm)
Caudo.pst L YZ_Y =X _Zoxy o X oyzo o yiozx o zioxy
i a b C k k k
a’~bc_b’-ca c’-ab

X y z

Sau d6 tinh: a* —bc,b” —ca,c’ —ab theo x, y,z, k tir d6 suy ra:

Cau 41. Ta cé:

(Jﬁ+\/ﬁ+M)(\/ﬁ+\/ﬁ—M)=(\/ﬁ+\/ﬁ)z—(m+n)=2m
5: ZM =+vm++vn—-+vm+n
Do dé: \/;+\/;+m—\/—+\/_ vm +

2410 225
Apdung: o = s P

Cau 42. Ta cé:

[az +b? +(a+b)2}2 :(a2 +b2)2 +2(a2 +b2)(a+b)2 +(a+b)4

=(a2 +b2)2 +|:(a+b)2 +(a—b)2}(a+b)2 +(a+b)4

=(a2 +b2)2 +(a2 —b2)2 +2(a+b)4
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=2[a4+b4+(a+b)4}
Tuong tu:
[c2+d2+(c+a)2}2 =2[c4+d4+(c+d)4}
Vay a' +b* +(a+b) =c' +d* +(c+d)’
Cau 43.
Vi xyz # 0nén: X(m+n)=y(n+p)=2z(p+m)

_ x(m+n) _ y(n+p) z(p+m)

Xyz Xyz Xyz
 men_nep_pim_(prm)-(n+p)_(men)-(prm)_{np)-(men)
y: yz  xz Xy Xy —yz - yZ—Xy - XZ—yz
_m-n _n-p _p-m
x(y-z) y(z-x) z(x-y)
Cau 44. Ta co: a(b—c)(b+c—a2)+c(a—b)(a+b—c2)—b(a—c)(a+c—b2):O (1)
X+2z
a=
at+b-c=x 2
Ddt <b+c-a=y= b=XJ2ry
a+c-b=z vtz
c=
2
Khi d6 ta cé:

_X+zZ (X+y y+z y+z [ Xx+z X+y 1
VT = > ( > ].y2+ ( T sz—z(x+y)(x—y)z2

>
_xrzxz 2+y+z.z_y.x2—l-(Xz—}’Z)z2
2 2 2 2 4
_1 2 2 2 1 2 2 2 1 2 2 2
_Z(x -z )Y +Z(Z -y )x —Z.(x -y ).z
=i(xz_yz)zz_i(xz_yz)zz=O=VP (dpem)
Cau 45.
Dat a_b=x,b_c=y,c_a=z:> c 1. _a :l; b =l(1)
c a b a-b x b-c y c-a z
<:>(x+y+z)[l+l+lJ:9
X y Z
Ta cé: (x+y+z)[l+l+1J:3+[y+Z+X+Z+X+y] (2)
X y Z X y 7
NGUYEN QUOC BAO
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— _ 2 _ A2
Ta lai co: y+z:[b €S a} c b -bct+tac-a” c
X a

a b Ja-b ab ‘a-b
_ c(a-b)(c-a-b) ~ c(c-a-b) B c[Zc—(a+b+c)] 2
= ab(a—b) B ab - ab b
Tuong tu ta 6: X+7 _ 2a> ;x+y _ b2
y bc =z ac
(X+y+z)(l+l+lJ=3+2C2+2a2+2b2=3+ 2 (a3+b3+c3)
x ¥z ab bc ac abc

Via+b+c=0=a’+b’+c® =3abc

Do do: (x+y+z)[1+l+lJ=3+%.3abc=3+6=9
X y z abc

Cau 46. Ta co:

X =ny+ pz

y=mX+pz=X+Yy+z=2(ny+pz+mx)=2(ny+y)=2y(n+1)= S
N+l X+y+z
Z=mx+ny
1 2z 1 2X
Tuwong tu: = ; =
p+1 X+y+z m+l XxX+y+z

n+l p+1 m+1 XxX+y+z X+y+Z X+Yy+zZ

Cau 47. Chu y dén két qua sau: “Néu a,b,c la cdc s6 thwc thoa man diéu kien a+b+c=0"
St dung két qua nay cho bai todn ta cd

(Y-2)’A-X)+(2-x)°L-y*) + (x=y)*(1-7%)

=3(x=y)(y - 2)(z— 0 ¥)1- y)1-2°) )

Pat P=(y-2z)’+(z-x)’+(x-y)*; Q=(xy —2x)* + (yz - xy)’ + (2~ yz)’.

Khi d6

P=3(x-y)(y-2)(z=X) (do (x=y)+(y-2)+(z-x) =0).

Q =3(xy — 2)(yz - xy)(zx - yz) = 3xyz(x - y)(y - 2)(z - X) .

Suyra P-Q=3(x-y)(y—2)(z—x)(1—xyz) . Ma VT (*) chinhla P—-Q chonén

1-xyz = %/(1— X)(1-yH(A-2%).

Vay (1-x)(1-y’)1-2°)=(1-xyz)’. O
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Cau 48.

a) (1,0 diém)
Co xzz(\/3+\/5+2\/§ +\/3—\/5+2\/§J2=6+2\/32_(5+2\/§) —6+2\4—-243.
=6+2(\/§—1)=4+2\/§=(\/§+1)2.

Do X>0 nén X=+3+1.

Suy ra (Xx—1)" =3 hay x*—2x=2 ,dodé P=-2
b) (1,0 diém)
T ab+bc +ca=2019 suyra a*+2019=a*+ab+bc+ca=(a+b)(a+c).
Tuong tw c6 b*+2019=(b+c)(b+a),c*+2019=(c+a)(c+b) .
V& trai cta dang thitc can chirng minh trd thanh

a’—hc N b* —ca N c’—ab
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
(a’—bc)(b+c)+(b*—ca)(c+a)+(c’ —ab)(a+h)

(a+b)(b+c)(c+a)

Khai trién va lam gon biéu thtkc trén ti ta duwgc két qua la 0 nén c6 dpem.

Cau 49. Ta co:

3 1 _ 1 _ 1
Sl (1 X2 ¥8) (24 08) (1+32) + ¥4 (1+42)
1 Y2-1 -1

_ _ VP

(1+3/§)(1+§/§+§/Z) (1+€/§)(§/§—1)(1+§/§+§/Z) 241

Cau 50. Gia st ton tai bo sO thuc (a, b, c) thoa man yéu cau dé bai

rd rang DK a, b, c 1a: a® # bc,b® # ca,c® # ab.

2 a2 a2 2 _
Néua=b=cthi & ~PC=a -~ =0a7=bC ()
Vay nén trong 3 sO a, b, ¢ phai ¢6 it nhat 2 sd khac nhau. Khi do:
(a—b) +(b-c)" +(c—a)’ >0

Ap dung tinh chét day ti s6 bang nhau ta c6:
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a_ _ b __c _ a+b+c _ 1
b>*-ca c*—ab a’-bc ;[(a—b)2+(b—c)z+(c—a)2] 2019

=>a+b+c>0. Khi d6 néu ton tai 2 s§ bang nhau, gia st a =b thi:
a b
b’-ca c’-ab
=>(a+b+c)(b-c)=0=>b=c

—b*-ca-c®*+ab=0

=>a=b=c(Voly)

Tt day ti s6 bang nhau ta c6:

a-b B b-c B c-a 1
b’-ca—-c’+ab c?’—ab—-a’+bc a*-—ab-b*+ca 2019
a-b b-c a-b 1

2= = - _
(b-c)(a+b+c) (c-a)(a+b+c) (a—-b)(a+b+c) 2019
X’ =yz
Dit: <y =X =>X* + Y2 + 2° =Xy + yZ + 2X
7% =xy
(x—y)2+(y—z)2+(z—x)2=0©x=y=z
a+b=2c a+b=2c a+b=2c
<JCc+b=2a < {c+b=2a <4JCc+b=2a <a=b=c
a+c=2b a-b=2b-2a [3(a-b)=0
Két qua cho thay v ly. Vay khong ton tai bo 3 s6 thoa man theo yéu cau.

Cau 51. Dit s=¥¢ va t=3y’ thi ding thic dé bai c6 thé viét lai thanh

Vst +st +t +t’s =a.
Do s,t>0 nén m=s\/ﬁ,mﬂﬁ.
Tir d6 ta 6 (s+t)Vs+t=a hay (s+t)’ =a’.
Suy ra s+t==3a’ . Day la két qua can chting minh.
(VT (VR 2]y (V)

Cau 52. Ta co: =

y+(Jy 2) (VKo y —2) = (Jy —z)

TAI LIEU TOAN HOC

NGUYEN QUOC BAO



_ (\/§+2\/§—\/E)(\/§—\/E)+(\/§—ﬁ)2 _ (&—ﬁ)(2ﬁ+2\/§—2ﬁ)
(k) (7 —32)+ [y —va) [y =V2)(2 2y -242)
_x—vz
N

Chu 53. Dt x = Y3+ 242 + §[3 - 242 =a+bkhi d6
X =(a+b) =a’+ b7+ 3ab(a+b) =3+ 22 +3- 242+ 3(3+ 242)(3 - 242) x

= X*=6+3x< xX°-3x=6 (1)
Dt y = 317 + 1242 + §f17 - 1242 =c+d khi d6
y=(c+d) =c®+d*+3cd(c+d)=17 +12J2 +17 - 1242 + 33/(17 +1242)(17 - 1242).y

=Vy'=34+3y & y*-3y=34 (2
Tu(l)va@2)suyraA=x+y = 3(x+y) =x+y’ = 3x -3y =6+ 34 =40

Cau 54. Tt hai hé thitc da cho, xem z1a tham s0 giai hé phuong trinh 2 dn X,y theo z ta

duwoc
o I+2 va y= 27-3
2 -z7+1 2 —z7+1
Sox_y-_2t¥d | 2273 T, dieu phai chimg minh.

27741 22741 22-741
1) 3
Do 22—z+1=(z—EJ +Z>O nén tir hé thic (2x—y)(zz—z+1)=7 cho ta
2x—-y>0.
Ma x,y,zeZ suyra 2°-z+1=7 hodc 7° -z+1=1.
Truong hop 1: 2°—z+1=7
Tacd 2°-7-6=0<(2-3)(z+2)=0=>2=3;z=-2.
Véi Z:3:>X:g (loai).
Véi z=-2=x=0 va y=-1 (nhan).
Truong hgp 2: 2 -7+1=17"-2=012(z-1)=0=2=0;z=1.
Véi z=0=x=2 va y=-3 (nhan).
Véi z=1=x=3 va y=-1 (nhan).
Caub55. Taco: 2a+b+c=0=a+b=—(a+c)

= (a+b)’=-(a+c)’

= 2a®+b®+¢® =—3a(ac+c* +ab+b?)
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= 2a’+b’+c’ =-3afc(a+c)+b(a+h)]

= 2a’+b’+c’ =-3a[-c(a+b)+b(a+b)] (Vi a+b=—(a+c))
= 2a’+b*+c®=-3a(a+b)(b—-c)

=2a°+b’+c’ =3a(a+b)(c-b)

Cau56. D&y rang 1+x° =X +Xy+yz+2x=(X+Yy)(Xx+2)

Ta co:

X .y oz _ X . y ~ z
1+x2 1+y* 142 (x+y)(x+2) (x+y)(y+2z) (z+y)(z+X)
_X(y+z)+y(z+x)-z(x+y) _ 2xy _ 2xy

(x+y)(y+z)(z+x) (x+y)(y+2z)(z+x) \/(l+ XZ)(1+ yz)(1+ 22)
Cau 57.Cach 1. Do ab + a + b =1 nén ta duoc
o> +1=4d’ +ab+a+b:(a+b)(a—|—1);b2 +1=" +ab—|—a—|—b:(a+b)(b—|—1)

Diéng thitc can chitng minh tuong duong véi

T T e o e
a(b+1)—|—b<a+1) B 1+ab

=

(a0t 2)o+1) oo s o) (a 1) (5 +1)

&(a+1)p+1)=2(a+1)(b+1) & (a+1)(b+1) =2 & ab+a+b=1

Do déang thitc cudi cling ludn ding nén dang thitc can chitng minh dung.
Céch 2. Déang thitc can chiing minh tuong duong véi
a(b? +1)+b(a* +1) 1+ ab

(o +1)(0* +1) \/2(a2 +1) (v +1)'

Mata co a (lf + 1) +b <a2 - 1) = (a - b) (ab + 1) nén dang thitc trén twong duong véi

atb _L@Q((H_bf:(a2+1)<b2+1><:>a2+b2+4ab:a2b2+1

\/(a2 +1)(5* +1) 2

2 2
@(a—l—b) z(ab—1> Sa+b=ab—-1<ab+a+b=1

Do déang thitc cudi cling ludn ding nén dang thitc can chitng minh dung.

Cau 58. Dung phuong phap quy nap toan hoc
*Voéin =1 dung gia st dang véin=k ta co
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= K ; ta phai chitng minh ding véin=k +1nghiala S =—(k+1)2
CoAkT 1T A1) +1

2k+D-1 _ (k+D)’ K 2(k+D)-1
4+(2k+1)*  AK+D*+1 4k P+1 4+(2k+D*
(k +1)° k? 2(k+1)-1

AK+D)2+1 4k2+1 4+ (2k +1)°
Tacod:

(k+1)? K2 (k+1)?(ak? +1)—k*[a(k +1)% +1)]
AK+1)7+1 4kZ41 4 +1)2 +Dkak? +1)
:4k4+8k3+4k24+k2+32k+1—24k4—8k3—4k2—k2: 2k +1 . (DPCM)

16k™ +32k° +24k° +8k +5 4+ (2k +1)

Sk+l =9k

Cach khac:

. , a 1 1 1 .
data=2n-1(neN xét tOng quat == - thay n lIan lwot ttir
' ( ) &1 4(a2—2a+2 a2+2a+2) Y '

1;2;3;4;.... Ta c6 a lan lwot 1;3;5;7;.....

