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© RUT GON PHAN THUC HUU TY

Nhac lai kién thite: Céc budc rit gon biéu thikc hitu ty
1. Tim DKXD: Phan tich mau thic thanh nhan t, cho tat ca cdc nhan ti khéc 0.
2. Phan tich tit thanh nhan tt, chia t& va mau cho nhan tt chung,.

7~ Dang 1: Rat gon biéu thirc hiru ty

xt=x®-2x-4
xt—3x3+2x% —6x—-4

Loi giai

*Thi du 1. Rat gon bi€u thic A =

Ta co:
x4—x3—2x2—4=(x4—4)—(x3+2x)=(x +2)(x2 2) ( +2)
:(x2+2)( —X— 2) ( +2)(x+1)
2x4—3x3+2x2—6x—4:(2x4—8)—(3x3+6x)+(2x2+4)
=2(x" —4)-3x(x* +2)+2(x* +2)
=(x*+2)(2x* =3x=2) =(x* +2)(x-2)(2x +1).

NA - A 14 . ? \ 1 14
Diéu kién xac dinh cia Ala x#2,x#——. Ta co:

_ (x2+2)(x+1)(x—2) _ x+1
(x2+2)(x—2)(2x+1) 2x+1°

x+1
2x+1

Vay véi x#2 va t;t—% thi A=

2

2xy x> +2z° -y

2

*Thi du 2. Rat gon biéu thire B = — )
2X"+z° -y +2xz

Loi giai
Ta co:
Zz—(XZ—ZXeryz) zz—(x—y)2 (z+x y)(z x+y)
=(x2+2XZ+Z2)—Y2=(x+z)2—y2 (x+z+y)( z—y)

Z—-X+y

Véi x+y+z#0,x-y+z#0 =B = :
X+y+z

7~ Dang 2: Rat gon bi€u thirc hiru ty va bai toan lién quan

x*=5x*+4

x"=10x" +9
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a) Rat gon A

b) Timx dé A=0

c) Tim gia tri caa A khi |2x—1|=7

a) Ta co:

x4—5x2+4=( xz) 4(x2—1)=x2(x2—1)—4(x2—1)
(1) =)= (o) x-2)x+2)

x* —10x* +9 = (x —xz) (9x —9)—X2(X2—1)—9(X2—1)
:(xz—l)(x —9):(x—1)(x+1)(x—3)(x+3)

Diéu kién xac dinh ctia Ala x#+1,x# 3. Ta cé:

A:(x—l)(x+1)(x—2)(x+2):(X—Z)(x+2)

(x=1)(x+1)(x=3)(x+3) (x=3)(x+3)

b) Ta co:

A=0©m=0©x=ﬁ.

(x—3)(x+3)

c) Ta co:
2x-1=7 x=4
|2x—1|=7<:>[ {

=
2x-1=-7 xX=-3

Vi x = 4 thi A:(X_Z)(X+2):(4_2)(4+2):1- _
(x=3)(x+3) (4-3)(4+3) 1.
Véi x = - 3 thi A khong xac dinh.
2x° —7x*—12x+45
3x% —19x* +33x-9

(o)

Sl
N

*Thi du 4. Cho biéu thitc B=

a) Rut gon B
b) Tim x d¢ B>0

a) Ta co:

3x* ~19x* +33x—9 = (3x3—9x2) (10x* —30x) +(3x-9)

= (x=3)(3x* ~10x+3) = (x=3)| (3x* =9x) ~(x~3) | = (x~3)" (3x~1)

2x° —7x* —12x+45 = (Zx 6x2) (x —3X) (15x—45)=(x - 3)(2x2—x—15)

= (x=3)[ (2* ~6x)+(5x~15) | = (x~3) (2x+5)
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Diéu kién xdcdinh ctia Ala x#3,x # % Ta co:

(x—3)2(2x+5)_2x+5

B= . -
(x-3) (3x-1) 3x-1
b) Ta co:
I 1
X>—
_ 3
{3x—1>0
2x+5>0 X>=-= X>=
B>O<:>2X+5>O<:> =1 2<:> 3
3x—-1 3x-1<0 1 5
X< — X<——=
2x+5<0 3 2
- 5
X< —=
L 2

Vay d&B >0 thi x>%vx<—g.

*Thi du 5. Cho biéu thtc: P:%—( X yox_ ¥y 2]. Y i
X \xX*+xy Xy xy+y’ ) X +xy+y

xz0,y #0;x #—y

1) Rut gon biéu thic P.

2) Tinh gia tri cua biéu thirc P, biét x,y thoa man déng thiec:

x* +y* +10=2(x—-3y)
Loi giai
1) Vi x#0;y #0;x # -y ta co:

b 2 [Xy=(X =y )(xry) =" | xay

X xy (x+y) X+ xy+y’

2 xy(x-y)-(x-y)(x+y)  xty
X xy(x+y) XXy +y?

2 oY)y +y')  xay

X xy(x+y) XXy +y
g+x—_y_x+_y

X

Xy Xy
2) Tacd: x*+y* +10=2(x-3y)

<X =2x+1+y* +6y+9=0

& (x-1) +(y+3) =0
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AT x=1
Lap luan = { (tm)
y=-3

x+y _1+(-3)
Xy 1.(—3)

1 2 5-x) 1-2x
+ - :
1-x 1+x 1-%2

Nén thay x=1;y =-3 vao biéu thitc P =

_2
3

*Thi du 6. Cho biéu thttc: A =( -
X —

a) Ruat gon biéu thuc A
b) Tim cdc gid tri nguyén ctua x d€ biéu thitc Anhan gia tri nguyén
¢) Tim xdé€ |A|=A

Loi giai
a) DKXD: x#+£;x# %

A:[1+x+2(1—x)—(5—x)J x2 -1

1-x° 1-2x
2 xz—l_ 2
1-x" 1-2x  1-2x
. =1(kt
b) Anguyén, ma xnguyén nén 2:(1—2x),t1‘r do tim dwoc x = 1(ktm)
x = 0(tm)
Vay x=0
c) Taco:

|A|=A<:>A20<:>1—2x>0<:>x<%

Két hop véi diéu kién : —1#x< %

7~ Dang 3: Rat gon cac biéu thirc ¢ tinh quy luat

Vi du 7. Tinh tong: S=L+L+L+ ..... —
13 35 57 2007.2009

Loi giai

_1_(n+2)—n 1[1 1j

Taco: n(n+2)_5 n(n+2) 2

n n+2

Do d6:

1, 1.1 1 1 1] 1 1 ) 1004
S==|l-—+=—"—+it———— |== | 1-—— |=——
2[ 335 2007 2009} 2( 2009) 2009

2.1+1 22+1 23+1 N 2.2012+1

Vidu8.Cho M= >+ >+ 5 5
(12 +1) (22 +2) (32 +3) (20122 +2012)
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Tinh gid tri biéu thitc M

Loi giai
Ta co:
2a+1 1 1
(a2+a)2 a’ (a+1)2
Do dé6
1 1 1 1 1 1 1
M=1l-—t———+—=———+....... + -
22 2% 3% 3% 4° 2012% 20132
o 1
20132
Vi du 9. Rat gon biéu thic:
M=—> 2 4 . 20+l
(12) (23) [n(n+1)]
Loi giai
Ta co:
2k +1 2k +1 1 1

(k(k+1)] K (k1) K (ke1)

Do do:
1t 1 i1 11 1 1 1 nn+)
P22 3 3 T 0t ' (ne1) 1 (n41) (n+1)

Vi du 10. Rat gon biéu thiec:

TRV

Loi giai
Ta co
1 CK2-1 (k+1)(k-1)
¥ K K
Do dé:
13 24 35 (n-1)(n+1) 1324..(n-1)(n+1)
T E g nt 234
~123..(n-1) 345..(n+1) 1 n+1 n+l
" 234..(n-1)n" 234.n n 2 ©2n
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~ Bai tap van dung
2 2

Cau 1. Rat gon biéu thirc sau: A = X > 2 _ 2x — |- 1—1—% .
2X°+8 8—-4x+2x"—x X X

x? +X x+1 1 2-x°
: - +
x> —2x+1

Cau 2. Cho biéu thirc: P=

x 1-x x*-x
a) Rat gon bi€u thic P
b) Tim xdé P<1
c) Tim gia tri nho nhat cta Pkhi x>1
1*+4 5 +4 9*+4 17*+4
3 +4 7' 44 11' +47 19" +4

2
Cau 4. Cho biéu thtec : A=( ax + 8x J[ x—1 —Ej

Cau 3. Tim tich: M=

2+x 4-x* ) (x*=2x x
a) Tim diéu kién xac dinh, r6i rat gon biéu thic A
b) Tim xdé A=-1
c) Tim cacgia tri cia xd€ A<0

Céu 5. Cho bigu thire P=| X2 1|,/ X=8 1 ()
x’=1 x-1 X" +x+1

a) Rut gon biéu thiec P
b) Tinh gia tri ctia P khi x1a nghiém cua phwong trinh x* —3x+2=0

2 2
Cu 6. Chobidu thee A=| X 22X 2 \f; 1 2
2xX°+8 8—-4x+2x°—x X X

a) Tim x dé gia tri cua A dugc xac dinh. Rut gon biéu thire A.

b) Tim gi4 tri nguyén ctia x d€ Anhan gia tri nguyén.

X4+2+ x> -1 x*+3

6

Cau 7. Cho biéu thitc M = — .
x'+1 xX*=x"+1 x"+4x"+3

a) Rutgon M
b) Tim gid tri 16n nhat caa M
(x2 +a)(1+a)+a2x2 +1

(x2 —a)(l—a)+a2x2 +1

Cau 8. Rut gon biéu thuc:

a’—4a’-a+4

Cau 9. Rat gon biéu thite: P=———
a’—7a" +14a-8

Cau 10. Cho biéu thitc sau:

( 2x—3 2x—8 3 j21+2x—8x2
= . +1

4x2 + 2 T he 11 42
x-=12x+5 13x-2x"-20 2x-1) 4x°+4x-3
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a) RutgonP

b) Tinh gia tri ctia P khi |x| -

c) Tim gia tri nguyén ctua x d€ P nhan gia tri nguyén
d) Tim xdé P>0

a’—4a’-a+4

Caull. Cho P= 5 >
a’—7a"+14a-8

a) RatgonP
b) Tim gid tri nguyén ctia a d€ Pnhéan gia tri nguyén.

Cau 12. Tinh:A=1+l2+l3+ ls
3 3 3 3

HUONG DAN GIAI

A AA - A X ¢ 0
Cau 1. biéu kién: {
X#2

x? -2x 2x2 1_1_3
2 +8 8—4x+2x2 —X° X X
x? —2x 2x2 x> —x—-2

2 X +4 2 X)+X2(2—X) X2

( X2~ 2x 2 J (x+1)(x-2)

2(x2+4 X’ +4)(2-x) | ?