1 1 1 1 1 1 4n?
TacO4S ==— =4+ =—— 4. .............. — 5 =1- 5 =—

15 5 13 (2n-1+1)% +1 (2n-1+1)%+1 4n’+1
Chuong Il

TINH GIA TRI BIEU THUC MOT BIEN

7~ Dang 1: Tinh gia tri biéu thitc chita da thic

5_ 3_
*Thi dy 1. Tinh gid tri bidu thiee F= X X 10XHI2 0 x 1)
x*+7x*+15 x> +x+1 4
Loi giai
, X 1 2 2
Ta co: 2—:—<:>4x=x +x+1< x" =3x-1.

x“+x+1 4
Do do:
x® =xx* :x(3x—1)=3x2 —x:3(3x—1)—x=8x—3;
x* =x"x=(8x-3) x=8(3x~1)-3x=21-8;
x* =x* x=(21-8)x =21x" —8x =21(3x ~1)—8x =55x —21.
Ttr d6 ta co:
x* =3x° —=10x +12 = 55x —21-3(8x—3) - 10x +12 = 21x;
x*+7x% +15=21x-8+7(3x—1)+15=42.
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5_ 3_
Véy: 1::x 43x 210X+12:21X:1(d0x¢0)
X" +7x°+15 42x 2

2
*Thidu2. Cho t=— X  Tinhgidtribiéuthtic A=— X theo t.
x> =x+1 xt+xr+1
Loi giai
1) Néu x=0 thi t=0 va A=0.

2 2
2) Néu x#0 thi (x+l—1jt:1:>x+l:%+1:>(x+lj =(1+1]
X X

1 1 ¢t

1 2 1+2t
X“+—+1 —+—
X ot

2
Tt hai treong hop trén suy ra A =

1+2t

7~ Dang 2: Tinh gia tri bi€u thitc chira cin thirc

*Thi du 3. Cho x++/3 =2. Tinh gi4 trj biéu thtc
H=x"-3x"* -3x* +6x* —20x + 2023

Loi giai

Ta co:
x+3=252-x=43=(2-x) =3 X’ ~4x+1=0
H=x"-3x" -3x* + 6x* —20x +2023
=x5—4x4+x3+x4—4x3+X2+5(x2—4x+1)+2018
=X (3" —4x+1)+5 (x* —4x+1)+5(x* —4x+1)+2018
=(x*+x*+5)(x* ~4x+1)+2018=2018 (do X’ —4x+1=0)
Vay H=2018khi x++/3=2

*Thi du 4. Cho x = V28-1643
J3-1

. Tinh gid tri ctia bi€u thire: P =(x* +2x-1)".

Loi giai
J@-237 4-23 (-1 B
J3-1 -1 B3-1

= x*+2x-1=1

= P=(x*+2x-1)*? =1

Ta co: x =

*Thi du 5. Cho x = Y1465 — /65 —1. Tinh Q = x* +12x+2009.
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Loi giai

Ta co : x3=(3/1+\/£—§/\/£—1)3
(1+\/_) 3\/ 1+\/_ )(\/1+\/_ \/\/— )
=2—12(%/1+\/£—%/\/£—1j=2—12x.

Do do6: Q =2-12x +12x + 2009 = 2011.

~ Dang 3: Tinh gia tri bi€u thitc c6 bién 1a nghiém ctia phwong trinh cho trudc

*Thi du 6. Cho a la nghiém cta phuong trinh: x*> —3x+1=0 . Khong can tinh a hay tinh

2
a

at+a’+1

gia tri biéu thte: Q=
Loi giai
Do a la nghiém cta phuong trinh: x> -3x+1=0 néna’-3a+1=0=a’+1=3a.
2 2 2 2
Suy ra: Q= —————= -2 =a2:l
a“+a +1 (a2+1) _a2 (3a) —_a2 8a” 8

*Thi du 7. Chttng minh rang phuong trinh x> +x—-1=0 c6 hai nghiém trai ddu. Goi x: 1a
nghiém 4m ctia phuong trinh . Tinh gid tri cua biéu thite D = /x} +10x, +13 +x,.
Loi giai
Phuong trinh x* +x-1=0 ¢6 ac=-1<0nén ¢4 2 nghiém trai dau.
Vi xi ¢6 la nghiém cta phuong trinh nén: x; +x, -1=0= x> =1-x,
Do do:
fo(1-x,) =1-2x, +X2 =1-2x, +1-x, =2-3x,;
P =(2-3x,) =4-12x, 9%} =4-12x, +8x2 +X°
=4-12x +8(1-x, ) +x; =12-20x, +X};
x® +10x, +13=12-20x, +x> +10x, +13=25-10x, +x* = (5-x, )’
1 1 1 1 1 1 1 1

Do d6:

=X} +10x1+13+x1.:,/(5—x1)2 +X, :|5—x1|+x1

Do x1 la nghiém am ctia phwong trinh nén xi<0nén 5 - x1> 0 do do:

=|5—x1|+x1 =5-x,+x, =5

NGUYEN QUOC BAO TAI LIEU TOAN HOC




*Thi du 8. Goi m la nghiém ctia phwong trinh V2% +x-1=0. Khong giai phwong trinh
2m -3

hay tinh gia tri biéu thic: A =
\/2(2m4 ~2m+3) +2m’

Loi giai
Do m la nghiém duong ctia phuong trinh v2.x% +x—1=0 nén

V2xt=1-x=0<x<1nén 4x* =1-2x+x%. Do d6 ta co:

) (2m—3)(\/2(2m4 ~2m+3) —2m2)

~ 2m -3

_\/2(2m4—2m+3)+2m2_ 4m® —4m+6—4m*
3\ 23 2] ) 2
- —4m+6 ) 2

22-mf , (-m) 1om _m-2_ 1-m
=X 7 im?= + = +
) -2 2 2 J2

1

2

7~ Bai tap luyén tap

Cau 1. Cho x, y théa man x = 2/ y -y +l +§/ y +/y’>+1 . Tinh gi4 tri ctia bi€u thirc
A= x'+xX°y +3x* +xy -2y +1.
Cau 2. (Chuyén Hai Duwong 2010)

1[1+i/12+\/ﬁ +§/12_\/13—5]'

X==
Cho 3 3 3

Khong dung may tinh cam tay, hay tinh gia tri ctia biéu thiee M= (9X3 —9x% — 3)2 .

Cau3.Cho m=3Y\3+2v2 —\3—242 -1, n=3Y17+1242 +\17-122 +2.
Tinh gia tri biéu thic T =2(20m+6n)* —38.

Cau 4. Tinh gia tri ctia biéu thiec
B-— i;f’i;j_z biét a = 3/55++/3024 +3/55-+/3024.

Cau 5. (HSG Hdi An 2018)

+2019.

J J

Cho biéu thtc A = (x2 -x-1

)2018

Tinh gia tri biéu thiec A khi x =

JBi1-1 141
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Cau 6. (HSG Lé Chan 2018)

Cho x=\/2+\/2+x/§ —\/6—3\/2+\/§.Ch{mgmingr5ng: x* —16x* +32 =0.

Cau 7. (HSG Thanh Héa 2017)

A(x+ )X =22 4+ 2x +1

1 3
tai x= - .
2% +3x \/2@-2 23 +2

Tinh gia tri cta biéu thiec P =
Cau 8. (HSG TP. Hai Phong 2018)

Cho a=\/3+\/5+2\/§ +\/3—\/5+2\/§ . Chting minh a® -2a-2=0.

Cau 9. (HSG Hii Duong 2016)
Cho biéu thtic: P=\/1—x+(1—x)\/1—x2 +\/1—x—(1—x)\/1—x2 (v6i —1<x<1).

Tinh gia tri caa bi€u thiec P khi x = 1
2019

Cau 10. (HSG Hai Phong 2016)

_10+6v3(3-1)
J6+245 -5

Cau 11. (HSG Hai Dwong 2015)

2017
- Tinh gid tri ctia P=(12x+4x-55) .

Cho x =3—-+/5. Tinh gi4 tri ctia biéu thitc A =x° —8x* +17x° +6x> —116x+104.
Cau 12. (HSG Hung Yén 2015)

Cho x =1+3/2 +%/4.Tinh gia trj ctia bidu thitc A =+/x* —3x> —3x+2018.
Cau 13. (HSG Phii Tho 2015)

Tinh gid trj bidu thre P = XX “17X+9 x 1
xt+3x% +2x+11 X +x+1 4

Cau 14. (HSG TP. Hai Phong 2015)

Tinh gi4 trj cia biéu thirc A = x* —6x + 1976 v6i x= 320 + 142 +3/20 1442 .

Cau 15. (HSG Hung Yén 2014)

Cho X—\/2+\/—— J6v3-10

\/—— Tinh gid tri cua biéu thirc
+
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2019
A :(x4 +x° —x? —2x—1) .
Cau 16. (HSG Hai Dwong 2014)

Tinh gia trj ctia biéu thirc: A = 2x° +3x* —4x +2

voi x=\/2+,/5+2\/g +\/2— 5+45 —J3-45-1

2

Cau 17. (HSG Hung Yén 2013)

1 W2-1

Cho x=— . Tinh gia tri ctia bi€u thttc sau:

\/5+1

\V2Xx2 +2x

3
A=(4x" +4x* = +1)" +(\/4x5 +4x* -5x° +5x+3) +(

1_\/EX ]2014

Cau 18. (HSG Phii Thy 2013)

3_
Tinh gié tri biéu thirc P =— a4 f’agz - biét a =3/55++/3024 +3/55 - /3024
a —4a” +oa-—

Cau 19. (HSG Kinh Mén 2013)
Khong dung may tinh. Hay tinh gia tri cua biéu thite P = (4x° - 6x? - 1)2'5 +2014
voi x=%(1+3\‘/3+2\/§ +i3-242).
Cau 20. (HSG TP. Thanh Héa)
(5 +2)1745 - 38
J5+/14-615

Cau 21. (Chuyén Lam Son 2015-2016)

Véi x =

. Tinh gia tri cua biéu thitc: B = (3x3 +8x% — 2)2015

x® —3x° +3x* — x>+ 2015
x* —x* —3x* —3x+2015
(x+y)(x* - y3)\/4x—\/16x—4
(1—\/4x—1)(x2y2 +xy° +y%)

Cho x?—x—-1=0.Tinh P =

Cau 22. Cho x>1,¥ <0 thoa man diéu kién =-2019.

Tinh ti s6 = .
y
Ciu 23. Cho X, Y >0 sao cho X+ Yy =1-Xy. Tinh gia tri ctia biéu thuc

1+y? 1+ x° 5 >
P =2x +2 +4/@Q+x)A+ .
sz y\/“yz J@+ X3+ y?)
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Cau 24. Chting minh rang biéu thitc sau nhan gia tri nguyén duong véi moi gia tri
nguyén dwong ctia N

P:(\/2n2+2n +1++/2n2—2n +1)\/4n2+2—2\/4n4+1.
Cau 25. Chting minh rang sd X, =\/ 2++2+4/3 —\/ 6—3y2++/3 lamot nghiém ctia

phuong trinh x* —16x° +32=0.

2
Ciu26. Chobiéu thire P=—>—+ [1+a?+—2>  véi a=—1. Rat gon biéu thirc P va
a+l (a+1)

tinh gia tri ctia bi€u thiee P khi a=2020.
Cau 27. (Trich dé vao I6p 10 Chuyén Binh Dwong 2019-2020)

Tinh gid trj biéu thire: P = (4x° +4x* ~5x* +5x—2) " +2019 tai x= %

Cau 28. (Trich dé vao I6p 10 Chuyén Son La 2019-2020)

(@—1)(\3/10+6J§)
V21+4+/5 +3

Tinh gi tri biéu thiec B= (X +4x-2)*"* tai x=

Cau 29. (Trich dé vao 16p 10 Chuyén Tién Giang 2019-2020)

Cho X =2+ 243 +3/2-24/3 —1. Tinh gid trj biéu thic P =x*(x* +3x+9)

HUONG DAN GIAI

Cau1.Co x= %/y- Ny + 1+ %/y+ Jy’+1
=x’ =2y +3%/y- Vy +1 -aJyﬂ/yZ+ 1 (%/y Vy'+1 +#y+\/y2+1)

=x’ +3x-2y=0

A =x" +x%y +3x%- 2xy + 3xy - 2y” + 1= (x*+3x*-2xy) + (x’y + 3xy - 2y*) +1
=x(x> +3x-2y) +y(x’ +3x-2y)+1=1

oz 0 )

. (3x-1)= i/12 +3\/135 . i/12 —3\/135
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<:>(3x—1)3 =[§/12+;’/B_5 +i/12_;’/ﬁf
= (3x-1)"=8+3(3x-1)
S 9IX-9x*-2=0
=M =(-1)"=1

Céu 3.

Ta cé: m =§/\/(\/§+1)2 —\/(\/5—1)2 _1=1

n=§/\/(3+2ﬁ)2 +\/(3—2J§)2 +2=2
Do d6: T =2(20+12)° —38=2010

Cau 4.

_ a-3a+2  (a-1)(a+2) a2
Ca’—4a’+5a-2 _(a_l)Z(a_z) Ca-2

Xét a® = 55++/3024 + 55 —+/3024 + 33/(55+ \/3024)(55—\/3024).51

<a’=110+3a
<:>(a—5)<a2+5a+22)=0
<a=5 (do a2+5a+22>0)

_a+2 7

=B =—
a-2 3

Cau5.Ta cod

NE 3 _\/g(mﬂj—\/g(m—l)

X:\/\/§+1—1_\/\/§+1+1_ V3+1-1
=\/\/5+1+1—\/\/§+1+1:2
1

Thay x =2 vao biéu thitc A ta duoc

2018
A:(z2 —2—1) +2019 =1+2019 = 2020
Cau 6.

x:\/2+\/2+\/§ —\/6—3\/2+\/§

NGUYEN QUOC BAO
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= x2=2+y2+/3+6-3 2+\/§—2\/2+\/2+\/§.\/6—3\/2+\@
=8-2y2++3 - 243, /4 (2+3)

=8—2\/2+\/§—2‘/3.(2—\/§)
—x2—8=-224+/3 -2 /3.(2—\/5)

= (% —8)2 =[—2\/2+\/§ _2 /3.(2—\/5)]2

o xt—16x +64=4(2+J§)+12.(2—J§)+8J§
o xt—16x2 +64 =32

e xP -16x*+32=0

Vay x* —16x* +32 = 0 (dpcm)

Cau 7.
\ \/ 1 3 J3-1
Vi x= — =
23-2 243+2 2
nén x =——— la nghiém ctia da thitc 2x* +2x 1.
2x (2x% +2x—1)+2x +1
bods X ) x4l 5
(2x2+2x—1)+x+1 x+1
Cau 8.
a2=3+\/5+2\/§+3—\/5+2\/§+2‘/9—(5+2\/§)
=6+2y4-24/3

—6+2 (\/5—1)2 :6+2(\/§—1)4+2\/§=(1+\/§)2

Vi a>0 nén a=+/3+1.Dod6 (a—l)2 =3hay a’-2a-2=0.
Cau 9.

P=\/E(\/1+ﬁ+\/1—\/§j

=P’ =(1—x)(2+2,/1—(1—x2))=2(1—x)(1+|x|)
Ma P=\[1-x+(1=x)V1=x +/1=x=(1-x)V1-x* 20= P =12 (1-x)

Véi x=——+ - p=2019 5
2019 2018
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Cau 10.

Tacod:

10+6v3 (V3 -1) = (3 +1)° (v3-1)
V6+2y5 -5 =\J(5+1) -5

L AWB’ (B (B+nRB-1_3-1_,

N NN RS ENCE

Thay gia tri cua x vao P ta dugc: P = (12.22 +4. 2—55) =1 =1

Cau 11.
Taco: x=3-53-x=v5=(3-x) =5=x>—6x+4=0
A =x"-8x*+17x° +6x* —116x +104
=(x" —6x* +4x7) = 2(x* —6x° +4x7) +(x° —6x> +4x) +20(x* —6x +4) +24
A =x°(x* —6x+4)—2x7 (x> —6x +4) +X(X* —6x +4) +20(x” —6x +4) + 24
A=24
Cau 12.
Co x+1:3/§+3/1+2:%/§(1+3/5+3/1):3/§x.
= (x+1) =2x" & x*~3x* ~3x=1= A =2019
Cau 13.

Ta co %=l<:>4x=x2+x+1<:>x2=3x—1
X +x+1 4

Khi d6 x° =x2.x=(3x—1)x=3x2 —x=3(3x—1)—x=8x—3

4
X

X’ x=(8x—3)x=8x"-3x=8(3x—1)-3x=21x-8
5

x* =x*x=(21x-8)x =21x* —-8x =21(3x ~1) - 8x = 55x - 21

X* 4 —17x+9  (55x—21)—4(8x-3)-17x+9

SuyraP= =
Y X' 3% +2x+11  (21x—8)+3(3x—1)+2x+11
_ X _3 (dox#0).VayP=—.
32x 16 16
Cau 14.

+Ditu= 320+14v2 v = Y20-1442

Tacdo x=u+v vau’+v’ =40

wv = /(20 +1442)(20-142) =2

NGUYEN QUOC BAO TAI LIEU TOAN HOC




x=u+v=x"=u’+v’ +3uv(u+v) =40+ 6x

hay x®>-6x=40.Vay A =2016.
Cau 15.

o hi 3/6\/’ 10 _ Hids- \/\/3J_ 94343 - 1—W—

> Bo1) 1443 3-1)
i Jﬁi J4ﬁf i) J(ﬁ) J(ﬁ e

Thay x=+/2 vao A ta c6

A:(x4+x3—x2—2x—1)2019 =(4+2\/§—2—2J§—1)2mg —129 =1

\/57 4+\/7 3+x/—:>a— 3+\/—

= x=3+y5-y3-5 1= \/6+§[ \/6 ;J_ J—jfl [[1—1 J2-1

3+1

Cau 1e6.

X=2-1=x+2x-1=0
B=27+3x% —4x+2= 2x x F2x— 1) (x2+2x—1)+1=1

Cau17. Ta c6 x- — %\/\/_ 1) —2x=+2-1 = 2x+1=+2

2+

=4x* +4x-1=0 (a)
Do do:
Ax° +4x* - +1=x"(@x% +4x-1)+1=1

4x° +4x* =5x° +5x+3= x> (4x° +4x—1) - X (4> +4x-1)+ (4x°* +4x-1)+4=4

T1‘1’(a):>2x2+2x=%:>\/2x2+2x:\/%; J2-2x=1
N 1-+/2x :1_\/§X=\/E—2X=1

\/2x2 +2x i
J2

Dodd A= 119+(JZ)3+12°14=10

NGUYEN QUOC BAO

TAI LIEU TOAN HOC



a’-3a+2 _(a—l)z(a+2)_a+2_
a’ —4a’+5a—2 _(a_l)Z(a_z)_a—z’

ma a® =110+ 33552 —3024 (%/55—\/3024 + 355 ++/3024 )

—=a’=110+3a<=a’-3a-110=0.

Caul8. Tacdé P=

<:>(a—5)(a2+5a+22):0<:>a:5.Suyra P=§.

ab=1
a=33+2\2 N

Cau 19. Dat { a®+b*=6
b=33-2V2  |aip=2x-1
— (2x-1) = (a+b) = a3+ b+ 3ab(a + b) =6 + 3(2x - 1)
= (2x-1)|(2x-1)* -3| =6
S A -6x3-1 =1

Vay P = (4x® - 6x2—1)*15 + +2014 = 1+2014 = 2015.

Cau 20.
fi6-2T (5+2)_(-2+2) 4
Taco x= = -
JsyE-VBy  VB+3-V5 3
Do d6B=-1.
Cau 21.
Tacg. p X o33 —X 42015 (x* =2x° +2x* = x)(x* —x—1)+2015 2015 _,

x® — x® —3x% —3x + 2015 _(x4+x3+2x2+2x+1)(x2—x—1)+2015_2015_ '
Ciu22. Do x>1nén vAX—1—-1>0=>/4x—16x—4 = (\/4x—1—1)2 —J4x-1-1.

33 _ _ _ 2 2
Khi do; XY y)V4x—16x—4 2019« K=Y AXY+YT) 501

(1—\/4x—1)(x2y2+xy3+y4) y*(X* +xy +Yy%)

2
& X2 —y? = 2019y & X = 2020y” < = = 2020 <> = = +1/2020 .
y y

Do x>1,y<0 nén = <0.Vay = =-2020 .0
y y

Cau 23. Ta cb

NGUYEN QUOC BAO TAI LIEU TOAN HOC




1+ X=Xy + X+ Y+ x> =(X+ y)(x+1)

I+ Y2 =xy+X+y+y> =X+ y)(y+1
X+y+xy=1< (x+1)(y+1)=2.

Khi d6

y+1 x+1
P=2x|[—+2y [— +(X X+1 1
,/X+1+ y,/y+1+( +Y)W(X+D)(y+1)

_2x(y+1) N 2y(x+1)
2 J2

=V2[X(y+1) + y(x+1) + X+ Y]

+x/§(x+y)

=2\/§(xy+x+ y)=2\/§. m)

Cau 24. V6i moi N nguyén duong ta co

2
(\/an F2n+1++/2n7 —2n +1)

=2n% +2n+1+2/(2n° + 2n+1)(2n% —2n +1) + 2n* = 2n +1

=4n? + 2+ 2/(2n° +1)? — (2n)?

=4n° +2+24/4n* +1.

Khi d6

p= (x/2n2 +2n+1++/2n% —2n +1)\/4n2 +2-2an* +1

=\/4n2 +2+2+/4n* +1.\/4n2 +2-24/4n" +1

= /(4n? +2)? —4(4n* +1)

=+/16n°> =4n.0
Ciu 25. Dt a=12++v2++/3 va b=1/6-3y2++/3.
Tacé a>+b2=8-2y2++/3 va ab=+6-33.

Ti X, =a—b suyra X2 =a? +b? —2ab =8-22+/3 - 2,/6-343 .
Khi d6

NGUYEN QUOC BAO TAI LIEU TOAN HOC




' 2\/2+\/§+2\/6 3/3=8- x

X; <8
Q{z 2+f 2 6 :«/’) +8/3=(8-x%)?

X, <8
2(2++/3) +4(6—3+/3) +8/3 =64 -16X2 + X

=

X2 <8
= :
{ﬁ—46%+32=0

Vay X, la nghiém ctia phwong trinh X* —16x*+32=0. 0

Cau 26.
Voi X # -1 ta co

2

P:—3—+J@+Dz—mu—a
a+l a+l

a2

a+1 (a+1)°

:_3—+Jm+n —-2(a+1).
a+l

2
-2 (a+1-——E—
a+l a+l

+1|

béy rang

2
1
(a+1) - a_ _a+a+ duwong néu a>-1vaamnéu a<-1 (do a*+a+1>0,va)

a+1 a+1

Suy ra

a a
*» Néua>-1thi P=—+(a+l)———=a+1.
a+1 a+1l

2
. N&1a<—1miP=—3—+—3——@+D:—a*4.
a+l a+1 a+l

» Néu a=2020 thi P=a+1=2021.3

Cau 27. Taco: x=— / 2+1 \/ —‘\/— 1‘ )
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Piat A=4x° +4x* —5x® +5x—2

Ta thay:

A:4x3(x2 +x+1)—x3+5x—2
= x3(4x2 +4x—1)—x(4x2 +4x—1)+(4x2 +4x—1)—1

= (4% +4x-1)(x* —x+1)-1

\ 2 _ 1 ’ 1 —
Ma 4x +4x—1_4~b(ﬁ—1)} +4-§(J§—1)—1_o.
Thay 4x° +4x-1=0 vao A, ta dugc A=-1.

Vay P=(-1)"" +2019 = 2020

Cau 28. Ta co
(\/5—1)(\3/104-6\/5) (\/5_1)3 (\/5_’_13
X= =
J21+445 +3 JA+24/5)% +3

2 1
" 202+5) B+2 =245

Vay
B=(x?+4x—-2)" = [(_2_'_\/%)2 +4(_2+\/§)_ 2}2019

=(4-a5+5-8+45-2)  =(-1/* =1

Cau 29.

x=32+23+32-23-1 = x+1=Y2+23+¥2-23
:>(x+1)3:4—6(x+1):>x3+3x2+9x:—3
P=x3(x2 +3x+9)3:(x3+3x2 +9x)3

P=-27

NGUYEN QUOC BAO

TAI LIEU TOAN HOC




Chuong III
TINH GIA TRI BIEU THUC

I~ Dang 1: St dung phwong phap phan tich

% Thi du 1. Cho a, b, c khac 0 thdéa man: (a+b+c){l+%+1J=l.
a C

Tinh gia tri bi€u thirc: P =(a” +b? )(b* +¢*) (™ +a™")

-----

Ta co: (a+b+c)[l+%+lj:1
a C

(a+b+c)(ab+bc+caJ:1
abc

= (a+b+c)(ab+bc+ca) =abc

& (azb+abc+ca2)+(ab2 +b2c+abc)+(abc+bc2 +c2a) =abc
< a’b+ca’ +b’c+ab”® +c’b+ac” +2abc=0

= (a+b)(b+c)(c+a):0

a=-b
<l b==c
c=-a

23

*Véia=-bthi: a®+b” =(-b) +b* =0
Do dé: P =(a” +b”)(b’+c’)(c™ +a™”) =0
*Véib =-cthi: b’ +c’ :(—C)3 +c’ =0

Do d6: P=(a” +b™)(b*+c’)( +a™") =0
V6i: ¢ = - a thi: R (—a)2019 +a* =0
Do d6: P=(a” +b”)(b*+c)(c* +a™") =0

Vay taco:P=0

*Thi du 2. Cho c4c s6 dwong x, y théa man: 7x* —13xy —2y” =0 (1)
Tinh gia tri biéu thirc: A = 2x -6y
7x+4y

NGUYEN QUOC BAO TAI LIEU TOAN HOC



Tt (1) ta co: (7x+y)(x—-2y)=0<=x=2y (dox, y>0)

2x—6y 4y-6y 2y

Thay x =2y vao A ta duwoc: A= —
7x+4y l4y+4y 18y 9

2010 _ 2010
*Thi du 3. Cho cic s6 thuc x, y thoa man: < x y (2)
X+2y =2335
Tinh gi4 tri biéu thire: B =2
y
Loi giai
Déta=2010 b= 2010 voia, b>0.
a+1=>b a+1=>b 7
= > —+——==
Tt (2) suy ra: 2010 22010—2345 l+z 7 a a+l 6
a b 6
<7a —11a—6:0<:>a=2(doa>0)suyra:b:3.
Vay: Bzizhzé.
y a 2

7~ Dang 2: St dung phwong phap hé sd bat dinh

—_ — 2
*Thi du 4. Cho cacsO thuc x, y, z thoa man: (x yz)(x y) ZZ (4)
4y  =5+7z
Tinh gia tri biéu thite D = 2x* +10y° —232°.
Loi giai
222
Taco: (4) e ° Y 0 (4)
4y~ -7z =5.
Ta tim cac s8 thuc a, b thoa man: a(z”> —x* —y*)+b(4y® —-7z%) = 2x* +10y* - 232
< ax’ +(4b-a)y’ —(7b+a)z’ =2x* +10y* - 237
a=2
a=2
= 4b—a:10<:>{b 3
7b+a=23 o

Vay D=2.0+3.5=15.

*Thi du 5. Cho cacso thucx, y, z, t thoa man:

NGUYEN QUOC BAO

TAI LIEU TOAN HOC



7 .7 . «A? 7 t
Tinh gia tri biéu thttc: E =

X+8y+9z
Loi giai.
A, DA, |
Ta cé: (5) <
Z 33X _»
t t

Mat khac: % = % + 8%+ 9% . Gia str a, b 1a cac s0 thyre thoa man:

a(z+z.z+z.£j+b(_3.i+zj=i+8.z+9.£
t t t t t t

o(a-3b)>+2a L+ (2a+b).2=248L 9%
t t t t t
a-3b=1
a=4 1
&4 2a=8 <:>{ B :>E=4.1+1.2=6.
2a+b=9 a
Vay E=6

5x =3y = gz (1)
*Thi du 6. Cho s6 thucx, y, z, t thoa man: t t ot 9
+

-——+—=— (2
x y z 10 @
ot
Tinh gid tri biéu thire: C=—+—+—.
Xy yz zX
Loi giai.

T (1) ta co: y =§x,z =2X.