X

Cx(x=2) 4 (x+1)(x+2) x4 dx A x+1
2(x- 2)(x +4) X 2(x*+4) X
_x(x2+4)(x+1)_x+1

2x2(x2+4) 2x

=0
Vay A—X—+1Véi X
2x X # 2

Cau 2.
a) bBKXD: x#0;x =L x=-1

2

Rut gon Ptaco: P= x
x—1

<l
x—1 x—1 x—1 x—1

3
2 2 2 X=g |+
b) P<le = X jeoe XX gl 2) 4 g

=x-1<0ex<1

Vay vdi x<1va x#0;x#-1thi P<1
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2 2
X X 1+1 :x+1+L:x—1+L+2

x—1 x—1 x—1 x—1

a) Tacéd: P=

Khi x>1;x—1> 0. Ap dung bat dang thiic C5 si ta co: X—1+L122.Dé/11 "="xay ra
X_

khi va chi khi x=2.Vay GTNN ctia P bang 4 < x=2
Cau 3.
Nhan xét duwoc: n* +4= [(n—l)2 + 1} [(n +1)2 + 1} . Do dé:

1.(27+1) .(42+1).(62+1) ''''' (162+1).(182+1)= 11
(22 +1).(42 +1) (6 +1).(8 +1) " (187+1).(20°+1) 20*+1 401

Cau 4.
a) bKXD: x#0;x#+2
A_| X 8¢ :( x-1 _gj=4x(2—x)+8x2:x—1—2(x—2)
2+x 4-x*) (x*-2x x (2+x)(2—x) x(x—2)
C8x—4x*+8xF x-1-2x+4  8x+4x*  3-x
(2+x)(2—x)' x(x—2) _(2+x)(2—x)'x(x—2)
B 4x(2+x) x(x—2)_4X2
_(2+x)(2—x)' 3-x  x-3

4x* x=-1
b) A=-1< =-1lo4x*+x-3=0< 3
X_3 X =—
4
4x*
¢ A<0& <0 x-3<0e=x<3
x_
Vay x<3;x#0;x=+2thi A<0
Cau 5.
1. a) Voi x=1ta co:
x—4 x> +x+1 x> +x+1-x+8
P= + : >
(x—1)<x2+x+1) (x—1)<x2+x+1) X +x+1

_ X—4+x*+x+1 x> +9 _ x> +2x-3 x> +x+1
(x—l)(x2+x+1) X2 x+1 (x—1)(x2+x+1)' x2+9

_ (x+3)(x—1) _ X+3
(x—1)<x2+9) x> +9

Vay x#1 thi = X2
x"+9
=2t
b) x> -3x+2=0= X =2(tm) .Thay x=2vao Ptacd: P= 22+3 _2
x =1(ktm) 2°+9 13
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Kot luan véi x=2thi P =2

13

Cau 6.

2x* +8 =0
a) Gid tri cia A duoc xac dinh < {8 —-4x+2x>—x>#0

x#0
2x* # -8 x> #—4
o 4(2—x)+x2(2—x)¢0<:> (2—x)(4+x2)¢0<:>{x;t2

x#0
x#0 x#0

Ta co:

x? -2x 2x? 1_1_1
2x* +8 8 4x+2x* —x° X x*

x? —2x 2x? x2—x+2
x +4 2 x)+x (2—x) ' x?

( —4x" 2 4 x-2x-2
(x +4) 2 x) ' x>
C2xP =X —Ax+2x7 —4x° X(X+1)—2(X+1)
2(x*+4)(2-x) x*
) (2 xen
(X +4)(2-x)" X T 2x
b) Ta co:
X2—+162<:>x+1 2X = 2x+2:2x ma 2x:2x
X
:>252X:>1§x:>[X:1(tm)
x =—1(tm)
Vay A:X+1EZ©X:1hoéC x=-1
2x
Cau?’.
a) Taco:

x*+2 N -1 x> +3
(x2 +1)(x4 —x? +1) x*—x*+1 (x2 +1)(x2 +3)
4

B xt+2 N x* =1 1
_(x2+1)(x4—x2+1) x'=x*+1 x*+1

B x4+2+<x2 —1)(x2+1)—(x4—x2+1) Xt 24xt —1-xt -1

(x2+1)(x4—x2+1) - (x2+1)(x4—x2+1)
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2 2

T 4) (Cr)(xt i) XX

2

Vay M = voi moi X

xP=x?+1

2

b) Taco: M=

. vOi moi X
X —=x"+1
Néu x=0taco M=0

1

Néu x#0, chia ca t& va mau ctia M cho x*ta cé: M =
X2+72—1
X

2 2 X

2
Ta co: x2+l—1=(x2—2.x.l+ij+1=[x—lJ +1>1
X X X

1

Nén ta cé: M = <1.Dau "="xay ra khi x=1.

x> +

X -1
Vay M16nnhédtla M=1khi x=1
Cau 8. Ta co:
(X +a) 1+a)*‘azxz‘”_x2+x2a+a+a2+azx2+1

(x —a)(l a)+a2x2+1 x> —x’a—a+a’+a’x*+1
2
2

2 2
x +x’a+a’x*+1+a+a” X (1+a+a )+<1+a+a )

x> —x*a+a’x*+1-a+a’ x2(1—a+a2)+<1—a+a2)

B (x2 +1)(1+a+a )_ 1+a+a>
- (x2+1)(1—a+a2) “1-a+a’

Cau 9.

P —4a’—a+d =a(az—l)—él(az—l)z (az—l)(a—4)
a’-7a’+14a-8 (a3—8)—7a(a—2) (a—2)(a2—5a+4)

e D)e1)at)_av

- (a—2)(a—1)(a—4) Ca-2

P=

A +1 ..
Vay P= :_2 voi a¢{1;2;4}
Cau 10. Phan tich:
4x* —12x+5=(2x-1)(2x=5) ; 13x-2x*-20=(x—4)(5-2x)

(2-1)
21+2x-8x* =(3+2x)(7-4x); 4 +4x-3=(2x-1)(2x+3)

Diéu kién: x # §;—_3;Z;4
2°'2°4
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2x-3
2x-5
1

a) Ratgon: P=

1 x:—:>P=l
b) |X|=E:> 2 2
x=——=P=

2
_2x-3 2

=1+
2x—-5 x—5

c P

Vay PeZ <
X_

X—5=-2=x=3(tm)
x—=5=-1=x=4(tm)
x—=5=1=x=6(tm)
x—5=2=x=7(tm)

d) =2x—3:1+ 2
2x—-5 x—5
Tacé:1>0:>P>0<:>L5>0:>x—5>0<:>x>5
X_
Véi x>5th1 P>0
Cau 11.
a) Taco:
a3—4a2—a+4:(a—1)(a+1)(a—4)
a’-7a’ +14a-8=(a-2)(a-1)(a—4)
Néu DKXD: a=l,a#2;a=4
RﬁthnP=a+l
a—-2
b)
P:a_2;3:1+ 32;tathé'y Pnguyén khi a—21la wdc cua 3, ma
a— a—

Uu@l)= {—1; 1; —3;3}, tr d6 tim duwoc ae {—1; 3;5}

Cau 12. Ta co:

3A=1+1+i2+...+l7
3 3 3

1 1 1 1

A=—+—+. . +—+—
3 3 3 3

Lay (1) trx (2) ta duwoc:

2A=1-L -1

- ==
3 6561 6561
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6560

eZ=x-5eU(2)={+1;+2}
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© TINH GIA TRI BIEU THUC MOT BIEN

I~ Dang 1: Tinh gia tri bi€u thitc chita da thixc

5_ 3_
*Thi duy 1. Tinh gid trj biéu thie F= X0 —10X*H12 o0 x 1
X" +7x°+15 X +x+1 4
Loi giai
, X 1 2 2
Ta co: 2—=—<:>4x=x +x+1< x° =3x-1.
X“+x+1 4

Do do:

x* =x.x° =x(3x—1):3x2 —x:3(3x—1)—x:8x—3;

x* =x"x=(8x-3)x=8(3x~1)-3x=21-8;

x* =x* x=(21-8)x =21x" -8x =21(3x —1)—8x =55x —21.

Tir d6 ta co:

x* —3x° —10x +12 =55x —21-3(8x—3) - 10x +12 = 21x;

x*+7x* +15=21x-8+7(3x—1)+15=42.
x*=3x"-10x+12 2Ix 1

Vay: F= = =—(dox=#0
Y xt+7x% +15 42x 2( )

2
*Thidu2. Cho t=—X  Tinh gia tri biéu thitc A=—X _ theot.
x> —x+1 xt+x* +1

Loi giai
1) Néu x=0 thi t=0 va A=0.

2 2
2) Néu x#0 thi [x+l—1jt=1:>x+l=%+1:>[x+lj :[1+1J

X X X t
:>x2+l2:lz+%—1.
X t t
2
Khi d6: A = 1 = 1 _ )
, 1 1 2 1+2t
X“+—+1 —+—
X t t
t2

Tt hai treong hop trén suy ra A = .
1+2t

~ Dang 2: Tinh gia tri biéu thitc chira cin thirc
*Thi du 3. Cho x++/3 =2. Tinh gi tri biéu thirc
H=x"-3x"-3x" + 6x* —20x + 2023
Loi gidi

Ta co:

THCS.TOANMATH.com TAI LIEU TOAN HOC




x+3=252-x=3=(2-x) =3 x* ~4x+1=0

H =x" —3x* —3x° + 6x* —20x + 2023

=x* —4x* 43 +x* =4 + X +5(x* —4x+1)+2018

=X (3 —4x+1)+x* (X* ~4x+1)+5(x" —4x+1)+2018
=(x*+x* +5)(x* —4x+1)+2018=2018 (do X’ —4x+1=0)

Vay H=2018khi x++/3=2

*Thi du 4. Cho /28163

x =~—=——_ Tinh gia tri cua bi€u thirc: P=(x* +2x-1)

2012 .
J3-1
Loi giai

Ja-23¢ 4-23 _(V3-1y? 51
B-1 B-1 B-1

= x*+2x-1=1
= P=(x*+2x-1)*"? =1

Ta cod: x =

*Thi du 5. Cho x=31+65 /65 -1. Tinh Q=x* +12x+2009.

Loi giai
Tacd: x° =(%/1+\/£—%/\/£—1T
= (1+65) (V65 3\/1+\/_ )(\/1+\/_5 65 -1 j
=2—12(%/1+J£—%/J£—1)=2—12x.

Do d6: Q =2-12x +12x + 2009 = 2011.

7~ Dang 3: Tinh gia tri bi€u thirc c6 bién 1a nghiém ctia phwong trinh cho truedc

*Thi du 6. Cho a la nghiém ctia phuong trinh: x* —=3x+1=0 . Khdng can tinh a hay tinh

2
a

at+a’+1

gia tri bi€u thic: Q=
Loi giai
Do a la nghiém cta phuong trinh: x> -3x+1=0 néna’-3a+1=0=a’+1=3a.
2 2 2 2
Suy ra: Q=—; az - az - az :az:1
a“+a +1 (a2+1) _a2 (3a) —a2 8a” 8

*Thi du 7. Chttng minh rang phuong trinh x> +x—1=0 ¢4 hai nghiém trai d&u. Goi x1 1a
nghiém am cua phuong trinh . Tinh gia tri ctia bi€u thirc D= fo +10x, +13 +x,.

Loi giai
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Phuong trinh x* +x—1=0 ¢6 ac=-1 <0 nén cd 2 nghiém trai dau.
Vixi ¢6 la nghiém cua phuong trinh nén: x§ +x,-1=0=x} =1-x,
Do dé:

f=(1-x,) =1-2x, +x2 =1-2x, +1-x, =2-3x;;

P =(2-3x,) =4-12x, + 9 =4-12x, + 8 + X

=4-12x, +8(1-x, ) +x] =12-20x, +x};
X8 +10x, +13=12-20x, +X2 +10x, +13=25-10x, +x% =(5-x, )

Do do:

D:w/x;3 +10x, +13 +x1.:.’(5—x1)2 +X, =|5—x1|+x1

Do x1 la nghiém am ctia phwong trinh nén xi<0nén 5 - x1> 0 do do:
D=|5—x1|+xl =5-x,+x,=5
*Thi du 8. Goi m la nghiém ctia phwong trinh J2x +x-1=0. Khong giai phuwong trinh
2m-3
J2(2m* -2m +3)+2m’

hay tinh gia tri bi€u thic: A =

Loi giai
Do m la nghiém duong ctia phuong trinh J2.x2 +x-1=0 nén

2 x2=1-x=0<x<1nén 4x* =1-2x+x%. Do d6 ta c6:

A= 2m -3 :(2m—3)(\/2(2m4—2m+3)_2m2)

\/2(2m4—2m+3)+2m2 4m® -4m+6—-4m*
(2m—3)(\/2(2m4_2m+3)—2m2) \/2(2m4—2m+3)—2m2
) —4m +6 - >

22-m)"  , 2(2-m) 1-m m-2 1-m
= +m = + — +

-2 i) > \/E \/E

1

2

~ Bai tap luyén tap

Cau 1. Cho x, y théa man x = %/y- Jy*+l +{’/y+ ,\/yz +1 . Tinh gia tri ctia biéu thikc
A= X'y +3x +xy- 2y?+1.
Cau 2. (Chuyén Hai Dwong 2010)

THCS.TOANMATH.com TAI LIEU TOAN HOC




3 3 3

o xot [1+ i/12+\/135 N i/12 135 }

2
Khong ding méy tinh cam tay, hdy tinh gid trj cua biéu thite M=(9x° —9x* -3},

Cau3. Cho m=i\3+2v2 —\3-22 -1, n=317+1242 +\17-1242 +2.

Tinh gié tri bidu thite T = 2(20m+6n)? —38.
Cau 4. Tinh gia tri cta biéu thirc
3 p—
B=— 2 "3%2 g o= 355+/3024 +3/55-/3024.
a’—4a’+5a-2
Cau 5. (HSG Héi An 2018)

Cho biéu thirc A =(x* ~x —1)2‘”8 +2019.

BB
JB+1-1 B+1+1

Tinh gia tri biéu thiec A khi x =

Cau 6. (HSG Lé Chan 2018)

Cho x:\/2+\/2+\/§ —\/6—3\/2+\/§ . Chitng ming rang: x* —16x” +32=0.

Cau 7. (HSG Thanh Héa 2017)

Ax+1)x*" —2x*" +2x +1
2x7 +3x

Tinh gia tri cua biéu thiec P =

Cau 8. (HSG TP. Hdi Phong 2018)

1 3
tai x= - .
¥ \/2J§—2 23 +2

Cho a=\/3+«\f5+2«/§ +\/3—»\/5+2\/§ . Chitng minh a® —2a—2 =0,

Cau 9. (HSG Hai Dwong 2016)

Cho biéu thrkc: P=\/1—X+(1—x)x/1—x2 +\/1—x—(1—x)«/1—x2 (v6i -1<x<1).

Tinh gid tri cta biéu thic P khi x = 1
2019

Cau 10. (HSG Hai Phong 2016)

3’
Cho x=10% 6V3(/3-1) . Tinh gid tri cia P = (12x2+ 4x —55)2017 :

V6425 -5

Cau 11. (HSG Hai Dwong 2015)

TAI LIEU TOAN HOC
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Cho x=3—+/5. Tinh gia tri ctia biéu thitc A =x"—8x* +17x> +6x> —116x +104 .
Cau 12. (HSG Hung Yén 2015)

Cho x =1+3%/2+3/4.Tinh gié tri ctia bidu thitc A =+/x* —3x> —3x+2018.

Cau 13. (HSG Phii Thg 2015)

5 _ 3 _
Tinh gid tri bidu thige P = X~ ~172XH9 o x 1
X" +3x" +2x+11 x“+x+1 4

Cau 14. (HSG TP. Hdi Phong 2015)

Tinh gi4 tri ctia biéu thitc A = x* —6x + 1976 v6i x= 320+ 144/2 + 20 142 .

Cau 15. (HSG Hung Yén 2014)

cho x= oG - [1EB-10

. Tinh gid tri ctia biéu thic
\/5 +1

2019

A= (x4 +x° —x? —2x—1)
Cau 16. (HSG Hai Dwong 2014)

Tinh gi4 tri ctia biéu thire: A = 2x° +3x* —4x+2

véi x=\/2+ﬁ+\/z— 5+15 -5 -1

2

Cau 17. (HSG Hung Yén 2013)

1 |\2-1

Cho x == ,|[—— . Tinh gid tri cua biéu thitc sau:
2\ 2 +1 &

3
A=(4x5+4x4—x3+1)19+(\/4x5+4x4—5x3+5x+3) {

1- \/Ex 2014
\V2x2 +2x .

Cau 18. (HSG Phii Thy 2013)

3_
Tinh gi4 trj biéu thirc P=— a4 23a;—2 . bit a =355+/3024 +3/55-/3024.
a —4a +oa—

Cau 19. (HSG Kinh Mon 2013)
Khong dung may tinh. Hay tinh gia tri cia biéu thitc P = (4x° - 6x? - 1)215 +2014
véi x=%(1+%/3+ 22 +§/3—2J§j.

Cau 20. (HSG TP. Thanh Héa)
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(JE + 2)«3/17\/5 ~38
J5+14-65

Voi x =

. Tinh gid tri ca biéu thuc: B = (3x* +8x¢ ~2)"

HUONG DAN GIAI

Cau1.Co x= %/y— Jy'+ 1+ %/y+ Jy+1
=x’ = 2y +3%/y - «,yz +1. %/y+«’y2+ 1 (%/y- 4/y2+l +{/y+,,y2+1j

=x>+3x-2y=0

A=x* +x°y +3x%- 2xy +3xy - 2y” + 1= (x*+3x*-2xy) + (xy + 3xy - 2y*) +1
=x(+3x-2y) +y(x°+3x - 2y) +1=1

Cau 2. Tir x:1[1+§/12+ V135 +§/12“"135 ]
R =)

<:>(3x—1)3=[3\,/12+\/13_5 +i/12_\/13_5J3

3 3

= (3x-1)"=8+3(3x-1)
<X -9x*-2=0
=M =(-1)"=1

Cau 3.

Tacé: m =§/\/(«/§+1)2 —\/(ﬁ—l)z “1=1
n=§/\/(3+ 242) +\/(3—2\/§)2 12=2

Do d6: T =2(20+12)° —38=2010

Cau 4.

B a’-3a+2 _(3—1)2(a+2) _a+2
S a®-4a’+5a-2 (a-1) (a-2) Ca-2

Xét a® =55 ++/3024 + 55—/3024 + 33/(55 + \/3024)(55 —J3024 ).a
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<a’=110+3a
<:>(a—5)(a2+5a+22)=0
<a=5 (do a2+5a+22>0)

a+27
a23

Cau5.Ta cod

=B=

3 NG \/_(\/EH)—\/?T[\/E—Q

\/\/§+1 1 (Bl 3+1-1
Z\/\/§+1+1—\/\/§+1+1=2
1

Thay x=2vao biéu thitc A ta duogc
2018
A=(22 —2—1) +2019 =1+2019 = 2020

Cau 6.

:\/2+\/2+\/§ —\/6—3xl2+\/§

x> =2+y2+3 +6-3 2+\/§—2\/2+x/2+\/§.\/6—3«/2+«/§
=8-2y2++/3 —243. 4—(2+J§)

=8—2\/2+\E—2\/3.(2—
:>x2—8:—2\/2+\/§—2\/3. 2-3)
=(x*- ) =[—2\/2+\/_ 2 /3 2- \/_}
o xt-16x2 +64=4(2+J_)+12.( —\/§)+8\/§

xt-16x2+64=32
axP-16x2+32=0

Vay X* —16x° +32 =0 (dpcm)

3 \3-1
VIX_\/zJ_z 232 2

nén x =

la nghiém ctia da thiec 2x* +2x-1.

27" (2% +2x— 1)+2x+1 %+l

Do dé P=
(2x +2x— 1)+x+1 x+1

=3-4/3.
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a2:3+\/5+2\/§+3—\/5+2\/§+2\/9—(5+2\/§)
=6+2\4-2\3
=6+2,(v3-1) =6+2(v3-1)4+2V3=(1+3)

Vi a>0nén a=+/3+1.Dod6 (a—1)2 =3hay a’-2a-2=0.

Cau 9.
P =i (Vi i iV |
:>P2:(1—x)(2+2 1—(1—x2)):2(1—x)(1+|x|)
Ma P = [1-x-+(1-x)VI-x +4/1-x~(1-x)y1-x’ 20=P=+2(1-x)

Véi x=— L p-2019 &5
2019 2018

Cau 10.

Taco:

10+63 (V3 -1) =33 +1) (V3 -1)
\/6+2\/g—\/g=\/(\/§+1 2 _J5
BB (Brnes-1_3-1_,

Jos+1r -5 B+1-y5 1

Thay gid tri ctia x vao P ta duoc: P = (12.22 +4.2-55

)2017 _ 12017 _ 1

Cau 11.
Tacod: x=3-+5=3-x=5=(3-x)?=5=x>—6x+4=0
A=x"—-8x* +17x° +6x*> —116x +104
=(x" —6x* +4x°) = 2(x* —6x° +4x7) +(x° —6x” +4x) +20(x* —6x +4) +24
A= (X" —6x+4)—2x7 (X" —6X +4) +X(X* —6x +4) +20(x* —6x +4) +24
A=24
Cau 12.

Co x+1:3/5+3/2+2:3/5(1+%/§+%/2):3/§x.
= (x+1) =2’ X’ 3%’ ~3x=1=> A=2019

Cau 13.
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- :1<:>4x=x2+x+1<:>x2=3x—1
X“+x+1 4

Ta cod

Khi @6 x° =x2.x=(3x—1)x=3x2 —x=3(3x—1)—x=8x—3

x* =x" x=(8x-3)x=8x"—3x=8(3x—1)-3x =21x -8
x5=x4.x=(21x—8)x=21x2—8x=21(3x—1)—8x=55x—21

X°—4x° —17x+9  (55x—21)-4(8x—3)-17x+9

SuyraP = =
g X' +3x7+2x+11  (21x-8)+3(3x—1)+2x+11
_ X3 (o x#0). VayP= .
32x 16 16
Cau 14.