Thay yzéx,z =2x.vao (2) ta duoc: i—L+i:_:> t=x.
3 5, 2x 10
3

VLA 2t X XX
Vith: C=—+—+—=" 4+ 4+ =

+
Xy yz zX Xy Yyz zX

+

N | X
Q1] W
+
ol w

<
N | —
N |~
(G NIRN

XX
y 'y
I~ Dang 3: St dung phwong phap hinh hoc

x*+y*>=9
*Thi du 7. Cho 3 s6 thuc duong x, y, z thdaman <y +z* =16 (*)
vy’ =xz
Tinh gia trji biéu thitc G=xy +yz

Loi giai
NGUYEN QUOC BAO

TAI LIEU TOAN HOC



B 4 C

Xét tam giac ABC vudng tai B, c6 AB =3, BC =4 duong cao BD. bat AD=x, BD =y,
DC =z, ta thay X, y,z hoan toan thoa man hé thic (*). Khi d¢6:

G=xy+yz=y(x+z)=2S,,. =ABBC=34=12

*Thi du 8. Cho 3 s0 thuc x, y, z véiy >0 thoa man: yi-z=2 (7)
y =Vx—-1A2-2z

Tinh gié tri biéu thic H=y(vx~1+v2-7)

Loi giai
AN
e
Tk (7)suyrax>1vaz<2.
2 :
Ta viét lai hé (7) dwéi dang;:
y
B
( X‘1)2+Y2 -2 g_
4
2
Ta viét lai hé (7) duéi dang: | y? +( 2- z) —4

Xét tam giac ABC vuong tai B, deong cao BD véi AB = g,BC =2.

NGUYEN QUOC BAO TAI LIEU TOAN HOC




bat BD=y,AD=vx-1,CD=~v2~-z

RO rang x, y, z thoa man hé. Tt d6 ta co:
H=y(Vx-1+v2-2) =28, =2

Vay H=5.
F~ Dang 4: Van dung tinh chit cta day ti s6 bang nhau

225
2

a+b-c a+c-b b+c-a

% Thi du 9. Cho cdcsd a, b, ¢ thda man: -
C a

(a+b)(b+c)(c+a)

abc

Tinh A =

Loi giai
St dung tinh chat day i s8 bang nhau ta c6:
a+tb-c _a+c-b b+c-a _(a+b—c)+(a+c—b)+(b+c—a)

C b a a+b+c
a+b-c=c a+b=2c

=<{a+c-b=b=<{a+c=2b
b+c—a=a b+c=2a

(a+b)(b+c)(c+a) _ 2c.2a.2b _

=>A= 8
abc abc
~ Bai tap van dung
Cau 1. (Chuyén Khanh Hoa 2018)
Cho 3 s0 x,y,z khac 0 thoa man : x+y+z=l;i2+i2+iz4;l+l+l>0
2 x° y° Xxyz X Yy z

Tinh Q _ <y2017 n Z2017 )(22019 n X2019 )(XZOZI n y2021)

Cau 2. (Chuyén Nam Dinh 2016)
Cho a,b,C 13 cac s8 thuc thoa man cac ditu kien a+b+c=6;
1 1 1 47
+ + =—,
at+b b+c c+a 60

, L o s 1 a b C
Tinh gia tri cua biéu thtec + + .
b+c c+a a+b

Cau 3. (Chuyén Binh Diwong 2018)
Cho cac s6 thuc X, y théa man (x ++4/2018 +x° )(y +,/2018 +y* ) =2018. Tinh gia tri

ctia biéu thire Q =x™" +y*"” +2018(x+y)+2020

Cau 4. (Chuyén Hai Duong 2016)
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Tinh gid tri biéu thitc P =(x—y) +3(x—y)(xy +1) biét:

x=33+2v2 -3-22, y=317+1242 17 -1242 .
Cau 5. (Chuyén TP. H6 Chi Minh 2018)

Cho a,b,cla ba s thyrc théa mén diéu kién a+b+c=0va a* =2(a+c+1)(a+b-1).

Tinh gia trj ctia biéu thitc A =a’ +b* +¢’
Cau 6. (Chuyén Phii Tho 2018)

a) Cho a,b,Cla 3 s8 thuirc d6i mot khac nhau: a+%:b+1:c+l:x.Tinh
C a

P =x.abc

b) Cho X,Y,zla cac s6 thyc duong thoa man: x+y+z= 9;l+l+l =1.Tinh gia tri nho
X y Z

nhéat ctia biéu thiee: T=x"+y° +2° +3xyz
Cau 7. (Chuyén Lao Cai 2018)
=322 35242
y=d7e122 -i7-1242.

Tinh gid trj biéu thite M= (x~y) +3(x—y)(xy +1)

Ch

Cau 8. (Chuyén TP. H6 Chi Minh 2015)

Cho hai s6 thyc a, b thoa diéu kiénab=1, a+b # 0. Tinh gid tri cia biéu thic:

S
(a+b)’la’ b’) (a+b)*\a®> b*) (a+b)P’la b

Cau 9. (HSG huyén Thity Nguyén 2018)

. .~ 1 1 1 , e
Cho cac s0 thuc X, y, z#0 thoa man x* +vy* +z* +—+—+—=6. Tinh gia tri biéu
y y X2 y2 Z2 g

thl:fC P — X2017 + y2018 + 22019.

Cau 10. (HSG huyén Vinh Bdo 2018)

Cho ba s6 x,y,z>0thoa man xy+yz+zx =1. Tinh gia tri biéu thic:

PZXJ(Hyz)(mz)+yJ(1+zz)(1+xz)”J(mz)(nyz)

1+x° 1+y? 1+2°

Cau 11. (HSG Nam Dinh 2015)
Cho cac sO thuc x, y, z thoa man dong thoi cac diéu kién x+y+z=2,

1 1 1
+ + :
xy+z-1 yz+x-1 zx+y-1

x* +y* +2z* =18 va xyz=-1. Tinh gié tri cia S=

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Cau 12. (HSG TP. Hai Phong 2015)

Cho x, y, z la cac s0 thuc duong thoa man diéu kién: x+y +z+xyz =4.

Rt gon bidu thite: B =X(4—y)(4—2) +/y(4—2)(4 —X) +/2(4 = X)(4—y) —/XyZ .
Bai 13. (HSG Hdi Duong 2013)

Choavablacicsothéaman a>b>0va a’—a’b+ab?>-6b’*=0.

. . «A? a4 _4b4
Tinh gia tri ctia biéu thte B=———.
glat b* —4a*
Bai 14. (HSG huyén Yén Dinh 2012)
. 1 1 1
Cho a+b+c=0, tinh gia tri cua biéu thic: P = + +
& b’+c®-a® a’+c®-b*> a’+b’-c’

Bai 15. (HSG huyén Kinh Moén 2012)
Tinh gid trj caa biéu thitc sau:

A=x2(x+1) = vy — 1) + xy = 3xy(x - y + 1) + 1974

Biét x -y = 29 +124/5 - 24/5

Bai 16. ( Chon HSG tinh nam 2014)

Cho bidu thie: P= Y-V 14y ~1

Xy +Vx2 —1.\/y2 -1

Tl'nhgié’cribié’u’chlﬁrcvéi:x=l a+l ;y:l b+l ;a,b>1
2 a 2 b

Bai 17. (HSG Dk Lak nam 2014)
Cho x, y, z 1a cac s6 thyc thoa man \/;+ y+\/;=2 va Xx+y+z=2.Tinh gia tri cua

biéu thuc:

P=\/(x+1)(y+1)(z+1){ K Ay JZ]

x+1 y+1 z+1

Bai 18. (HSG Vinh Long nim 2015)
Cho x+y=-5 va x* +y*> =11. Tinh x* +y*.
Bai 19. (HSG TP. H6 Chi Minh nam 2015)

Cho hai s6 thyce a, b phan biét thoa man ab =a—b . Tinh gia tri ctia biéu thirc

A=3+E—ab.
b a

Bai 20. (HSG Biic Ninh nim 2016)

Cho céc s6 thuc a,b,c theaman a+b+c=0;a’ +b*> =c*; b’ +c? #a’;c* +a” #b>.
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a’ . b? N c?
a’-b*-c* b*-c*-a’ c?-a’-b?

Bai 21. (HSG Dong Nai nim 2016)

Tinh gia trj biéu thitc P =

Cho a, b, c la cdc s8 thue dwong thoa a” +b* +¢* +2abc=1.

Tinh gi4 trj biéu fhutc

P =a\/(1—b2)(1—c2) +b\/(1—a2)(1—cz) +c\/(1—b2)(1—a2) —abc
Bai 22. (HSG Hung Yén nam 2016)

\/5—1 \/E+1
a= 5 ;b

Cho = 5 .Tinh a’ +b’.

Bai 23. (HSG TP Hé Chi Minh nam 2016)
Cho ba s6 a, b, c thoa cac diéu kién saua-b=7;b—-c=3.

a’+b*+c*—ab—bc—ca
a’—c?*—-2ab+2bc

Tinh gia tri cta bi€u thirc P =

Bai 24. (Chuyén Phii Tho nam 2016)
Cho c4c s6 a, b thod man 2a’ +1lab-3b” = 0;b # 2a; b # —2a .Tinh gid tri biéu thirc:

a-2b 2a-3b
T= +
2a-b 2a+b

Bai 25. (Chuyén Phii Tho niam 2016)

1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

Tinh gia tri biéu thirc P = voix, y, z lacac

sO thoa man xyz =5 va biéu thitc P ¢ nghia.
Bai 26. (Chuyén TP. Ha N§i nam 2016)
Cho cac s6 thuc a, b, ¢ khac nhau d6i mot théa man: a® +b’ +¢® =3abc va abc=0 .
ab’ bc? ca’
+ +
a’+b*—c*> b*+c*-a’ c?+a’-b?

Bai 27. (Chuyén Sw Pham Ha Noi nam 2017)

Tinh: P=

1 1 2
+ =
x*+1 y*+1 xy+1

Gia str x, y 1a hai s thuc phan biét thoa man

1 2
+

Tinh gia tri biéu thitc P=——+—
x*+1 y +1 xy+l1

Bai 28. (Chuyén Phii Tho niam 2017)
Cho ba s8 a, b, ¢ d6i mot khac nhau thoa man a®> +b=b’ +c=c’ +a. Tinh gid tri cta
biéu thite T=(a+b-1)(b+c-1)(c+a-1).

Bai 29. Cho x, y, z d6i mot khac nhau théa man: l +l +l =0
X y z
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yz . ZX Xy

+
x> +2yz  y*+2zx  z’+2xy

Tinh gi4 trj biéu thirc: P =

Bai 30. Cho cac s X, y, z khac 0 thoa man dong thoi l+l+1=2 va i—izzél.
X y z Xy z

Tinh gia tri cua bi€u thirc P = (x + 2y + z)?12,

at+b+c=1
Bai 31. Cho {a’ +b* +c”> =1 . Tinh gi4 tri bi€u thitc: P =a*"* +b*"* +**
a’+b’+c’ =1
Cau 32. Cho a, b, ¢ d6i mot khac nhau thdéa méan: ab + be +ca = 1. Tinh gia tri biéu thic:
2 2 2 2 2 2

a+b) (b+c) (c+a a”+2bc-1)(b”+2ca—-1)(c"+2ab-1
ot oo leral (e ) a2
(1+a?)(1+0%)(1+¢) (a-b)"(b=c)*(c-a)
Céu 33. Cho hai s6 dwong a, b thoa man: a'” +b'® =a'” +b'" =a'” +b'”

Tinh gi4 tri biéu thie: P=a*"" +b*"

a) A=

Céu 34. Cho s x(x € R;x > 0) thoa man digu kién: v+ — = 7
X

7 .7 . )4 o« A? Vs 1 \ 1
Tinh gia tri cac bieu thitc: A=x* + — vaB=x"+ —
X X
CAiu 35. Cho a, b, cla cic s thuc thoaman a2+ b%+ c2=a +2b + 3c = 14.
Tinh gid tri cua biéu thite T = abc.

Cau 36. Cho a, b, ¢ d6i mot khac nhau. Tinh gia tri biéu thuic:

2 2 2
P= a + b + ¢
(af—b)(a-—c) (b-—c)(b-—a) (c——b)(c——a)
Céu 37. Cho a, b, ¢ khéc 0 théa man: ——+—2—+ S 1. Tinh gié trj biéu thic:
b+c c+a a+b
P a’ b? c?
" b+c c+a a+b
Cau 38. Cho a’ +b®+¢® = 3abc . Tinh gi4 tri biéu thic: A = (1+%j(1+9j(1+£J
C a
A o \ - 1 1 1
Cau 39. Cho a, b,c 1a cac s6 thwe théa man: a+b+c=6; + + =8

a+b b+c c+a

Tinh gié trj biéu thttc: P=—S—+ 24P

a+b b+c c+a
Cau 40. Cho ++ 2+ 120 . Tinh gid tri biéu thae: P=22 4 2¢, ¢
a b c 2 a2 b
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Cau 41. (HSG Vinh Phiic 2011)

3

Cho f(x)= 1_3:—+3X2 Hay tinh gi4 tri biéu thic sau:
{2 e { 220).222)
2012 2012 2012 2012
A o b-c c-a a-b 3
Cau 42. Cho a, b, c thda man: (a—b)(a—c) + (b—a)(b—c) + (c—a)(c—b) =2013
1 1

Tinh gia tri biéu thic:

+ + )
a-b b-c c-a
Cau 43. Cho a,b,cla ba sd d6i mdt khac nhau thoa man: (a +b+ c)2 =a’+b*+c?
a’ b’ c?

Tinh gia trj ctia biéu thirc: P =— +— +—
a”+2bc b +2ac c +2ab

Cau 44. Tinh gi4 tri cta biéu thire P=>—2 Biét x? ~2y* =xy(x+y=0;y#0)
x+y

Cau 45. Tinh gid tri cta biéu thirc sau: S :)6(; 41+ e v6i x=2011

a’+7 b*+6 ’+3
5
Cau 47. Cho céac s6 nguyén a,b,cthoa man (a—b)3 +(b—c)3 +(c—a)3 =210. Tinh gia tri

va a’?+2c* =3c* +19

Cau 46. Tim 3 s0 duong a,b,cthoa man :

cua biéu thtrc A=|a—b|+|b—c|+|c—a|

Ciu48. Cho x,y,zthdbaman x+y+z=7;, x> +y’+z°=23; xyz =3

Tinh gia tri cta biéu thie H= L + 1 4 1
Xy+z—-6 yz+x—-6 2zXx+y-6
a’+b’
Ciu 49. Biét @’ —3ab” =5y3 b’ ~3a’b =10, Tinh M =
2018

Cau 50. (Chuyén Lam Son nam 2019-2020)

Cho cac s6 thuec a, b, ¢ khac 0 thoa man 2ab+bc+2ca=0. Hay tinh gid tri cua biéu
thirc: A:b—i+%+a—?.
8a° b° ¢
Cau 51. (Chuyén Lam Son nam 2018-2019)
a’-3a’+5a-17=0
Cho a,bla cac s6 thue duong thoa man biéu thirc
b®—3b®+5b+11=0
Chting minh rang a+b =2
Cau 52. (Chuyén Lam Son nam 2016-2017)

Véi a> %’ chttng minh rang: 3/3a—1+ av8a—-3 +3/3a—1—a\/8a—3 =1
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Cau 53. (Chuyén Lam Son nam 2012-2013)

1 1 1
Cho a=X+—, b=y+—=, c=Xy+—, véicacso thuc X,y thoaman Xy = 0.
X y

Xy
Chttng minh A=a’+b’+c*—abc khong phu thudc vao X, Y.
. 1 1 a b
Cau54. Cho a=+2;b=32. Chitng minh rang ﬁ—6=a+b+5+g+1,

Cau 55. (Chuyén Hung Yén nam 2019-2020)

Cho 4, b 1a hai s6 thuc thdaman 0 <a<1,0<b<1,a=b va a-b=+1-b* —1-a°
Tim gid trj ctia biéu thize Q =+va® +b” +2019,
Cau 56. (Chuyén Thira Thién Hué'nam 2019-2020)
Cho x, v 1 cac s& thuc théa man didu kién (x+\/x2 +1)(y+1/y2 +1) 2. Tinh gid tri

ctia bi€u thirc Q = x\/y2 +1+yVd +1.
Cau 57. (Chuyén Thira Quang Ngai nam 2019-2020)
Cho hai s0 thyce a,b thoa man a’+4ab-7b>=0 (a#b va a#-b). Tinh gid tri cta
2a-b N 3a-2b
a-b a+b
Cau 58. (Chuyén TP H6 Chi Minh nam 2019-2020)

Cho a,b,c 1a ba s6 thyc thoa diéu kién a+b+c=1. Tinh gia tri cua biéu thirc:
A=a’+b*+c®-3(ab+c)(c-1).
Cau 59. (Chon HSG truwong Amsterdam nam 2017-2018)

biéu thiic Q =

Goi a, b, ¢ la banghiém ctua phwong trinh 2x° -9x* +6x-1=0
Khong giai phwong trinh, hay tinh tong:

a®—b® b°-c® c°_a°
= + +

a-b b-c c—a
a+b+c)(ab+bc+ca)=2018

Cau 60. Cho a, b, c théa (
abc =2018

Tinh gi4 trj bi€u thire: P = (b’c +2018)(c*a +2018)(a’b+2018)

. x-7-4Jy+1=-6 (1)

Cau 61. Cho x, y thoa man diéu kién x>7,y > 2 va .
Vx+5-y-2=3  (2)

Tinh gid tri biéu thire: S = x—4y +2017

Cau 62. Cho céac s§ duong x, y, z thoa man xyz = 1. Chtng minh rang:

P X+ 2xy +1 N y+2yz+1 N z+2zx+1

X+xy+xz+1 y+yz+yx+1 z+zx+zy+1
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Cau 63. (Trich dé thi HSG 16p 9 thanh pho"Ho Chi Minh nim 2017-2018)

Cho hai s6 a , b thoa diéu kién: a®+b*=1a" +b* =% .

Tinh gid tri ctia biéu thiec P =a"® +bh**°.

Cau 64. (Trich dé thi HSG lop 9 Ha Ngi nam 2017-2018)

Cho céc s6 thuc a,b,c théaman a+b +c =2018 va ! + ! 1 _2017

+ = . Tinh
b+c c+a a+b 2018

gia tri cua biéu thirc
a b c
P = + +
b+c c+a a+b

Cau 65. (Trich dé thi HSG I6p 9 Ha Tinh nam 2017-2018)

5ab

a) Cho 4a’+b’=5ab véi b>2a>0.Tinh gid trictia p=——.
3a°+2b

b) Cho cac s6 a,b thoéaman a®+8b*=1-6ab. Tinh a+2b.
Cau 66. (Trich dé thi HSG Iop 9 Hai Dwong nam 2017-2018)

Cho x,y,z#0 va d6i mot khac nhau thoa man 1+£+1 =0. Chttng minh
X Yy z

5 L, 5 L, 5 1 (X 4+ y™ 4 2298 ) = xy +yz + 2X..
X“+2yz Yy +2zX 77 +2xy
Cau 66. (Trich dé thi HSG l6p 9 Hung Yén nam 2017-2018)
a) Cho a,b >0 thoa man 1+%=ﬁ. Chting minh ring va+b =+/a—2018 + /b -2018.
a

b) Cho a la nghiém duong ctia phwrong trinh 6X* + J3x—+/3=0.

a+2

Tinh gia tri ctia biéu thitc A= .
Ja'+a+2-a’

Cau 67. (Trich dé thi HSG 16p 9 Phii Tho ndam 2017-2018)
Cho a*(b+c)=b*(c+a)=2018 vdi a,b,c d6i mot khac nhau va khéc khong. Tinh

gia tri ctia biéu thire ¢*(a+b).

Cau 68. (Trich dé thi HSG lop 9 Nam Dinh 2018-2019)

2
Xét ba s thuc duwong X,Y,Z thoa man Xz | E_NZ 1
z+NzZ°+1 Y y
1 1 1

Chting minh rang 1.

By xfyz+1 Jyzay+1 Noxadz+l

Cau 69. (Trich dé thi HSG lop 9 TP Ho Chi Minh 2018-2019)
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Cho x,y la cac s6 thuc sao cho 2 1 1 . Tinh gia tri ctia biéu thirc — +y—2.
X 'y 2X+y y> X

Cau 70. (Trich dé thi HSG 16p 9 Ba Ria Viing Tau 2018-2019)

Tinh tong : B=\/1+i2+i2+\/1+i+i+...+\/1+ 1 —+ 1 ~
1° 2 2° 3 2018~ 2019

Cau 71. (Trich dé thi HSG I6p 9 Quang Tri 2018-2019)

a'—4a’+a’*+6a+4
a’-2a+12

Cho a thoa man a*—-2a—4=0. Tinh gia tri ctia biéu thirc T =

2 2 2
Cau72. Cho a=-2 :p=2C co 2 TnP-a+b+c
1+b 1+c 1+a

Cau 73. (Trich dé thi HSG I6p 9 Chwrong My niam 2020)

Cho cacsd a,b,c,x,y,z duong thoa man: NE L

NEY

Tinh gi4 tri ctia biéu thirc M = > + % +Z 42019,
a C

Cau 74. (Trich chuyén KHTN Ha N¢i nam 2015-2016)

X VY
b

Gia st 4; b 1a hai s6 thue phéan biét théa man a* +3a=0b>+3b=2.

a). Chttng minh rang a+b=-3.

b). Chttng minh rang o’ +b° =

Cau 75. (Trich chuyén Dai hoc Vinh nam 2015-2016)

Cho hai s6 thuc a, b théa mén a +b = 3, ab = 1. Tinh gid tri ctia biéu thic

(\/——\/g)(aZ —b2)
a a+b\/g '

Cau 76. (Trich chuyén Sw Pham Ha N¢i nam 2018-2019)

P =

Cho cac s6 thuee x, y khong am thoa man diéu kién

(x+1)(y+1)=2.

Tinh gia tri ctia biéu thirc P :\/x2 +y? —\/2(X2 +1)(y2 +1) +2+Xy.
Cau 77. (Trich chuyén Sw Pham Ha N¢i nam 2017-2018)
1 1 2
—t——= :
X*+1 y"+1 xy+1
1 1 2
2 + 2 +
X*+1 y°+1 xy+1
Cau 78. (Trich chuyén Sw Pham Ha N¢i nam 2015-2016)

Cho x, y thdaman 0<x <1, 0<y <l va

Gia st x, y 1a hai s6 thuc phan biét thoa man

Tinh gia tri biéu thic P =
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ﬁ + ﬁ =1
Tinh gid tri ctia biéu thitc P =X+ y+/X2 —xy +y*

Cau 79. (Trich chuyén Sw Pham Ha N¢i nam 2009-2010)
Gia st (x, y, z) la mot nghiém ctia hé phuong trinh:

¥y z_4
3 12 4
i+l+£=1
10 5 3

Hay tinh gid tricta A=x+y +z

HUONG DAN GIAI

Céu 1. Ta co: X+y+z:l® xty+z 1

Xyz _2xyz
1 1 1 1 2 2 2 1
&S —+—+—= &S —t—t—=—
Xy yz XZ 2XYZ Xy yz XZ xyz
1 1 1 2 2 2 1 1 1 1
:>—2+—2+—2+—+—+—:—2+—2+—2+—=4
x* yo z° Xy yz xz Xy z° Xyz

2
3(14_14_1} :4@14_14_1:2

X y z X y z
T do

1 1 1 1
——4—=

X'y z X+y+Z

& (xy+yz+xz)(x+y+z)=xyz
<:>(x+y)(x+z)(y+z)=0
X=-y
Sly=-z
zZ=-X

Hon nita cic mii ctia Q déu 1é nén c6 it nhat 1 thira s6 bang 0. Vay Q=0

6—-(b+ 6-(c+ 6—(a+b
Cau2.Do a+b+c=6 nén a +b+ ¢ __ ( C)+ (C a)+ (a )
b+c c+a a+b b+c c+a a+b
6 6 6

= + +
b+c c+a a+b

=61+1+1—3
b+c c+a a+b

-3
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Y 3.2 517
60 ~ 10 ~ 10

Cau 3. Ta co:

(x+\/2018+x2 )(y+,/2018+y2 ) = 2018
& x+42018+x% = 2018

y+w/2018+y2

2018(,/2018+y2 —y)
& x+42018+x% = —
2018 +y" —y

& x+42018+x% =,/2018+y* -y (1)

Bién d6i tuwong tu ta co:
V2018 +x* —x=4/2018+y* +y  (2)
Cong vé vdi vé€ cua (1) va (2) ta dugc:
J2018+x =[2018 +y”
<2018+ x> =2018+y*

X=y
X =-y
+)Véi X = yta co:

<:>x2=y2<:>[

(1) & x+/2018+3* =/2018+x* ~x
S 2x=0x=0=>x=y=0
:{X2019+y2019 -0
x+y=0
= Q=x""+y*"” +2018(x +y) +2020 = 2020

X2019 + y2019 — 0

+)Voi x =—y, ta co: { = 0Q=2020
x+y=0
Vay Q=2020
Cau 4. Ta co:

X =(%/3+2J§—€/3—2\/E)3 =X =42 - 3x = X} +3x =42 (1).
=3+2\5—3+2\E—33/(3+2\E)(3—2\E).(%/3+2\5—%/3—2\5)

Tuong tw: y°+3y =242 (2).

Trie v€ véi vé (1) va (2) ta duoc: x° —y° +3(x—y) = —2042

& (x-y) +3(x - y)(xy + 1) = —205/2. Vay P = 2042
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Cau5.Taco: a+b+c=0<b=-a-c
:>a2=2(a+c+1)(a+b 1)
<:>a2:2(a+c+1)(a a—c— 1)
oa’=2(a+c+1)(-c-1
<:>a2+2(a+c+1)(c+1):
<:>a2+2a(c+1)+2( )

o (ate+1) +(c+1) =0
<:>{a+c+1:0c>{a=0 b a—col

c+1=0 C
=A=a’+b’+c’ =02+12+(—1)2=2

Vay A=2
Cau 6.
a)Tacé:a+l=b+1c:>a—b=b_C
b C bc
c—a a-b
Tuong tutacoé: b-c=——;c-a=
ac ab

b-c c—a a-b
= (a-b)(b-c)(c-a) =2 2.2

IS (abc)2 =l [abc =1
abc=-1
Néu abc =1= P =xthi gia thiét teong duong véi
at+ac=b+ba=c+cb=x
@{XS =(a+ac)(b+ba)(c+cb)=abc(a+1)(b+1)(c+1)=(a+1)(b+1)(c+1)
a+b+c+ab+ac+cb=3x
< x> =abc+ab+ac+bc+1+a+b+c=ab+ac+bc+a+b+c+2
X =2 [Pzz

S =3x+2 o
P=-1

x=-1

Néu abc =-1, bién d6i hoan toan twong tw
a—ac=b-ba=c-cb=x

3 _ _
@{X —(a—ac)(b—ba)(c—cb)—abc(a—l)(b—l)(c—l)—(a—l)(b—l)(c—l)

a+b+c—ac—ba-cb=23x
< x’=abc—ab—-ac—bc—1+a+b+c=-ab—ac—bc+a+b+c-2

, I}:—z {P:Z
&S X =3x-2< Rt

x=1 P=-1

Vay gia tri cia Pla P=2hoac P=-1
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b) Ap dung BDT AM-GM ta co: l+l+1 > 0
X V z X+y+z

=1.Do d6 ddu bang phai xay ra

thi méi xay ra gia thi€t hay x=y=2z=3
Thay vao T ta duoc T =162
Vay gia tri nho nhat hay cling 1a gid tri duy nhat cta T 1a 162,

Cau 7. Ta co:

{X=i/3+2\/§—€/3—2\/§ ©X3=(g/3+2\/5—%/3—2ﬁ)
y =317+ 122 4171242 y’ =(%/17+12\/§ —3/17—12J5j3

%3 =3+2\/§—3g/(3+2ﬁ)(3—2\/5)(%/3+2JE—%/3—2&)—3+2x/5
- y? =17+12ﬁ—3g/(17+12ﬁ)(17—12\5).(%/17+12\5 —%/17—12\5)—17“2&
{x3 — 42 —3x

y® =242 -3y
:>M:(x—y)3+3(x—y)(xy+1)
:x3—3xy(x—y)—y3+3xy(x—y)+3(x—y)
=x" -y’ +3(x-y)
= 442 —3x—244/2 + 3y + 3x - 3y =—20~/2
Cau8.Voiab=1,a+b =0, taco:
o a’+b’ . 3(a’ +b?) . 6(a+Db)
(a+b)’(ab)’ (a+b)*(ab)®> (a+b)’(ab)
_a’+b’ +3(az+b2)+6(a+b)
(a+b)’  (a+b)* (a+b)
a’+b*-1 3(a’*+b?) 6
= + +
(a+b)? (a+b)* (a+b)*