+ Dt u= J20+1442 ;v = Y20-142

Tacd x=u+v vau®+v®=40

wv = 3/(20+1442)(20-1442) =2

X=u+v=x =u’ +v° +3uv(u+v) =40+ 6x

hay x’-6x=40.Vay A =2016.
Cau 15.

i _%Nm_ hids- \/J3J§ 9+3(3-1 _ ,7_/ 3+1

o1 Jarods [(V3-1 (1“/_) (3—1
_W\/ﬁﬂ = \/(2)_\/\/5 \/\E _

Thay x :\/5 vao A ta co

A=(xt4xP - —2x—1)2019 =(4+2\/§—2—2«/§—1)2°19 —19 =1

Cau 16.

=442 4—5+f’=4+ 6-2\5 =4+ JE 1) =3+\5oa=\3+45

:>x=\/3+\/§—\/3—\/§—1=\/6+2‘/g \/6 ;J_ J§+1 */351—1 J2-1
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X=42-1=x>+2x-1=0
B:2x3+3x2—4x+2:2x(x2+2x—1)—(x2+2x—1)+1:1

Cau 17. Ta cod x=% ’% = %,/(ﬁ_1)2=% :>2x=\/5—1 :>2x+1=\/5
+

=4x>+4x-1=0 (a)
Do do:

4 +4x* - +1=x (4% +4x-1)+1=1

4x° +4x* —5x° +5x+3= x> (4 +4x—1) - X (X +4x—1)+ (4x* +4x-1)+4=4

T (a):>2x2+2x=%:>\/2x2+2x:\/g; J2-2x=1

O E L N S S
V2x2+2x L

N

Dodé A= 119+(\/Z)3+12‘”4 ~10

a’—3a+2 (a—l)z (a+2) _a+2
a’—4a’+5a—2 (a-1) (a-2) Ca-2’

ma a® =110+ 33/55% — 3024 (%/55—\/3024 + 355+ /3024 )

—=a’=110+3a<=a’-3a-110=0.

Caul8. Tacd P=

<:>(a—5)(a2+5a+22)=0<:>a=5.Suy ra P=§.

ab=1
a=33+22 N

Cau 19. Dat { a’+b®=6
b=U3-22  |aip-2x-1
= (2x-1)*=(a+b)*=a’+b*+3ab(a +b) =6 +3(2x - 1)
= (2x-1)(2x-1)*-3| =6
= 43-6x2-1 =1
Vay P = (4x — 6x2 — 1)205 + 42014 = 1+2014 = 2015.
Cau 20.

e AET(E07) (E-2) 2]

BBy B35

Dod6éB=-1.

Wl
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© TINH GIA TRI BIEU THUC NHIEU BIEN CO PIEU KIEN

~ Dang 1: S& dung phwong phap phan tich

*Thidu 1. Cho a, b, ckhac 0 thda man: (a+b+c)(l+l+1J =1.

a b c
Tinh gié tri biéu thirc: P =(a” +b”)(b”+c)(™ +a™")
Loi giai

Ta cé: (a+b+c)[1+%+1j=1
a C

(a+b+c)(ab+bc+caJ:1

abc

<:>(a+b+c)(ab+bc+ca):abc

& (a2b+abc+caz)+(ab2 +b2c+abc)+(abc+bc2 +c2a) =abc
& a’b+ca’ +b’c+ab” +c’b+ac® +2abc=0
<:>(a+b)(b+c)(c+a)=0

a=-b
< b=
c=-a

*Véia=-bth a® +b® =(-b)" +b* =0

Do d6: P=(a® +b?)(b+c*)(c™ +a™”) =0

*Véib=-cthi: b’ +¢’ =(—c) +c* =0

Do d6: P=(a® +b (b +¢")(c™ +a™”) =0

Véi: ¢ = - a thi: C2019 +a2°19 = (—El)2019 +a2019 =0

Do d6: P=(a” +b (b +c*)(c™ +a™) =0

Vay taco:P=0

*Thi du 2. Cho c4c s8 duong x, y théa man: 7x* —13xy —2y” =0 (1)
Tinh gi4 tri bi€u thic: A = -0V
7x+4y
Loi giai

Tt (1) ta co: (7x+y)(x—2y)=0<=x=2y (dox, y>0)

2x—6y B 4y -6y B -2y _—_1

Thay x =2y vao A ta dugc: A=
7x+4y l4y+4y 18y 9
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2010 1 2010
*Thi du 3. Cho cac s0 thuc x, y thdéa man: { x y (2)

x+2y = 2335
Tinh gié tri biéu thiic: B=2.
y
Loi giai
Déta=2010 , b=w voia, b>0.
X y
201 a2+21:b g 1a+;:b731"'i_Z
Tir 2) suy ra: | 2000 4 22010 g5 =11, 2 a a+l 6
a b a b 6
< 7a’-1la-6=0<a=2(doa>0)suyra:b=3.
Vay: Bzizhzg.
y a 2

~ Dang 2: St dung phwong phap hé so bat dinh

p— = 2
#Thi du4. Cho cacs6 thuc x, y, z thoa man: (x yz)(X+y) zz (4)
4y  =5+7z

Tinh gia tri bi€u thire D =2x> +10y* —232°.
Loi giai
2 y 0

Ta co: (4)<:>{ syt 77 =5, (4)

Ta tim cac s8 thyc a, b théa man: a(z> —x* —y?)+b(4y® —=7z%) = 2x* +10y* — 23z

& ax’ +(4db-a)y’ —(7b+a)z’ =2x* +10y* — 232’
a=2
<<4b-a=10 <:>{
7b+a=23

a=2
b=3.

Vay D=2.0+35=15,

t

*Thidu5. Cho cacsd thucx, y, z, t thoa man: X +ZZ +221_ (5).
z —3X - 2
Tinh gi4 trj biéu thic: E = m.
Loi giai.
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AR, A, L
Ta cé: (5) < t

Z 3X_»
t t

~ 14 1 X .2 ? \ 14 ~ 2 ~
Mat khac: —=—+ SX +92  Giasw a, b la cac so thue thdéa man:

a(§+2.z+2.5j+b(—3.§+zj=§+8.X+9.E
t t t t t t t t

<:>(a—3b)z+2a.z+(2a+b).£:5+8X+9E
t t t t

t t
a-3b=1
a=4 1
=< 2a=8 < =—=41+12=6.
= E
2a+b=9

Vay E=6

5x =3y = gz 1)
*Thidu 6. Cho s thucx,y, z, t thoa man:

£_£+£:i (2)
x y z 10
ot
Tinh gia tri biéu thtec: C=—+—+—.
Xy yz zx
Loi giai.
\ . 5
Tte (1) ta co: y=§X,Z=2X.
Thay y=§x,z=2x.v‘ao (2) ta duoc: i—L+i=i:>t=x.
3 X §x 2x 10
3
2 2 2 2 2 2
Vi thé: C=t—+t—+t—=X—+X—+X—=5+5.§+§=§+§.l
Xy yz zx Xy yz zx y yy z 5 52
~ Dang 3: St dung phuwong phap hinh hoc
x> +y*>=9
*Thi du 7. Cho 3 s8 thuc duong x, y, zthdaman {y*+z* =16 (¥)
2
y =Xz

Tinh gid tri biéu thitc G=xy +yz

Loi giai
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B 4 C

Xét tam gidc ABC vudng tai B, c6 AB =3, BC =4 duong cao BD. bat AD=x, BD =y,
DC = z, ta thay x, y,z hoan toan théa man hé thirc (*). Khi dé:

=AB.BC=34=12

ABC

G=xy+yz=y(x+z)=2.8

*Thi du 8. Cho 3 s0 thuc x, y, z v6iy >0 thoa man: y —z=2 (7)

Tinh gi4 tri biéu thire H=y(vx~1++2-z)

Loi giai
SN
e
Tk (7)suyrax>1vaz<2.
2
Ta viét lai hé (7) dwéi dang:
y
B
( x—1 )2 +y’ = 2 >
1 2
2
Ta viét lai hé (7) duéi dang: | y° +( 2- z) —4

Xét tam giac ABC vudng tai B, dwong cao BD vdi AB = %,BC =2.

Dit BD=y,AD=+/x-1,CD=1/2-z

RO rang x, y, z thoa man hé. Ttr do ta co:

H=y(x-1+2-2)=28,, =2

1255
22

THCS.TOANMATH.com TAI LIEU TOAN HOC




Vay H=5.
~ Dang 4: Van dung tinh chat caa diy ti s6 bang nhau
a+tb-c a+c-b b+c-a

*Thidu 9. Chocadcsd a, b, c thoa man: n
C a

(a+b)(b+c)(c+a)
abc

Tinh A=

Loi giai
Str dung tinh chét day ti s8 bang nhau ta c6:
a+b-c _a+c-b_b+c—-a (a+b-c)+(a+c-b)+(b+c-a)

C b a a+b+c
a+b-c=c a+b=2c

=< a+c-b=b=4Ja+c=2b
b+c—-a=a b+c=2a

A (a+b)(b+c)(c+a) 2c2a2b
- abc ~ abe

8

I~ Bai tap van dung
Cau 1. (Chuyén Khdnh Hoa 2018)

1 1 1 1 1
7T, Ty

1. + 2+L=4;—+—+—>0
2 x° y° Xyz X 'y z

Tinh Q _ (y2017 T Z2017 )(Z2019 i X2019 )(X2021 + y2021 )

Cau 2. (Chuyén Nam Dinh 2016)

Cho 3 s6 x,y,z khac0 théoaman: x+y+z=

Cho a,b,C 1 cac s6 thuc thda man cac diéu kien a+b+c=6;
1 1 1 47
+ + =—.
a+b b+c c+a 60

, Lo o 1m 1 a b C
Tinh gia tri cta biéu thic + + .
b+c c+a a+b

Cau 3. (Chuyén Binh Dwong 2018)
Cho céc s6 thuc X, y thoa man (x ++/2018 +x° )(y +,/2018 +y? ) =2018. Tinh gia tri

ctia biéu thire Q=x" +y*" +2018(x+y)+2020

Cau 4. (Chuyén Hai Dwong 2016)
Tinh gid tri biéu thiec P=(x—y)’ +3(x—y)(xy +1) biét:
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x=3+2v2 —3-242, y=317+1242 -J17-1242 .