_(@*+b*-1)(a+b)*+3(a*+b*)+6

- (a+b)*

@ +b*-1)(@’+b*+2)+3(a*+b?*)+6
- (a+b)*
_(@*+Db*)?+4(a*+b*)+4

- (a+b)*

_(@*+b*+2)

~ (a+b)?
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_ (@’ +b” +2ab)’

(a+b)*
[@+by]
~ (a+b)*
=1
VayP=1,véiab=1,a+b 0.
Cau 9.
1 1 1
x> +y?+27° +—+—+—5=6
X"y oz
<:>(x2—2+i2j+{y2—2+%J+(zz—2+l2j:0
X y Z
(15
S| Xx——| +|y——| +|z——]| =0
X y V4
x—l=0
X x=-1 x=1
Y z=-1hodc|,_q
2—120
Z

Do d6 P=x*"7 +y** +7z*” =3 khi x=y=2z=1

Hodc P=x*"" +y*® +2*"” =1 khi x=y=z=-1

Cau 10. Ta co: 1+x2=xy+yz+zx+x2= (x+z +x(x+z)=(x+y)(x+z)

Tuong tw: 1+y* =(x+y)(y+2); 1+2° =(x+z)(z+y)
)

pods: pox( L0, o)) e 0o
1+x 1+y 1+z
ZX\/(y+z)(y+x)(x+z)(z+y) y\/(z+x)(z+y)(x+y)(x+z)+Z\/(x+y)(x+z)(y+x)(y+z)
(x+y)(x+2z) (x+y)(y+z) (z+x)(z+y)

:x\/(y+z)2 +y\/(z+x +z\/(x+y)2
=Xy +XZ+ yZ+ Xy +XZ + Zy
=2(xy+yz+zx)
=2
Cau 11.
Ta co xy+z—1=xy—x—y+1=(x—1)(y—1)

TAI LIEU TOAN HOC
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Tuong te yz+x—1=(y—1)(z—1) va zx+y—1=(z—1)(x—1)

Suyra S= 1 N 1 N 1 _ X+y+z-3

(=1)(y=1) (y-D(z-1) (2=1)(x=1)  (x-1)(y-1)(z-1)
-1 1
=xyz—(xy+yz+zx)+(x+y+z)—1:xy+yz+zx

Ta ¢6 (x+y+z)2:x2+y2+22+2(xy+yz+zx):>xy+yz+zx:—7
1
S S=——
uy ra -
Cau 12.
Tacd x+y+z+xyz =4 < 4(x+y+2z)+4xyz=16
Khi d6 ta co: |/x(4—y)(4~2) =x(16 4y —4z + yz)
= \/x(yz +4,/xyz + 4x)
= xJ({fyz +24x)? = Ixyz +2x (1)

Tuong tu \/y(4-2z)(4—X) = xyz +2y (2)
JZ(4=X)(4-y) =\xyz +2z (3)

Twe (1), 2), 3) suyra B=2(x+y+z+./xyz)=24=8.
Cau 13.
Tacd: a’—a’b+ab’—6b° =0 < (a-2b)(a’ +ab+3b*)=0 (¥)

Via>b>0 =a’+ab+3b°>0 néntk (*)tacé a =2b

a'—4b' _16b'-4b’ . o 12b' 4

Biéu thttc B = = .Vay: B= =—
b*—-4a* b*-64b* Y -63b* 21

Cau 14.
Taco:x +y +z =0=>y +z :—x<:>(y + 2)2: (—x)2

X X

yi+z' =% B -2yz

Suy ra: y*+z° - x> =-2yz. Do d¢:

2 2 2 2

Tuwong tu ta co: yz > = Y S z — = z
zZ2+X -y —2Xxz X +y -z -2Xy
Do d6:
P B X2 . y2 . ZZ XZ y2 ZZ B X3 + y3 + 23

2

= —+ =
vV +z2P =X 22+ -y X4y’ -7z 2yz -2xz -2Xy -2xyz
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(x+y+z)3 —3(x+y)(y+z)(z+x) _ O—3.(—z).(—x).(—y) _ 3xyz _ 3
—2Xyz —2Xyz —2Xyz 2

3
Vay P=——
ay 5

Cau 15.
Tacd x—y=y29+12y/5 —24/5 = (25 +3)* =25 =2/5+3-25 =3
Nén: A=X"+X=Y® +Y? + XY - 3X?Y + 3XY? - 3XY +1974.
=(X=Y) +(X-Y) +1974
=3’ +3% +1974
=2010

Cau 16.
Co:

_2(a’+b%) 2(@’b’>+1)  a’+b’
P=™"% 7 a a’b? +1

Cau 17.
Tt \/;+\/§+\/;=2 va X+y+z=2 taco
(\/;Jr y+\/;)2 =x+y+z+2(\/;+\/;+\/;)
Tir d6 ta duoc \/xy +./yz ++/zx =1. Khi d6

x+1:x+\/;+\/;+ ZX =(\/;+\/§)(\/;+\/;)
y+1=y+\/;+\/;+\/;=(\/;+\/§)(\/§+\/;)
z+1:z+\/;+\/;+\/;:(\/;+\/§)(\/;+\/;)
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Thay vao biéu thitc P ta duoc

Pz\/(x+1)(y+1)(z+1),[ Y Y &J

x+1 y+1 z+1

= (o) (W +z) (Vo xz.\/;( )+ y( ) (XJF\/;)
— V) (2 (2o e
=2(fxy +fyz +Vax)=2

Cau 18.
Ta cé x+y=-5 nén ta duoc (x+y)2 =25=x" +y’ +2xy =25.
Mata céd x> +y* =11, do dé suy ra 2xy =14 hay xy =7.
Taco X' +y* =(x* +y2)2 ~2(xy) =11 ~2.7* =121-98 = 23.
Cau 19.
Tir gia thiét ab=a—b ta duoc (ab) =(a~b)’. Tac6

a’+b*—(ab)’ a’+b>—(a-b)
A:3+E—ab— ( ) = ( ) zzabzz
b a ab ab ab
Cau 20.
Tt gia thi€t a+b+c=0 ta duoc
a’ b? c’ a’ b2 & a’+b’+c
P= + +

(b—i—c)2 —b*-¢? (C+a)2 —c*—a? (a +b)2 —aZ-p? 2bc 2ca 2ab 2abc

Ta ¢ a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—bc—ca):0.
Tt d6 suy ra a’ +b’ + ¢’ =3abc do vay ta duoc P :%
Cau 21.
Theo bai ra: a’> +b* +c¢® +2abc=1
Suy ra a’ +2abc=1-b’-c*;b* +2abc=1-c* —a*;c* +2abc=1-b* —a*. T d6 ta cb
P:a\/(l—bz)(l—cz)+b\/(1—a2)(1—c2)+c\/(1—b2)(1—a2)—abc
—aVl—c? b2+ b’ +byl—c? —a? +ac® +cl-a? —b? +a2b? —abc
= av/a? +2abc+ b2 + byb? + 2abc + aZc? +cvc? + 2abe +a2b? —abc

= a\/(a+bc)2 +b\/(b+ac)2 +c\/(c+ab)2 —abc
= a(a+bc)+b(b+ac)+c(c+ab)—abc=a2 +b*+c*+2abc=1

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Cau 22.

Ttr gia thiét ta cd a+b=\/E_1+\/§+1:\/E;ab:$.\/§2+1=ilai co

a’ +b’ = (a +b4)<a3 +b3)—a3b3 (a+b)
= {[(a +b)2 —2ab}2 —2a2b2}[(a + b)3 —3ab(a +b)} —a’b’ (a +b)
Tt d6 ta duoc

a7+b7{(2——j ——}[2&——[} B0 5) Bk il
2

64 64 64
Viy o b <102
64
Cau 23.
Nhin vao t&t s6 cta P ta ¢ bién d6i quen thudc

2 2 2
a’+b*+c*—ab-bc—-ca= (a—b) +<b;c) +(c—a)

T day phai bién d6i gia thi€t d€ xuat hién thém c-a.
Ta co c—a=—(b—c)—(a—b)=—3—7=—10. bat T la t& ctia ctia P ta dwoe T = 79.

D3t M 1a mau cta P, khi d6 M ciing c6 thé phan tich thanh tich dwoc thanh
M = (a—c)(a+c—2b)=(a—c)(a—b+c—b)=40

Vay ta dwoc P =2 .

40
Cau 24.

Véi 2a” +11ab—3b* =0;b # 2a;b # —2ata c6
_a-2b 2a-3b_ (a-2b)(2a+b)+(2a-3b)(2a-b)

2a—b 2a+b (2a—b)(2a+b)
_6a’~1lab+b? —(2a°-1lab+3b”+8a’ -2b?) —(8a*-2v7)
© 4a’-b> 4a® -b* C 4a’-b*

Cau 25.
Két hop xyz =5 ta bién ddibiéu thirc P thanh

_ 1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

_ 1 N 2xy N Xyz.2z
2x+2xz+1 y+2xy+2xyz 2Xyz.z+yz+2Xxyz

NGUYEN QUOC BAO

TAI LIEU TOAN HOC



B 1 N 2y N 2xz _1+2y+22x_1
X 4+2xz4+1 142x+2xz 2xz+142x  2x+27zx+1

Cau 26.
Do a’® +b*+c® =3abc :>(a+b+c)(az+b2 +c? —ab—bc—ca):O
Do a’+b*+c*—ab—bc—ca>0vdia, b, 361 mot khdc nhaunén: a+b+c=0

Suyra:a+b+c=0

ab? ab? ab? b? b? b

Khi dé: = = = = =
a’+b?-c? a2+(b—c)(b+c) a2+(b—c)(—a) a+tc—b -b-b 2
bc? C ca’ a
Teong tg ——— =—; — < <
s b*+c*—a® -2 c*+a’-b* -2
Cong theo v& cac dang thiic trén ta duoc:
ab’ bc? ca’ b ¢ a 1
P= + + =—+—+—=——(a+b+c)=0
a’+b*—c* b*+c*-a® c+a’l-b* 2 2 -2 2(a C)
Vay P =0.
Cau 27.
Ta co:
1 1 2 1 1 1 1
+ = = — + - =
X*+1 y*+1 xy+1  xX*+1 xy+1 y*+1 xy+1
_ 2 _ 2
Yy Xy X =0:>(xy—y2)(y2+1)+(xy—x2)(x2+1):0

@(x2+1)(xy+1)+(y2+1)(xy+1)
@(x—y)z(xy—1)=0<:>xy=1(vi X#y)=5=2
Cau 28.
Bién ddi gia thiét a® +b=Db’ + ¢ ta dugc

a’-b’=c-be(a-b)(a+b)-(a-b)=c-b-(a-b)<(a-b)(a+b-1)=c-a

Do a,bkhacnhaunéntaco a+b-1= C_;.
a_
Hoan toan tuong tu ta duoc b+c—1=;_b;c+a—1=b_c.
-C c—-a

c-a a-b b-c _

Do d6 ta co T=(a+b—1)(b+c—1)(c+a—1)= 1

a-b b-c c-a
n . 1 1 1 xy+yz+zx
Cau29. Taco:0=—+—+—=————=xy+yz+2zx=0
X y z Xyz
Do do6: x2 + 2xy =x2 + 2xy — (xy + yz + xz) = (X — xz) + (Xy — yz)

Suy ra: x2+ 2xy = (x-y)(x-z)

NGUYEN QUOC BAO TAI LIEU TOAN HOC




yz yz
y2 +27x (X—y)(x—z)

Do d6:

. X X
Tuong tu ta co: - Zx ; A Y

vy +2zx  (y-x)(y-z) 22 +2xy (z-x)(z-y)

Do do:
p__ Yz X Xy yz 2% Xy
x2+2yz y +2zx 7 +2xy (X y)( ) (y x)( ) ( )(z—y)
_yz(y-z)-zx(z-x)-xy(x-y) _(x-y)(y-z)(z-%)
(=y)ly=2)(z=x)  (x=y)(y-2)(z-)

VayP=1.

=1

Cau 30. +)Taco l+1+l—2:>£l+1+1J =4
X y z X 'y z

_ - =0

Dods (1.1 iV 2 11 1 1 2 2 2 2 1
+) o do ;+—+— 2<:>—2+—2+—2 —_—t—+— —+—2
y z Xy z X"y z° Xy yz ZX Xy z

1 2 1) (1 2 1 1 1Y (1 1Y)
S| 5t+—+—5 |+ F+t—+=5 =0 | —+=| +|=+—]| =0
X XZ Z y YZ Z X Z y Z

2
(1+1J =0 1_-t
X z X z
= 1 1 2 = l___1<:I>X—y——Z
Gl b
Thayvaol+1+l—2tadu>ocx y = 1 =—1
X 'y z 2’ 2
2012
Khi d6 P = l+2.1+_—1 =12 =1
2 2 2
Cau 31.
Ta co:

(a+b+c)2 :a2+b2+c2+2(ab+bc+ca)=1
:>1+2(ab+bc+ca)=1:>ab+bc+ca=O
Mat khac:

a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—bc—ca)<:>1—3abc=1.(1—0)
=abc=0=a=0vb=0vc=0
b+c=1 {b2+2bc+c2=1 b=0

bt =1 =bc=0=>

Xét a=0 thi
b*+c*=1 c=0

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Dodo:a=0,b=0,c=1hoaca=0,b=1,c=0

Khidé:P=1
Lap luan twong tw véi cac truong hop b =0va c=0.
Vay P=1.
Cau 32.
a) Taco:1+a*>=ab+bc+ca+a’=(a+b)a+c)
Tuwong tu: 1+b*=(a+b)(b+c) ; 1+c2=(c+a)(b+c)
2 2 2 2 2 2
Do db. A:(a+b) (b+c) (c+a) :(a+b) (b+c) (c+a) 1

(1+a*)(1+07)(1+€)  (a+b) (b+c) (e +a)
b) Ta cé: a?> +2bc -1 = a2+ 2bc — ab — bc — ca = (a-b)(a-c)
Tuwong tw: b2 +2ca—-1=(b-c)(b-a) ; 2+2ab-1=(c—a)(c-b)

o s, g\t t2be=1)(b? +2ca-1)(¢? +2ab 1) (a-b) (b-c)'(c-a)

(a—b)2 (b—c)2 (c—a)2 (a—b)2 (b—c)2 (c—a)2

Cau 33.
Ta co:
0=a'"+b'" —(a101 +b1°1) =a" +b"”" - (@'” +b'%?)
o a™(1-a)+b™ (1-b)=a" (1-a)+b" (1-b)
=a™. (1-a) +b'.(1-b) =0
Do déa=b=1(doa, b duong)
Vay P=a”"+b*" =1+1=2

Cau 34.