Cau 5. (Chuyén TP. H6 Chi Minh 2018)
Cho a,b,cla ba s6 thyrc théa mén diéu kién a+b+c=0va a> =2(a+c+1)(a+b-1).
Tinh gia trj ctia biéu thitc A=a’ +b*+¢’

Cau 6. (Chuyén Phii Tho 2018)

a) Cho a,b,c1a 3 s8 thuc d6i mdt khac nhau: a+%=b+1:c+1:x.Tinh
C a

P =xabc

b) Cho X,Y,zla cac so thuec duwong thoa man: x+y+z= 9;l+l+l =1.Tinh gia tri nho
X'y z

nhat ctia biéu thite: T=x+y° +2° +3xyz

Cau 7. (Chuyén Lao Cai 2018)

x=331242 -3-22
y=17+12¢2 ~f17-1242

Tinh gid trj biéu thie M= (x—y) +3(x—y)(xy +1)

Cho:

Cau 8. (Chuyén TP. H6 Chi Minh 2015)
Cho hai s6 thyc a, b thoa diéu kiénab=1, a+b # 0. Tinh gia tri cua biéu thirc:
1 3 1 1
R R _+_ — —
(a+b) ( IEREN ( a+b)* (az b’ ( b) (a b)
Cau 9. (HSG huyén Thity Nguyén 2018)

Cho cdc s6 thuc X, Y, Zz#0 thoa man x* +y” +2z° +l2+i2 lz =6. Tinh gia tri biéu

X y Z

thlll’C P — X2017 + y2018 + Z2019 .

Cau 10. (HSG huyén Vinh Bdo 2018)
Cho ba s6 x,y,z>0thoa man xy+yz+zx=1. Tinh gia tri biéu thtcc:

P:XJ(1+y2)(1+z2)+y\/(1+22)(1+x2)+Z\/(1+x2)(1+y2)'

1+x° 1+y® 1+2°
Cau 11. (HSG Nam Dinh 2015)
Cho cac sO thuc x, y, z thoa man dong thoi cac diéu kién x+y+z=2,
1 1 1
+ + :
xy+z-1 yz+x-1 zx+y-1

x*+y*+2z* =18 va xyz=-1. Tinh gid tri cia S=

Cau 12. (HSG TP. Hai Phong 2015)
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Cho x, y, z la cac s6 thuc duong thdéa man diéu kién: x+y +z+ ,\/xyz =4.

Rit gon biéu thire: B=|X(4—y)(4—2) +/y(4—2)(4—X) +z(4—x)(4—y) —\/xyZ .
Bai 13. (HSG Hii Dwong 2013)
Choavablacicsothétamin a>b>0va a’—a’b+ab*—-6b’=0.
e o a*—4b*
Tinh gia tri cia biéu thttc B=———.
gt b* —4a*
Bai 14. (HSG huyén Yén Dinh 2012)

1 N 1 N 1
b’+c®-a® a’+c’-b* a’+b’-c’

Cho a+b+c=0, tinh gia tri caa biéu thirc: P =

Bai 15. (HSG huyén Kinh Mén 2012)
Tinh gia tri cua biéu thirc sau:
A=x}(x+1)-y¥(y—-1)+xy-3xy(x-y+1)+1974
Bidt x -y = y29+124/5 —245

Bai 16. ( Chon HSG tinh nam 2014)

J2 [2
Cho biéu thtic: P = Xy -Nx -1y -1
xy+x/x2—1,1’y2_1

Tinhgiéntribié’u’chl’rcV(’)i:x=l a+l ,'y=l b+l ;a,b>1
2 a 2 b

Bai 17. (HSG Dik Lik nam 2014)

Cho x, y, z 1a cac s6 thuc thoa man Jx + y+\/;=2 va x+y+z=2.Tinh gia tri cta

P=\/(X+1)(y+1)(z+1).( by, */;J

biéu thuc:

x+1 y+1 z+1

Bai 18. (HSG Vinh Long nam 2015)
Cho x+y=-5va x> +y> =11. Tinh x* +y".
Bai 19. (HSG TP. H6 Chi Minh nam 2015)
Cho hai s6 thyce a, b phan biét thoa man ab=a—b. Tinh gia tri cua biéu thirc
a b

A=—+——ab.
b a

Bai 20. (HSG Bic Ninh nim 2016)
Cho cac s6 thuc a,b,c thoaman a+b+c=0;a>+b* #c*; b’ +c? #a’;c? +a’ = b>.
a2 bZ C2

Tinh gid tri biéu thic P = + + .
& a2-b2-c® b -c?-a’ -a’_b?
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Bai 21. (HSG Dong Nai nim 2016)
Cho a, b, c la cdc s8 thuc dwong thoa a +b* +¢” +2abc=1.
Tinh gi4 trj bi€u thitc
P= a\/(l—b2)(1—c2) +b\/(1—a2)(1 —cz) +c\/(1 ~b? )(1—a2 ) —abc
Bai 22. (HSG Hung Yén niam 2016)

\/E—l.b J2+1
2 7

Cho a= == .Tinh a’ +b’.

Bai 23. (HSG TP H6 Chi Minh nam 2016)
Cho ba s6 a, b, c thoa cac diéu kién saua—-b=7;b—c=3.

a’+b*+c*—ab-bc-ca
a’—c?—2ab+2bc

Tinh gid tri ctia biéu thic P =

Bai 24. (Chuyén Phui Tho nam 2016)
Cho cé4c s6 a, b thod man 2a” +11ab—3b” =0;b = 2a;b = —2a.Tinh gi4 tri biéu thirc:

_a-2b N 2a-3b
2a-b 2a+b
Bai 25. (Chuyén Phui Tho nam 2016)
1 2xy 10z

Tinh gid tri biéu thic P = voix, y, z la cac

+ +
2x+2xz+1 y+2xy+10 10z+yz+10
sO thoa man xyz=>5 va biéu thitc P ¢ nghia.
Bai 26. (Chuyén TP. Ha N§i nam 2016)

Cho cac s0 thuc a, b, ¢ khac nhau d6i mot thoa man: a® +b® +¢® =3abc va abc =0 .

ab? bc? ca’
2

Tinh: P=

+
a’+b*—c* b*+c*—a® c*+a’-b’
Bai 27. (Chuyén Sw Pham Ha N§i nam 2017)
1 1 2
+ =
x*+1 y*+1 xy+1

Gia st X, y 1a hai s6 thuc phan biét thoa man

1 1 2
+ +
X*+1 y*+1 xy+1

Tinh gié tri biéu thitc P =

Bai 28. (Chuyén Phii Tho ndm 2017)
Cho ba s8 a, b, c d6i mdt khac nhau thdéa man a® +b=b*+c=c’+a . Tinh gi tri ctia
biéu thixc T=(a+b—1)(b+c—1)(c+a—1).

Bai 29. Cho x, y, z d6i mot khac nhau théa man: 1 + 1 + 1 =0
X y z
yz 7ZX Xy

Tinh gia tri biéu thitc: P=—; +— +—
X" +2yz y +2zx z"+2xy
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Bai 30. Cho cac sO X, y, z khac 0 thoa man dong thoi l+l+l:2 va i—lzzél.
Xy z Xy z

Tinh gid tri cta bi€u thitc P = (x + 2y + z)212,

at+b+c=1
Bai 31. Cho {a® +b* +c” =1 . Tinh gi4 tri biéu thie: P=a*"® +b*"* +
a’+b’+c’ =1
Cau 32. Cho a, b, ¢ d6i mot khac nhau thdéa méan: ab + be +ca = 1. Tinh gia tri biéu thtec:
2 2 2 2 2 2
a+b) (b+c) (c+a a” +2bc-1)(b”+2ca—-1)(c”+2ab-1
A @ e el (@ 2be e 2ca1)(c s 2ab-1)

()1 (oo (o< (o)

Cau 33. Cho hai s6 dwong a, b thoa man: a'® +b'” =a'” +b' =a'” +b'*

Tinh gi4 tri bi€u thiec: P =a*" +b*"

CAau 34. Cho s0 x(x eR;x> 0) thoa man diéu kién: x2+ iz =7
X

7 .7 . )4 o« A2 r ]. \ 1
Tinh gia tri cdc biéu thitc: A =x°+ — vaB=x"+ —
X X

Cau 35. Cho a, b, c1a cc sO thuc théaman a2 +b*+ c2=a +2b + 3c=14.
Tinh gid tri cua biéu thitc T = abc.
Cau 36. Cho a, b, ¢ d6i mot khac nhau. Tinh gia tri biéu thic:

P B a2 N b2 . CZ
_(a—b)(a—c) (b—c)(b—a) (c—b)(c—a)
Cau 37. Cho a, b, ¢ khac 0 thoa man: a4 b +—S 1. Tinh gia tri biéu thac:
b+c c+a a+b
P a’ b? c?

= + +
b+c c+a a+b

Cau 38. Cho a’ +b’ + ¢’ =3abc . Tinh gid tri biéu thiic: A = (1 + %J(l + Ej[l + Ej
C a

1+1+1—8

Cau 39. Cho a, b,c 1a cac so thuc thdoa man: a+b+c=6; =
a+b b+c c+a

Tinh gid tri bi€u thire: P=—S— 42 4P

a+b b+c c+a
Cau 40. Cho 242+ 20 . Tinh gié trj bidu thie: =224 56, ¢
a b C c a b

Cau 41. (HSG Vinh Phic 2011)
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3

Cho f(x) =

X
1_3x+ 3y Hay tinh gia tri biéu thirc sau:

A=f —1 +f —2 +...+f —2010 +f —2011
2012 2012 2012 2012

. s b-c c-a a-b 3
Cau 42. Cho a, b, c théa man: (a—b)(a—c) + (b—a)(b—c) + (C—a)(c—b) =2013
Tinh gid tri biéu thic: LI

+ + )
a-b b-c c-a
Cau 43. Cho a,b,cla ba sd déi mot khac nhau théa man: (a +b+c)2 =a’+b*+c?
a’ b? c’
2 + 2 + 2
a”+2bc b"+2ac ¢ +2ab

Tinh gia tri cua biéu thire: P =

Céu 44. Tinh gia tri cua biéu thic P = 7Y Bigt x2 —2y* =xy(x+y =0;y #0)
X+y

x'¢ -1
(x+1)(x2 +1)(x4 +1)(x8 +1)
a’+7 _b’+6 _c’+3
5
Cau 47. Cho cac s6 nguyén a,b,cthéa man (a—b)3 +(b—c)3 +(c—a)3 =210. Tinh gi4 tri

Cau 45. Tinh gia tri cua biéu thirc sau: voi x=2011

Cau 46. Tim 3 s6 duwong a,b,cthoa man : va a’+2c* =3c*+19

cuia biéu thitc A=|a—b|+|b—c|+|c—a|

Cau 48. Cho x,y,zthéaman x+y+z=7; x*+y’+z> =23; Xyz =3

Tinh gia tri cua biéu thiec H= 1 + 1 + 1
Xy+z—-6 yz+x-6 zx+y-6
3 3 a’+b’
Cau 49. Bigt @’ —3ab” =5y3 b’—3a’b =10 Tinh M=
2018
HUGNG DAN GIAI
Céul.Tacé:x+y+z=l<:>X+y+Z= 1
Xyz 2Xyz
1 1 1 1 2 2 2 1
&S —+—+—= D e e

Xy Vyz Xz B 2XYZ Xy Yz Xz Xyz

11 1 2 2 2 1 1 1 1
>+t t+t—+—+—=—F+5+5+—=4
X* y z° Xy yz xz X y  z° Xyz

2
= l+l+l =4<:>l+l+1=2
X 'y z X y z

T d6
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1

1 1
+—+=—=
y z

1
X X+y+z
<:>(xy+yz+xz)(x+y+z)=xyz
<:>(x+y)(x+z)(y+z)=0
X=-y
S|ly=-z
zZ=-X
Hon nita cac mu ctia Q déu 1é nén co it nhat 1 thira sO b?ang 0.Vay Q=0
Cau2.Do a+b+c=6 nén a + b + ¢ :6—(b+c)+6—(c+a)+6—(a+b)
b+c c+a a+b b+c c+a a+b

_ 6 6 6_
b+c c+a a+b

=6 L + L + L -3
b+c c+a a+b

A7 5 Y 5 17

60 10 10

3

Cau 3. Ta co:

(x+x/2018+x2 )(y+a/2018+y2)=2018
& x+42018+x% = 2018
y+«,2018+y2
2018(4/2018+y2 —y)
< x+42018+x% =

2018+y2 —y2
& x+12018+ X7 = 2018 +y* —y (1)

Bién do6i tuwong tu ta co:
V2018+x —x=4[2018+y* +y  (2)
Cong vé véi vé cua (1) va (2) ta duoc:
V2018 + % =[2018 +y*
< 2018+x*> =2018+y”

X=y
X ==y
+)V6i X = Yta co:

<:>x2=y2<:{
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(1) = x+2018+x* =2018+* —x

S 2x=0x=0=>x=y=0

2019 + 2019 —
{x +y=0

= Q=x""+y*"” +2018(x +y) +2020 = 2020

2019 2019 __
V6 x=—y, ta cé: {X Y =0 9= 200
x+y=0
Vay Q=2020

Cau 4. Ta co:

3 =(%/3+2\/§—%/3—2\/§j3 % =42 3x = +3x =42 (1).
=3+2J§—3+2\/5—33/(3+2\/§)(3—2\/5).(2/3+2\/§—%/3—2\5]

Tuong tw: y° +3y =242 (2).

Trie vé& véi v& (1) va (2) ta duoc: x3—y3+3(x—y):—20x/§
& (x - )+ 3(x - y)(xy + 1) = —20/2. Vay P = —20y2

Caub5.Taco: a+b+c=0<b=-a-c

:>a2=2(a+c+1)(a+b—1)

&a —2(a+c+1)(a a—c— 1)

oa’=2(a+c+1)(-c-1)

oa’+2(a+c+1)(c+1)=0

oa’+2a(c+1)+ 2(c+1) =0

<:>(a+c+1)2 +(c+1 220

a+c+1=0 a=0
= IS =b=-a-c=1
c+1=0 C 1

= A=a’+b*+c? =02+12+(—1)2 =2

Viy A=2
Cau 6.
a) Ta co: a+l=b+1<::>a—b=b_C
C bc
c-a a-b
Tuong tutacd: b—c=——;c-a=
ac ab
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b- - -b
:(a—b)(b—c)(c—a) = bcC'Caca'aab

abc=1
abc=-1

& (abe) :1{

Néu abc =1= P =xthi gia thiét trong duong véi

a+ac=b+ba=c+cb=x

@{xg’ =(a+ac)(b+ba)(c+cb)=abc(a+1)(b+1)(c+1):(a+1)(b+1)(c+1)
a+b+c+ab+ac+cb=3x

< x’>=abc+ab+ac+bc+1+a+b+c=ab+ac+bc+a+b+c+2

X =2 @{Pzz

SxP=3x+2 <
P=-1

x=-1
Néu abc =-1, bién d6i hoan toan twong tu
a—ac=b-ba=c-cb=x
3 _ _ _ _ _ _ _ _ _ _ _ _
@{x —(a ac)(b ba)(c cb)—abc(a 1)(b 1)((: 1)—(a 1)(b 1)(c 1)
a+b+c—ac—ba-cb=3x
< x®=abc—ab-ac—-bc—1+a+b+c=-ab—ac—bc+a+b+c-2

oSxP=3x-2< X:_2<:> P=2
x=1 P=-1

Vay gia tri cia Pla P=2hoac P=-1
1 9

b) Ap dung BDT AM-GM ta c6: 1 + 1 +—2
X V zZ X+y+z

=1.Do d6 d&u bang phai xay ra

thi méi xay ra gia thi€t hay x=y=z=3
Thay vao T ta dugc T =162
Vay gia tri nho nhat hay cling la gid tri duy nhat cta T la 162.

Cau 7. Ta co:
{x=%/3+2\/5—%/3—2\/5 @"3:(%/3““2‘/5_%/3_2*/5)
y=317+1242 -317-122 y3=(%/17+12\/5—%/17-12\/§)3
x3=3+2\/E—3g/(3+2«/5)(3—2\/5)(%/3+2«/§—%/3—2«/5)—3+2\/5
- ¥ =17+124§—3g/(17+12\/§)(17—12«/5).(%/17“2\/5—3/17—12\5)—17“2\/5

y® =242 -3y

{XS — 42 -3x
=
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:Mz(x—y)3+3(x—y)(xy+1)
=x"=3xy(x—y)-y’ +3xy(x—y)+3(x-y)
=x3—y3+3(x—y)
— 44[2 —3x - 242 + 3y +3x —3y = 2042
Cau8.Voiab=1,a+b =0, ta co:
_a’+b’ . 3(a® +b?%) . _6(a+b)
(a+b)’(ab)’ (a+b)*(ab)® (a+b)’(ab)
_a’+b’ +3(a2+b2)+6(a+b)
(a+b)’  (a+b)* (a+b)
_a2+b2—1+3(a2+b2)+ 6
(a+b)? (a+b)* (a+b)!
_@*+b*-1)(a+b)*+3(a’*+b*)+6
(a+b)*
@ +b*-1)(@’+b*+2)+3(a*+b?*)+6
(a+b)*
_(@*+b?)’+4(a’+b?*)+4
(a+b)*
_ (@ +b*+2)
(a+b)*
_ (@’ +Db” +2ab)’
(a+b)*
[@+by ]
~ (a+b)*
=1
VayP=1,véiab=1,a+b=0.
Cau 9.

x2+y2+zz+%+i2+l2:6

@(xz—2+l2j+(y2—2+i2]+(z2—2+l2j=0
X y Z
SRR
S| x—=| +|y-——| +|z——| =0
X y Z

N
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Do d6 P=x*"" +y*® +2°” =3 khi x=y=z=1
Hodc P=x*" +y*® +2*” =1 khi x=y=2z=-1

Cau 10. Ta co: 1+x? =xy+yz+zx+x2 = (x+z)+x(x+z)=(x+y)(x+z)

Tuwong tw: 1+y* =(x+y)(y+z); 1+2° =(x+ )(z+y)

=(
Do de. P:x\/(1+y2)(1+z ) J(1+22) 1) (1) (1ey?)

1+x° 1+y® 1+z

ZX\/(y+z)(y+x)(x+z)(z+y) yJ(Z+X)(Z+y)(X+y)(X+Z)+zJ(X+y)(X+Z)(y+X)(y+Z)
(x+y)(x+z2) (x+y)(y+z) (z+x)(z+y)
:x\/(y+z)2+y\/(z+x +z\/(x+y)2
=Xy +XZ+yZ+Xy +XZ+ 2y
=2(xy+yz+zx)
=2
Cau 11.
Ta co xy+z—1=xy—x—y+1=(x—1)(y—1)
Tuong ty yz+x—1=(y—1)(z—1) va Zx+y—1=(z—1)(x—1)
Suyra S— 1 N 1 N 1 _ X+y+z-3
(x=1)(y-1) (y-1)(z-1) (2-1)(x-1) (x-1)(y-1)(z-1)
-1 B 1

B xyz—(xy+yz+zx)+(x+y+z)—1 - Xy +yz+zx

Ta co (x+y+z)2 :xz+y2+zz+2(xy+yz+zx):>xy+yz+zx:—7

1
Suyra S=——
uy 7
Cau 12.
Ta cé x+y+z+«/xyz=4<:>4(x+y+z)+4«fxyz=16
Khi d6 ta c6: \x(4—y)(4—z) = \x(16 -4y —4z +yz)

= \/x(yz + 4\/xy_z +4x)
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= «/;.1/(\/y_z+2\/; ? = ,nyz +2x (1)
Tuwong tuw \/y(4—z)(4—x) = nyz +2y (2)
JZ(A—x)(4-y) = xyz+2z (3)

Tt (1), (2), (3) suy ra B=2(x+y+z+,/xyz) =24=8.
Cau 13.
Tacé: a’—a’b+ab’—6b° =0 < (a—2b)(a” +ab+3b*)=0 (¥)

Via>b>0 =a’+ab+3b°>0 néntk (*)tacéd a = 2b

4 4 4 4 4
a'-4b' _16b'-db' . o 12b' 4

Biéu thirc B=

= .Vay: B=— =—

b*—4a* Db*-64b* . -63b* 21
Cau 14.

Taco: x +y +z=0=>y +z :—x<:>(y + 2)2: (_X)2

X X

y2 + 7% —x? B —2yz

Suy ra: y* +z* — x> =-2yz. Do dé:

2 2 2 2

Tuong tw ta co: — y2 = y . 22 = z
zZ +X -y 2xz X +y -z —2xy
Do do:
2 2 2 2 2 2 3 3 3
X z X z X +y 4z
P= + Y + + = Y

2

yv+zi-x* 2Z2+xX -y X4y -z - 2yz -2xz -2xy = -2Xyz

(x+y+z)3 —3(x+y)(y+z)(z+x) _ 0—3.(—2).(—x).(—y) _ 3xyz _ 3
—2Xyz —2Xyz -2xyz 2

3
Vay P=->
ay >

Cau 15.

Taco x—y=v29+12y/5 —245 = [(2\5+3)* =25 =245 +3-24/5 =3

Neén: A=X3+X2-Y3+ Y2+ XY - 3X?Y +3XY? 3XY + 1974
= (X- Y)Y + (X-Y)2 + 1974
=3+ 32+1974 =2010
Cau 16.
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Do a,b>1; nén: \/xz—l.w/yz— =i(a—1)(b—%)
a
I b))
Py Lyl i(a+i)(b+11))+1(a—1)(b—1)

4 a b

2(a® +b%) 2(&12b2 +1)_a > +b?
P=™p ab a’b? +1

Cau 17.
T \j;+\/;+\j;=2 va X+y+z=2 tacd

(&+\5+\E)2 :x+y+z+2(ﬁ+ yz + zx)

Tir d6 ta dwoc (|xy +4/yz ++zx =1. Khi d6

x+1=x+\j;+\/y_z+\/;=(\/;+\/;)(\/;+\/2)
eyl e B

X +
z+1=z+xy + yz+ zZX = ( z+\/_)( )

Thay vao biéu thiec P ta duoc

P:J(m)(yﬂ)(zﬂ){ o Ay, JZJ

x+1 y+1 z+1

s VR (y 2 (fE R (R
R BT i e e

=2(\j;+\j372+\/;)=2

Cau 18.