2
T gia thiét suy ra: (x+1j =9:>x+l:3 (do x>0)
X X

=21= x+l x2+i = x3+i + x+l :>A:x3+i:18
X )(2 X3 X X3
27.18:()(2+%j(X3+%J:(X5+%J+(X+lJ
X X X X

S B=x' 4L =718-3=123
X

Cau 35.
Cla?+b*+c*=14 |a’+b*+c*=14
Ta co =
a+2b+3c=14 2a+4b+6c=28

=a?+b?+2-2a-4b-6c=-14

NGUYEN QUOC BAO TAI LIEU TOAN HOC




o (a-12+(b-27+(-32=0a=1;b=2;c=3
T =abc=6.
Cau 36.
a’ . b? 2 _a?(c—b)+k9(a—c)+c2(b—a)
(a-b)(a—c) (b-c)(b-a) (c-b)(c-a) (a=b)(b-c)(c-a)

Bang cach tach: a—c= —[( )+ (b a)] ta phan tich duoc:

a’(c-b)+b’(a-c)+c*(b-a) (a-b)(b-c)(c-a)

(a-b)(b-c)(c-a)  (a-b)(b-c)(c-a)

P=

Cau 37.
Tacd :a+b+c#0donéua+b+c=0 thi:
a_ L b e A b 1-1--3 (trdi vdi gia thi€h)
b+c c¢c+a a+b -a -b -c

Dod6a+b+c#0. Khido:

+
b+c c+a a+b b+c b+c c+a c+a a+b a+b
a’ b? c?
=a+b+c+ +
b+c c+a a+b
2 2 2
a b C
=P= + + =0
b+c c+a a+b

a+b+c=(a+b+c)( a_,._b ¢ j: a’ +(b+c)a+ b’ +(c+aﬁ)+ ¢’ +(a+b)c

Cau 38.
Ta cé: a° +b’ +c® =3abc
< (a+b) ~3ab(a+b)+b’ =3abc
(a+b+c) ~3c(a+b)(a+b+c)=3abc+3ab(a+b)
@+b+c)—Bda+bﬂa+b+ﬂ+3dﬂa+b+q
(a+b+c)= (a+b+c)(ab+bc+ca)

<:>(a+b+c)[(a+b+c)2 —3(ab+bc+ca)}=0
¢3(a+b+cﬂa2+b2+c2—ab—bc—ca)zO
1
& (a+b+c) (a=b) +(b=c)' +(c-a)’ |0
a+b+c=0 {a+b+c:0

C{(a—b)z+(b—c)2+(c—a)—0©

Véi a+b+c=0 thi: P—a+b °”fa+C_ZS:i;E:_
a b a a b a

a=b=c

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Véia=b=c thi P=(1+1)(1+1)(1+1)=8
Cau 39. Ta co:

1 1 1 a+b+c a+b+c a+b+c
6.8=(a+b+c) + + = + +
a+b b+c c+a a+b b+c c+a
R b =342 b
a+b b+c a+c a+b b+c a+c
Vay: P=—S—+2 P 45 3-39
a+b b+c c+a
Cau 40.
Ta dé dang chttng minh dwoc khi l+l+l:0 thi %+i3 %:i
a b c a> b’> ¢ abc

ab bc ac abc abc abc 1 1 1 3
Dodé: P=—+—+—= + + =abc| —+—+— |=abc.—=3

¢ a® b & a b (a3 b’ c3j abc

R , x° X3
Cau 41. Ta co: f(x)z RV = = +(1_X)3.

3
Véix+y=1ta co: f(x)zf(l—y)zﬁzf(x)+f(y)=1. T do:

(1—x)3+x3
2A:f( ! j+f(2°“j+f[@j+...+f(2°“j+f[ ! j:zon:A:@
2012 2012 2012 2012 2012 2
Cau 42.
Ta co:
b-c c—a a-b
2013_(a—b)(a—c)+(b—a)(b—c)+(c—a)(c—b)
_(a=¢)-(a=b) (b-a)-(b-c) (c-b)-(c-a)
“(a-b){a—c) ' (b-a)(b—c)  (c-a)(c—b)
I S SN S S S
" a-b a-c b-c b-a c-a c-b
1 1 1 1 1 1
= + + + + +
a-b c-a b-c a-b c-a b-c
[ 1 1 1 j
=2 + +
a-b c—-a b-c
1 1 1 2013
+ + =
a-b c—-a b-c 2
Cau 43.

(a+b+c)2 —a’+b’+c* < ab+ac+bc=0

NGUYEN QUOC BAO TAI LIEU TOAN HOC




a a’ a’

a’+2bc a’-ab-ac+bc (a—b)(a—c)
b2 b2 C2 C2
o s e (b-a)(b-c) ' i2ac (c_a)(c_b)
a’ b’ c’
B a2+2bc+b2 +2ac+C2+2ab

2 b2 C2
(a—c) (a-b)(b-c) (a-c)(b—c)
(a—c)(b—c) _q
(a=c)(b-c)

a

o

Q

(a-b)
(a=b)
(a-b)
Cau 44.

x> —2y2 =xyc:>x2 —xy—2y2 =0<:>(x+y)(x—2y)=0
Vi x+y#0nén x-2y=0< x=2y

Khi dé PZZY__Y:L=1

2y+y 3y 3
Cau 45.
x'-1= (x—l)(x+1)(x2 +1)<x4 +1)(x8 +1)
R 161 :(x—l)(x+1)(x2+1)(x4+1)(x8+1)=X_1
(x+1)(x2 +1)(x4 +1)(x8 +1) (x+1)(x2 +1)(x4 +1)(x8 +1)
Cau 4e.

a) Tu gia thiét a’ +2c> =3b*+19=a’ +2¢* -3b* =19
Taco 247 _P'+6_+3 3b°+18 2c+6 a'+7+2c"+6-3b°-18 14
5 6 15 12 4+12-15 1
a’=49=a=7
Suyra: b’=64=b=8
c’=81=c=9

14

Cau 47.
Dit a—b=x;b—c=y;c—a=z:>x+y+z=0:>z=—(x+y)
Ta cé: X* +y° +2° =210 & X +y° —(x+y) =210 & -3xy(x+y) =210 & xyz =70
Do x,y,zla s6 nguyén c6 tong bang 0 va xyz =70=(-2).(-5).7 nén
x,y,ze{—2;—5;7}:>A=|a—b|+|b—c|+|c—a|=14

Cau 48.
Vix+y+z=7=z=-x-y+7=>xy+z-6=..=xy-x-y+1=(x-1)(y-1)

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Tuong tu ta co: yz+x—6=(y—1)(z—1);zx+y—6=(z—1)(y—1)

4 _ 1 N 1 N 1 _ z-1+x-1+y-1
W) ) ) Gy
(x+y+z)—3 7_3 4

— = = Ta
xyz—(xy+yz+xz)+(x+y+z)—1 3—(xy+yz+xz)+7—1 9—(xy+yz+xz)
co: (x+y+z)2 =X’ +y’ +2° +2(xy +yz+xz) =7 =23+2(xy + yz+xz)
= Xy+yz+xz=13
4
Vay H=———=-1
Y90
Cau 49.
a’—3ab’ =5=a’—6a‘b’ +9a’b* =25
b’ —3a’b=10= b’ -6a’b* +9a*b* =100
—a’+3a'b’ +3a’b* +b° =125

2 2
:>(a2+b2)3=53:>a b5
2018 2018
A y 1 1 1
Cau 50. bat x=2a,y=b, z=cta duoc xy+yz+zx=0:>;+;+;=0

Khi d6 2A= be +2ac+2ab=£+ﬁ+ﬁ:xyz(i+i3+i3J
Xy oz

4a2 b2 C2 X2 y2 ZZ

Métkhéctthéngdéngthl'xcis+i3+i3—i=(1+l+lj(i2+iz+i—i—i—ij=0
Xy 77 xyz
tacéi3+i+i=i:>2A=Xyz-i=3.Véy A=—.

Xy 2 xyz Xyz

N| W

Chu 51.

{a3 ~3a°+5a-17=0 _ {(a—lf +2a-16=0()
b*-30°+50+11=0  |(b-1)’+2b+12=0(2)

= (1)+(2) = (a-1) +2a-16+(b-1)’+2b+12=0

& (a-1+b-1) (a-1)"~(a-1)(b-1)+(b-1)° |+2(a+b-2) =0

a-1

SN (a+b—2){(7_+b—1j2 +%(b—1)2 +2} =0

2
S a+b= Z(do(aT_l+b—1j +%(b—1)2 +2 >0Va,b]

Vay ta c6 diéu phai chiing minh

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Cau 52. Dit: A=%/3a-1+a/8a—3 +33a-1-aBa—3
A= (%/3a—1+ aBa_3 +%/3a—1—a@)3
:(Ba—1+ a@)+(3a—l—a@)
+3Y3a-1+ am.f/Sa—l—aM(i/s’a—H aMﬁ/Ba—l—aM)

—6a—2+3/(3a-1)’ —a’.(8a—3).A

—6a-2+3%9a> —6a+1-8a° +3a’ A
=6a—2+3}(-2a+1)".A
=2(3a-1)-3(2a-1).A

= A’-A+2(3a-1).A-2(3a-1)=0

= A(A-1)(A+1)+2(3a-1)(A-1)=0

& (A-1)[ A+ A+2(3a-1)]=0

& A=1(Do A’ + A+2(3a-1)>0)

Cau 53. Ta co:

s e 1Y 1Y 1Y 1 1 1
a“+b"+c —abc={x+=| +|y+=| +|Xy+—| —| X+=[|y+—|| Xy +—
X y Xy X y Xy

, 1 , 1 2. 2 1 X y 1 1
=6+ X+ S+ Y+ XY o XY+ | Xy +—
X y X’y y X Xy Xy
:6+x2+i2+y2+i2+x2y2+ 212— x2y2+x2+y2+1+1+—2+i2+ lej
y X"y y x Xy
=4
Cau 54.

3\ 1
Déyrang a’=b*=2 va a+l=——.
y rang va a1

Ta co

a b 1 a’b+ab’*+a’+b’+ab+a (a+1)(b°+ab+a)
a+b+—+—+1+—= =
b a b ab ab

_(a+D(ab*+a’h+a’®) (a+l)(ab’+b*+b%) (a+1)(a+b’+b)
a’b b* b?

_a+b*+b _b*+b*+ab _a*+b’+ab a’+b*+ab 1
b’(a-1)  b*(a-1) ab® —b® a’-b’ a-b’

TAI LIEU TOAN HOC

NGUYEN QUOC BAO



1 1 a b
Vay ——-—=a+b+—+—+1.0
Y3 b b b a

2 2
a -b

J1-b? ++1-a

Causb5. a—b=V1-0* -\l-a* < a-b= Satb=A1-b +1-a

a—b=N1-b* —\1-d*

—~a=V1-b o a+b =1=0=2020.
a+b=A1-b* +1-a

Tt &6 ta cd hé: {

Cau 56. Taco 2= xy+\/(x2 +1)(y? +1) +x\/y2 +1+yVx’ +1= xy+\/(x2 +D(y*+1) +Q

= (2—Q)2 =[xy+\/(x2 +1)(y? +1)}2

= 4-4Q+Q? = 2x2y? + X7 +y? +1+ 2xy,/(X* +1)(y* +1).

Talaicé6 Q° =x*(Y* +1) + y*(X* +1) + 2xy\/(x2 +(y* +1)

= Q% = 2X%y? + X% +y? + 2xy O +1)(Y? +1).

Do d6 4—4Q=1:>Q=%

Cau 57. Ta co:
Q=2a—b+3a—2b:2a2+ab—b2+3a2—5ab+2b2 :5a2—4ab+b2
a-b a+b a’—b’ a’—b’
Vi a’> +4ab-7b* =0 nén ta cé

6(a’ —bz)—(a2 +4ab-7b*) 6(a’ —b2)

a’-b? a’—-b?

Cau 58. Ta cé: ab+c=ab+c(a+b+c)=(a+c)(b+c)
va c-1=—(a+h).
Do do: A=a3+b3+c3+3(a+b)(b+c)(c+a)=(a+b+c)3:1.

Cau59. Vi a, b, ¢ labanghiém ctua phuong trinh

23 —9x? +6x-1=0

Khi phén tich da thite 2x* —9x° +6x —1 ra thira s0 ta duoc:
2x* -9x* +6x—-1=2(x—-a)(x—b)(x—c)
< (x—a)(x=b)(x—c)= x3—§x2 +3x—%

2

< x°—(a+b+c)x* +(ab+bc+ca)x—abc = XS—%X +3x—%

NGUYEN QUOC BAO TAI LIEU TOAN HOC




9

a+b+c=—
2
ab+bc+ca=3
abc:l
2
2
= a’+b*+c’ =(a+b+c)2—2(ab+bc+ca)=(%) —2.3=%

Tinh a’b? +b?%c? +c?a’:
a’b? +b%c?+c%a’ = (ab+bc+ca)2 —2(ab-bc+bc-ca+ca-ab)
2

& a%h? +b%c? +¢%a” = (ab+bc+ca)’ —2abc(a+b+c)

=a’h’+b*c*+cfa’=3"-2.=2.= =

Tinh a®+b®+c3:
a®+b®+c? :(a+b+c)(az+b2+c2—ab—bc—ca)+3abc

St =2 g LAY
2\ 4 2 8
Vay:
a+b+c:g
2
ab+bc+ca=3
abczl
2

2 +b? et =20
4
a’b? +b%c? +c?a? =%

a3+b3+c3=%

Khi do ta co:
a®-b® b°-¢® c*-a°
= + +
a-b b-c c—a
&S :(a“+a3b+a2b2 +ab3+b4)+(b4+b3c+bzc2 +b03+c4)

+(c*+c’a+c’a’ +ca’+a’)

o S=2a"+2b*+2¢* +a’b+b*a+bic+c’hb+a’c+cla+a’h® +b’c’ +c’a’

& S=(a*+b" +c* +2a%’ + 2b°¢’ + 2c%a’ )+ (a* +a’b + a’c)+ (b’ +b’a+b’c)
+(c*+c*a+c’h)—(a’h? +b’c? +c%a’)

=) =(a2+b2+cz)2+a3(a+b+c)+b3(a+b+c)+c3(a+b+c)

—(a’b? +b*c* +c%a’)

= :(a2+b2+02)2 +(a3+b3+03)(a+b+c)—(a2b2+b202+cza2)

TAI LIEU TOAN HOC

NGUYEN QUOC BAO




&S =

4) 2 8 2 8

(g}z 9 417 9 3465

Cau 60. Ta cé:

(a+b+c)(ab+bc+ca)=abc
< a’b+a’c+b’a+b’c+c’hb+ca®+2abc=0
< ab(a+b)+ac(a+c)+bc(b+c)+2abc=0
< ab(a+b+c)+ac(a+b+c)+bc(b+c)=0
< (a+b+c)(ab+ac)+bc(b+c)=0
< a(b+c)(a+b+c)+bc(b+c)=0
& (b+c)(a® +ab+ac+bc)=0
< (a+b)(b+c)(c+a)=0 (¥

Thay abc = 2018 vao biéu thtrc ta co:
P= (bzc + abc)(cza + abc)(azb + abc) =a’b’c?(a+b)(b+c)(c+a)=0

Ce'iu61.Taco’:{\/X_7_4\/y+1=_6 {\/X—7—4\/y+1=_6

Ix+5-Jy-1=3 2Jx+5-2y-1=6

Cong theo vé€ hai phuong trinh cta hé ta duoc:

VX=T7 =4y +1+2Jx+5-2y-1=0
& (Vx=7-2/y-1)+2(Vx+5-2/y+1)=0

X—4y+1 X—4y+1
= +2. =
VX+7+2y+1  x+5+2y+1

o (x—4y+1) 1 +2. ! =0
VX+T7+2Jy+1  x+5+2y+1

&S X-4y+1=0

Do d6: S = (x -4y +1) + 2016 = 2016.