Ta cd x+y=-5 nén ta duoc (X+y)2 =25=x>+y’ +2xy =25.
Matacd x* +y* =11, do d6 suy ra 2xy =14 hay xy=7.
Tacd x*+y' =(x +y?) ~2(xy) =11 ~2.7% =121-98 = 23.
Cau 19.
Tt gia thiét ab=a—b ta duoc (ab)2 =(a—b)2. Ta c6

a b az+b2—(ab)2 _a2+b2—(a—b)2 _2ab
b a ab - ab ~ab

Cau 20.

Tt gia thi€t a+b+c=0 ta duwoc
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a’ b’ c’ a®> b* & al+b’+<’
P= > + > + > = + + =
(b+c) -b*-c* (c+a) -c*-a’ (a+b) —a*-b’ 2bc  2ca  2ab 2abc

Ta co a3+b3+C3—3abC:(a+b+c)(a2+b2+cz—ab—bc—ca):0.
Ttr d6 suy ra a’ +b’ +c’ =3abc do vy ta duoc P =§

Cau 21.
Theo bai ra: a> +b” +c* +2abc=1
Suy ra a’ +2abc=1-b’ —c?;b* +2abc =1-c” —a*;c* + 2abc =1-b* —a*. Tlr d6 ta cd
P=a[(1-b*)(1-*)+b,[(1-2a?)(1-c?) +,[(1-b?)(1-a*) ~abe
—aVl—c? b2+ b +by1-c? —a? +ac® +cy1-a2 —b? +a’b? —abc
= ava? + 2abc+ b2 + by/b? + 2abc +a’c? + v + 2abe +ab? —abe

= a\/(a+bc)2 +b\/(b +ac)2 +C\/(C+ab)2 —abc

=a(a+bc)+b(b+ac)+c(c+ab)—abc:az+b2 +c*+2abc=1

Cau 22.

\/E—1+\/E+1:\/§;ab:\/5—1.\/§+1 1

=—.Laico
2 2 2 2 4
a’ +b’ =(a4 +b4)(a3 +b3)—a3b3 (a+b)

= {[(a +b)2 —2ab}2 —ZaZbZ}[(a +b)3 ~3ab(a +b)} ~a’b’(a+b)

Tt d6 ta duwoc

Ttr gia thiétta cé a+b =

2
1V 1 3 2 17(s $2o170d2 2 1692
b =||2-= | == || 22-22 |- ==L 22 |- X5 = _N=2 _
t K ZJ 8][\/_?/_} 64 8(4\/_J 64 64 64 64
Vay a7+b7:169\/§.
64
Cau 23.

Nhin vao tt s6 ctia P ta c6 bién d6i quen thudc

(a—b)2 +(b—c)2 +(c—a)2
2

T day phai bién d6i gia thiét d€ xuat hién thém c-a.

Ta co c—a=—(b—c)—(a—b)=—3—7:—10.DétTlé tir ctia ctia P ta dwoc T = 79.

a’+b*+c*—ab-bc—ca=

D4t M 1a mau cta P, khi d6 M ciing ¢6 thé phan tich thanh tich dwoc thanh
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M = (a—c)(a+c—2b)=(a—c)(a—b+c—b):40

Vay ta duoc P = 7z .
40

Cau 24.
Véi 2a? +11ab—3b? =0;b # 2a;b = —2ata co

p_a=2b 2a-3b_ (a—2b)(2a+b)+(2a—-3b)(2a-b)
“2a-b 2a+b (2a—b)(2a+Db)

_6a>—1lab+b? _—(Za2 ~1lab+3b* +8a” —2b2) ~ —(8a2 —2b2)
4a’ -b’ 4a’ -b’ 4a’ -b’

Cau 25.
Két hop xyz =5 ta bién doibiéu thirc P thanh

B 1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

_ 1 N 2xy N Xyz.2z
2x+2xz+1  y+2xy+2xyz 2Xyz.Z+yz+2Xyz
_ 1 N 2y N 2xz :1+2y+22x:1
2x+2xz+1 1+2x+2xz  2xz+1+2x  2x+2zx+1
Cau 26.

Do a® +b® +c® =3abc :>(a+b+c)(a2 +b? +c2—ab—bc—ca):0

Do a’ +b*+c*—ab—bc—ca>0véi a, b, 36i mot khdcnhaunén:a+b+c=0
Suyrazta+b+c=0

Khi dé: ab> ab’ _ ab’ - - -
Ca2+b2-¢? a2+(b—c)(b+c) a2+(b—c)(—a) a+c—-b -b-b =2

bc? C ca’ a

Twong tg; ———  =—, -
&1 b’+c*—-a®* 2 *+a*-b* 2

Cong theo vé& cac dang thiic trén ta dugc:

P ab? N bc? N ca’ —£+i+i——1(a+b+c)—0
a’+b*—-c* b*+c*-a? *+a’-b* 2 2 2 2
Vay P =0.
Cau 27.
Ta co:
1 1 2 1 1 1 1
+ o +

2 2,1 2,1 2 1 =0
x+1 y +1 xy+1 x*+1 xy+1 y +1 xy+1

e X)_(I;H)* o ﬁ)—(j:;ﬂ) 205 (xy—y?)(y 1)+ (xy—x2) (3¢ +1) =0
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@(x—y)z(xy—1)=0<:>xy=1(vi X#y)=S5=2

Cau 28.
Bién ddi gia thiét a® +b=Db’ + ¢ ta dugc

a’—b’ =c—b<:>(a—b)(a+b)—(a—b)=c—b—(a—b)@(a—b)(a+b—1)=c—a

Do a, b khac nhau nén ta c6 a+b—1:C ;.
a_

Hoan toan tuong tw ta duoc b+c—1—i b ;C+a —1 _b—c.
—C c-a

Dodotaco T=(a +b-1)(b+e-)fera-1)= =2 20 PoCs

Cau 29. TacoO_lJr1 1_xy+yz+zx
X'y z Xyz

=>Xxy+yz+zx=0
Do d6: x2 + 2xy = x2 + 2xy — (xy + yz + xz) = (X*> - Xz) + (Xy — yz)
Suy ra: x2+ 2xy = (X-y)(x-z)

L yz o Yz
Do do: y2 +27x (X—y)(x—z)

_ X X Xy
y24+22x (y—x)(y-z) 2> +2xy - (z—x)(z-y)

Tuong tw ta co:

Do dé:
p__ Yz X Xy yz zX Xy
x2+2yz y +2zx  Z +2xy (x y)( ) (y x)( ) ( )(z—y)
_oyzly-z)-ax(z-x)-xy(x-y) _(x=y)(y-z)(z-x) _,
(=y)ly=2)(z=x)  (x=y)(y-2)(z-x)

Vay P=1.
2
Cau 30. +)Tacod l+l+l=2:>[l+l+lj =4
X 'y z X y z
2
11 1 2 2 2 2 1
+) Do d¢6 (1+l+lj =£—l2 St t+t5t+t—+—+———+—5=0
X 'y z Xy z X"y z" Xy yz zX Xy z

1 2 1 1 2 1 1 1V (1 1)
S| S5t+—+5 |+ 5+—+=5 =0 —+=| +|=+—| =0
X XZ Z y YZ Z X y4 y Z
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-1

Thay vao l+l+l:2 tadwocx=y= —;z=—

1
X y z 2
2012

Khi d6 P = l+2.1+_—1 =12 =1

2 2 2
Cau 31.
Ta co:
(a+b+c)2=a2+b2+c2+2(ab+bc+ca)=1
:>1+2(ab+bc+ca):1:>ab+bc+ca=0

Mat khac:

a’+b*+¢c? —3abc=(a+b+c)(a2 +b? +¢? —ab—bc—ca)<:>1—3abc=1.(1—0)

—>abc=0=>a=0vb=0vc=0

Xéta=0thi{12)+c2:1 @{bz’?bcjczzljbc:o:{b:o
b*+c" =1 b"+c =1 c=0
Dodo:a=0,b=0,c=1hoaca=0,b=1,c=0
Khido:P=1
Lap luan twong tw vdi cac treong hop b=0va c=0.
Vay P=1.
Cau 32.
a)Taco:1+a2=ab+bc+ca+a?=(a+b)a+c)
Tuong tu: 1+b*=(a+b)(b+c) ; 1+c2=(c+a)(b+c)

(a+b)2 (b+c)2 (c+a)2 B (a+b)2 (b+c)2 (c+a)2 B

Do do: A= =

(1+a°)(1+0°)(1+¢")  (a+b) (brc) (cra)
b) Ta co: a2+ 2bc — 1 = a2 + 2bc — ab — bc — ca = (a-b)(a-c)
Tuong tu: b>+2ca-1=(b-c)(b-a) ; c2+2ab-1=(c—-a)(c—b)

(a2 +2bc—1)(b2 +2ca—1)(c2 +2ab—1) (a—b)2 (b—c)2 (c—a)2 _

Do dé: B=

(a—b)2 (b—c)2 (c—a)2

Cau 33.
Ta co:
0=2a"+b" —(a" +b")=a"" +b" — (@' +b')
<a'™(1-a)+b'”(1-b)=a""(1-a)+b" (1-b)
=a®.(1-a) +b™.(1-b) =0

Do déa=b=1(doa, b duong)

(a —b)2 (b - c)2 (c —a)2
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Vay P=a®" +b*0=1+1=2
Cau 34.

Tt gia thiét suy ra: (x+l)2=9:>x+ 1 =3 (dox>0)
X X

= 21 = (x+ 1 )0e+ )= (x3+l3) PN :>A=x3+i3=18
X X X X X

= 7.18=(x*+ iz)(x3+i3) = (X5+l5) + (X+l)
X X X X

= B-x*==7.18-3-123
X

Cau 35.
Cla?+b*+c*=14 |a’+b*+cP=14
Ta co =
a+2b+3c=14 2a+4b+6c=28
= a’+b*+c2-2a-4b-6¢c=-14
S @-12+b-22+(c-3)*=0<=a=1,b=2,c=3
T =abc=6.
Cau 36.

p_ a’ . b2 . > =a2(c—b)+b2(a—c)+c2(b—a)
(a—b)(a—c) (b—c)(b—a) (c—b)(c—a) (a—b)(b—c)(c—a)

Bang cach tach: a—c= —[(c —b) + (b—a)} ta phan tich duoc:

az(c—b)+b2(a—c)+c2(b—a)_(a—b)(b—c)(c—a)_

(@ b)b-c)(c-a)  (ab)(b-c)(c-a)

Cau 37.