Cau 62. Ttr xyz =1 suy ra z =i.

Xy
y+2yi+1 i+2ix+1
x+2xy +1 Xy Xy Xy
P= +
1 1 1 1 1
X+xy+x.—+1 y+y.—+yx+1 —+—x+—y+1
Xy Xy Xy xy Xy
Xy +2xy’ +y L XY 24X 1+2x+xy

Cxy+xyi 414y xy+l4xiy+x L+y+x+xy

NGUYEN QUOC BAO TAI LIEU TOAN HOC




xy(1+y)+y(xy+1) (xy+1)+(x+1) +(x+1)+x(y+1)
(1+y)(xy+1) (1+x)(xy+1) (y+1)(x+1)

Xy y 1 1 1 X
= + + + + +
xy+1 1+y 1+x xy+1 y+1 x+1

xy 1 y 1 ( 1 X )
= + + + + +
xy+1 xy+1 1+y y+1 1+x x+1

=1+1+1
=3
Cau 63. Ta ¢ a“+b“:1<:>(az+b2)2—2a2b2:£:>a2b2=1:>a2(1—a2):i
2 2 4 4
4 2 2 2 , 1 , 1
4a* - 4a +1=0<:>(2a —1) 0= a’=-"=hl==
2 2
1009 1009
) 1009 1009 1 1 1
Do d6 P:(az) +(b2) :(Ej +(EJ :W.
Cau 64. Ttr gia thiét, ta co
P=(a+b+c)( S S )—3=2018.m—3=2014.
b+c c+a a+b 2018

Cau 65.

a) Ta c6 4a’+b® =5ab < (a—b)(4a-b)=0.Do b>2a>0 nén b=4a. Suy ra
20a’ 4

p=— % -2
3a°+32a®> 7

=0
b) Ta c6 x3+y‘°’+z3:3xyz:{x+yJrZ
X=y=12

Do d6 a® +8b° =1-6ab < a’ +(2b)’ +(-1)" =3a(2b)(-1)
{a+2b—1=0 [a+2b:1

= = :
a=2b=-1 a+2b=-2

Cau 66. Ta co 1+1+£=0:> yz+xz+xy=0
X y z

SXH2yI =X+ Y1+ YL =X +YI-XZ— Xy = X(X—2) - y(X—2) = (X-2)(z-Y)
Twong tu = y* +22x = (Y - 2)(Y — X); 2% + 2xy=(z-X)(z-Y)

1 1 1
2 + 2 + 2
X“4+2yz Yy +2XZ  Z°+2YyX

=

NGUYEN QUOC BAO TAI LIEU TOAN HOC




1 1 1
= + +
(x=y)(x-2) (y-2)(y-x) (z-y)(z-X)

_YFZ-ZHX-X+Y
(x=y)(y-2)(z-x)

= 5 1 + ; 1 + > 1 (X2016+y2017+22018)=0.
X“+2yz Yy +2XZ  Z°+2yX

Cau 66.
a) Tir gia thiét
11 o018=® _ Ja 2018+ Jb_2018 =\/a—a—b+\/b—a—b
a b 2018 a+b a+b a+b
a b a+b

= + = =+a+b (Viahb>0).
Ja+b +a+b a+b ( :

b) Ta ¢6 a la nghiém duwong ctia phuong trinh 6x?++/3x—+/3=0nén

6aZ++/3a-/3=0

_pa2
a=\/§ 8 12350 8t <<\ B a3 <0.
V3 23
(a+2). \/a4+a+2+a2)

Do dd A= ke - 4( 7 =\/a4+1—2\/§az+2+a2

Ja'+a+2-a’ a’+a+2-a
= J(aVB) +a? =[a* - V3| +a* =B -a’ +a’ = 3.

a b a—b 1

Cau 67. Taco a*(b+c)=b*(c+a) < = = =—_,
bc+ab ab+ca c(b-a) ¢
Suy ra ab+bc+ca=0«<bc=-a(b+c)< —abc=a’(b+c)=2018.(1)
ab+bc+ca=0<ab=—c(a+b)< —abc=c*(a+h).(2)

Tir (1) va (2) ta duoc ¢®(a+b)=2018.

Cau 68. Ta co:

Xz 7 Nzt +1 Xz NP +1-2 > 5
+—= & = o Xxyz=|z+Vz° +1)(Vz +1—z)<:>xyz=1.
2+NZ2+1 Y y 2+N7% +1 y ( )(

14 1 1 1
T : = =
aco Y +xJyz 41 Sxy +xxyz 41 Jxy ++4/x +1

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Jx e

1 N N

1 B X _ _
\/W+\/§+1_\/§(\/E+\/§+1) Jxyz +xy +4x 1+

Va

1 1 1

_ _ Xy _
Jox+ Z+1_\/X—y(x/§+x/§+l)_\/x2yz +xyz+xy VX

1
DO d(’) + + = + +
\/@+«/§+1 \/ﬁ+\/§+1 Jx+4z+1 \/@+«/§+1 1+\/@+\/§ Jx

Va
v \/x_y+x yz+1+\/ﬁ+\/§+1+\/§+ z+1

Xz Z_\/m
PN TR
Cau 69. DKXD: x;y#0; y#-2x
Twr gia thiét:
21 1 2y —X

1 L L =1 khi x,y,z>0 thoa man

< (2y-x)(2x+y)=xy

= Lt =
X Yy 2X+y Xy 2X+Y

SAXY+2y* —2X2 =Xy =Xy < 2xy +2y° —2x* =0

Sxy+y’ =x" =0 (%

Vi X;y # 0 nén chia ca hai v€ ctia phwong trinh (*) cho Xy, ta duoc:

Cau 70. Vi x > 0, ta co:
1+i2+ L 2:(1+i2+3j+ L 2—3
X+1) XX

X
2

=(1+1)+ L 2_3

X (x+1)" X

(x+1}2 ( 1 )2 x+1 1
= + -2 ——
X X+1 X Xx+1

—

1 1 1 1
= l+S+—7F =+
X (x+1) X X+1
V‘1x>0:>O<x<x+1:>£>—:>1+l—i>0
X X+1 X X+1

TAI LIEU TOAN HOC
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= 1+i2+ ! 2:1+£__ *)
XT(x+1) X x+1

Ap dung cong thiic (*), ta co:

B= 1+1—i + 1+£—1 4+t 1+L—L
1 2 2 3 2018 2019

= B =2019 1
2019

‘—4a’+a’+6a+4 a'-2a’-4a’-2a’+4a’+8a+a’—2a—4+8

Cau71.Taco T = a

a’—2a+12 N a’—2a-4+16
2002 94 A\ _ 2 _ 94 _ 2_949_
_a'(a"-2a-4) 22a(a 2a—4)+a”-2a 4+8=£:1(V\1 a?-2a-4=0)
a’-2a-4+16 16

Cau 72.

Truong hop 1. Néu mot trong 3 s8 a, b, ¢ bang 0 thi cac s§ con lai bang 0. Do vay

a=b=c=0

Khido: P=0

Truong hop 2. Xét a, b, c khac 0:

Ta cod

1 1 1 1+b® 1+¢® 1+a* (1-b)* 1 (1-c¢) 1 (1-a)’ 1 1 1 1
L e e e e S+ —+ S+ —+ . ——+=
a b c 2b 2° 2a 2b b 2¢cc ¢ 2a aabc

Ddu “="xay rakhi 1-b=1-c=1-a=0<a=b=c=1

Khi d6 P = 3.
Cau 73. Tt £+£+£ X, Y, 2 2NX 2Jyz Zf
Ja b V& ab c Jab bc  Jac

:1+1+£+2‘/ayz+ bxz +,/cxy _1(1)

a b ¢ Jabc
\/— Jb J_ Jayz ++/bxz +Jexy
Ma =0= =0
NCANTAR v
= Jayz +v/bxz +./cxy =0 (2)
Tfr(l)vé(Z)suyra£+1+£:1.
a b c

Do dé M =5+%+5+2019=1+2019=2020 .
a C

Cau 74. Gida st 4; b la hai s0 thuc phan biét thoa man
a>+3=2
=a

— 2 — —
- 12 4 30— 2 b* +3(a—b)=0.

NGUYEN QUOC BAO
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& (a—b)(a+b)+3(a—b)=0 < (a—b)(a+b+3)=0
Llamb=00
a+b=-3

b). V&i a+b=-3 = (a+b) =27
& a’ +0° +3ab(a+b)=-27 < a* +b° —9ab=—27
S @ +30+0 +3b=4(a+b) —2ab+3(a+b)=4sab=-2.

Vay o’ +b>=-45.
Cau 75.

Ta cod

o e h)(a-0)(a+0)
B a a+b\/g
(Va = k) (Va - Vo) (Va +Vb)
[ o]t
(\/—_\/Z)2 _3a—2 ab+b_33—2_§
(a—\/Eer)_ a—~ab+b  3-1 2

Cau 76. batS=x+y vaT=xy. Tk gia thiét, tac6 S+ T=1, suy ra

=3

=3

Kyt (% +1)(yF +1) +2=87 - 2T +2- 2 (1-T) + 57

=57 -2(1-S)+2-,/2(S? +5?)

=82
Ttr d6 ta co: P=S+T=1.
Vay gia tri ctia bi€u thitc P can tinh 1a 1.

1 2

Cau 77. Gia st x, y 1a hai sd thuc phéan biét thoa man 1 + = . Tinh gia tri
+1 y'+1 xy+1
biéu thitc:
b 21 . 21 L2
x+1 y +1 xy+1
Thuc hién bién d6i gia thiét cua bai toan ta co
1 1 2 1 1 1 1
+ = = - + - =0
xX+1 y+1 xy+1 x*+1 xy+1 y +1 xy+1
2 2
= oy + o =0c>(xy—y2)(y2+1)+(xy—x2)(x2+1)=0

(X2 + 1) (Xy + 1) <y2 + 1) (Xy + 1)

NGUYEN QUOC BAO
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@y(x—y)(y2+1)+X(y—X)(X2+1)=O<:>(X—y)2(xy—1)=0

Do x #y nén ta dugc xy = 1. Két hop vdi gia thiét L .2
*+1 y'+1 xy+1

1 1 2 2 2 4 4
+1 vy +1 xy+1 xy+1 xy+1 xy+1 1+1

Vay ta duwoc P =2.

Cau 78. Ta co

B
<

+ =1 2(x+y)=1+3xy

-
[

- X
+ 3xy

2
1+ 3xy

-y
1

0

X+Yy

Ta co

P=X+y+yX =Xy+y? =X+y+4/(X+ y)2—3xy

_1+3xyJr\/(1+3ny2_3Xy_1+3nyr (1—3xy]2

Thay x+y=

2 2 2 2
_1+3xy+|1—3xy|
2 | 2|

Néu xy>%Th‘1P=2

N&u xy<%th‘1P=3xy

Cau 79.
X Yy z
—+=-—=1
4x+y—-3z=12
3 12 4 - WY o T(X+y+27) =42 A=6
X Yy z 3x+6y+10z=30
—+=+—-=1
10 5 3

NGUYEN QUOC BAO TAI LIEU TOAN HOC




Mue lue

Trang
Loi ndi dau 3
Phin I. CHUNG MINH PANG THUC
Dang 1: Stt dung phép bién d6i thwong duong 4
Dang 2: Stt dung hang dang thiic quen biét 5
Dang 3: St dung phwong phap doi bién 7
Dang 4: Stt dung bat déng thitc 8
Dang 5: St dung luong lién hop 9
Dang 6: Chting minh ¢6 mdt s6 bang hang s8 cho trudce 10
Dang 7: St dung Van dung tinh chat cta day ti s§ bang nhau 12
Bai tip van dung 14
Huéng dan giai 20
Chu dé IL. TINH GIA TRI BIEU THUC MOT BIEN
Dang 1: Tinh gid trj biéu thirc chira da thitc 39
Dang 2: Tinh gia tri biéu thitc chita can thic 40
Dang 3: Tinh gid trj biéu thic c6 bién 1a nghiém ctua phuong trinh 11
Bai tip van dung 42
Huéng dan giai 45
Phin IIL TINH GIA TRI BIEU THUC NHIEU BIEN CO PIEU KIEN
Dang 1: S&t dung phuong phap phan tich 54
Dang 2: Stt dung phuong phap hé s bat dinh 55
Dang 3: St dung phrong phap hinh hoc 56
Dang 4: St dung Van dung tinh chat cta day ti s§ bang nhau 58
Bai tip van dung 58
Hudng dan giai 67
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