Tacé:a+b+c#0donéua+b+c=0 thi:

a_, b e @b 1 1--3 (trdi véi gia thiéh
b+c c¢c+a a+b -a -b -

Dodbéa+b+c#0. Khido:

a+b+c=(a+b+c) a b, ¢
b+c c+a a+b

a2 (b+c)a b2 (c+a)b c? (a+b)c
= + + + + +
b+c b+c c+a c+a a+b a+b

a’ b? c?
=a+b+c+ +
b+c c+a a+b
2 2 2
a b C
=P= + + =0
b+c c+a a+b
Cau 38.

Ta co: a’ + b’ +c® =3abce
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a+ ) —3ab(a+b)+b’ =3abc

a+b+c) ~3c(a+b)(a+b+c)=3abc+3ab(a+b)
=3c(a+b)(a+b+c)+3ab(a+b+c)

a+b+c) =3(a+b+c)(ab+bec+ca)

<
< (
<:>(a+b+c) =
< (

<::>(a+b+c)[(a+b+c)2 —3(ab+bc+ca)]=0
<:>(a+b+c)(a2 +b*+c? —ab—bc—ca)=0

2 (a+bc)(a-b) +(b-c) +(c-a)"|-0
a+b+c=0 a+b+c=0
Ql(a—bf+(b—c)2+(c—a)=0c{

Véi a+b+c=0thy p=atb c*barc —c-a-b__

a b a a b a

Véia=b=c thi P=(1+1)(1+1)(1+1)=8

a=b=c

Cau 39. Ta co:

6-8=(a+b+c)( 1 N 1 N 1 J:a+b+c+a+b+c+a+b+c

a+b b+c c+a a+b b+c c+a
:1+c+1+a+1+b:3+c+a+b
a+b b+c a+c a+b b+c a+c
Vay: P=——+_ 24 b _68-3-3
a+b b+c c+a
Cau 40.
Ta dé dang chiing minh dwoc khi — +1+1—0th1 1 i3+l3:i
a b c a® b* & abc
Do do: P—@ b_2C+a_§_ab3C+ab3c alzc abc —+l3+l3 =abc.i=3
¢ a’ b C a b a> b’ ¢ abc
x° X3

Cau 41. Ta co: f( ) T 313 (1 )3.
S 4(1-x

Véix+y=1tacd: f(x)zf(l—y)=&:>f(x)+f(y)=l. Tt dé:

(1—x)3+x3
oA =f| L |ag| 200 ([ 20000 (20010 o 1) oppq 42201
2012 2012 2012 2012 2012 2
Cau 42.
Ta co:
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b-c c—a a-b
(a—b)(a—c)  (b-a)(b—c) (c—a)(c—b)
_ (a—c)—(a—b)+(b—a)—(b—c)+(c—b)—(c—a)
(a—b)(a—c) (b—a)(b—c) (c—a)(c—b)

1 1 1 1 1 1

2013 =

“a-b a-c b—c_b—a c—-a c-b
1 1 1 1 1 1
+ + + + +
a-b c-a b-c a-b c-a b-c

1 1 1
=2 + +
a-b c—-a b-c
1 1 1 2013
= + + =
a-b c—-a b-c 2
Cau 43.

(a+b+c)2 —a’+b’+c* < ab+ac+bc=0

a’ a’ :
a’+2bc a’-ab-ac+bc (a—b)(a—c)
b2 'b2 C2 Cz
o e (b-a)(b—c) @ @+2ac (c—a)(cb)
a’ b’ ¢’
= + +
a’+2bc b*+2ac ¢’ +2ab

) . .
(a—c) (a-b)(b—c) (a-c)(b—c)
(a—c)(b—c) _q
(a—c)(b—c)

a

o

Q

(a-b)
(a-b)
(a-b)
Cau 44.

x? —2y2 =xy<::>x2 —xy—2y2 =O<:>(x+y)(x—2y)=0
Vi x+y#0nén x-2y=0<x=2y

Khids P=2YY_Y _1

2y+y 3y 3
Cau 45.
X1 —1=(x=1)(x+1)(x* +1)(x* +1)(x* +1)
_ 61 :(x—l)(x+1)<x2+1)(x4+1)(x8+1):X_l
(X+1)(x2 +1)(x4 +1)(x8 +1) (x+1)(x2 +1)(x4 +1)(x8 +1)
Cau 4e.

a) Tur gia thiét a’ +2c” =3b* +19=a” +2c¢* -3b* =19
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., a’+7 b’+6 +3 3b°+18 2c°+6 a’+7+2c’+6-3b°—18 _14 .,
4 5 6 15 12 4+12-15 1

a’=49—=a=7
Suyra: b’=64=b=8
c>=8l=c=9

Cau 47.
Dit a-b=x;b—c=y;c—a=z=x+y+z=0=z=—(x+y)

Ta cé: X’ +y° +2° =210 & x +y° —(x+y) =210 & 3xy(x+y) =210 < xyz =70
Do x,y,zla s6 nguyén c6 tong bang 0 va xyz=70= (—2).(—5).7 nén
x,y,ze{—2;—5;7}:>A=|a—b|+|b—c|+|c—a|=14

Cau 48.
Vi X+y+z=7:>z=—x—y+7:>xy+z—6=...=Xy—X—Y+1=(X_1)(y_1)

Tuwong tw ta cé: yz+x—-6 =(y—1)(z—1);zx+y—6 =(z—1)(y—1)

4 _ 1 N 1 N 1 _ z-1+x-1+y-1
O 17 7 e e e ()
~ (x+y+z)—3 7-3 4

- xyz—(xy+yz+xz)+(x+y+z)—1 B 3—(xy+yz+xz)+7—1 B 9—(xy+yz+xz)
cO: (x+y+z)2 = x? +y2 +zz+2(xy+yz+xz):>72 =23+2(xy+yz+xz)

=>Xxy+yz+xz=13
N 4

Vay H= 9-13 =-1
Cau 49.

a’-3ab’ =5=a°-6a‘b”> +9a’b* =25

b’ -3a’b =10 = b°® —6a’b* +9a*b* =100

=a’+3a*b”+3a’b* +b® =125
a’+b> 5

2018 2018

:(az+b2)3 =5 =
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o MOT SO PHUONG PHAP CHUNG MINH PANG THUC

I~ Dang 1: St dung phép bién déi twong duong

*Thi du 1. Cho x, y, z 1a 58 thiee thoa man xyz = 1. Chiing minh rang:
1 1 1

P= + + =1
1+x+xy 1+y+yz 1+z+2zx
Loi giai
Ta co: X X ;
1+y+yz X +Xy +Xyz 1+x+xy
M3t khéc: —— i >
T+z+zx Xy +xyz +x>.yz 1+x+xy
Do do: P= L + L + L

1+x+xy 1+y+yz 1+z+zx

1 X Xy _T+x+xy _1(dpem)
1+x+xy 1+x+xy 1+x+xy 1+x+xy

*Thi du 2. Gidsttx,y, zla cac sd thuc dwong thoa man diéu kién: x+y+z=xyz.

2y 3z xyz(5x+4y+3z)

Chiing minh rang: Tax 1+y? ez (x+y)(y+z)(z+x)
Loi giai
. X Xyz Xyz Xyz Xyz
Ta co: = = =— _
14X yz+xxyz yz+x(x+y+z) X +xy+yz+zx (x+y)(z+x)

2y 2xyz o 3z 3xyz

1+y? (x+y)(y+z) 1+2° - (y+z)(z+x)

Tuong tu ta co:

. X 2y 3z XyZ 2xyz 3xyz
Do do: 1+x2+1+y2+1+22_(x+y)(z+x)+(x+y)(y+z)+(y+z)(z+x)

B xyz(y+z+2x+2z+3x+3y) B xyz(5x+4y+3z)

(x+y)(y+z)(z+x)  (x+y)(y+z)(z+x)
A X 2y 3z _ xyz(5x+4y+3z)
Vay: 1+x2+1+y2+1+z2 (x+y)(y+z)(z+x)
*Thidu3. Cho—2—+—2 + ¢ _0.Chimgminh: P=—2 _+— 2, ¢ _g
b-c c-a a-b (b—c) (c—a) (a—b)
Loi giai
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b C a b LC _b*-ab+ac-c’
b-c a-c b-a (a—b)(c—a)

2_ _2
-_ 2  _ b —ab+ac—c 1)

b G b)ea)bo

c* —bc+ba-a’ C b? —ac+cb-b?
(3)

.. b -
Tu’ongtutaco.(c_a)z—(a_b)(b_c)(c_a) (2); (a—b)z (a—b)(b—c)(c—a)

Cong (1), (2), (3) V€ theo vé ta duoc diéu phai chiing minh.

*Thidu4. Cho 3 s0 thucx, y, z théa mai diéu kién: x +y +z =0 va xyz # 0.

XZ y2 22
Tinh gia trj biéu thitc: P= ——F—+——5—+—5—>—
yi+zt-x* Z2+x° -y’ X +y’-z

Loi giai
Taco: x +y +z=0=>y +z =—x<:>(y + z)2= (—x)2

2
x? X

S ty 427 - x> =2yz. Do do: =
uy ra: y-+z" — X yz. Do 0y2+zz—x2 “2y7

2 2 2 2
Tuong tu ta c6: — y2 == y_ . 5 Z2 == z
Z2+X -y~ —2Xz X +y -z~ -2Xxy
2 2 2 2 2 2 3 3 3
: X +y +
Do d6: P=—; XZ = +— YZ ~+— Z2 ~ = X Y .z . y *z
y +z" =X z74+X -y X +y -z" -2yz -2xz -2xy —2Xyz

_ (x+y+z)3 —3(x+y)(y+z)(z+x) _ 0—3.(—2).(—X).(—y) _ 3xyz =_§
—2Xyz —2Xyz -2xyz 2

3
Vay P=——
1y 5
7~ Dang 2: Stt dung cac hang dang thitc quen biét

*Thidu5. Choa,b, ckhacO0 thdéa man 1+l+1:2; a+b+c=abc.

a b c
, . 3 1 1 1
Chttng minh rang:?+§+c—2= 2
Loi giai
01 1 1 (11 1) 1 1 1
Taco: —+—=+—==—+—4+—| 2| —+—+—
a> b> & la b c ab bc ca
40 3¥bre_,
abc

*Thi du 6. Choa+b+c=0. Chitng minh rang: a* +b* +c* = %(a2 +b*+¢? )2

Loi giai
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Ti:a+b+c=0 =b+c=—a=(b+c) =a> = b’ +2bc+c* =a’

—=a’-b*-c?=2bc=> (a2 —-b*-¢? )2 =4b’c* = a* +b* + ¢! =2a’b? +2b*c? +2c%a?
:>2(a4 +b* +c4):<a2 +b? +c2)2

Vay: a* +b* +c* =%(a2 +b? +c2)2

*Thidu?7. Cho cac s6 thuc a, b, c khdc nhau d6i mot thoa man: a’ +b’ +c¢” =3abc va

2 2 2
, ab bc ca
abc#0 . Tinh: P= et St
a“+b"-c b°+c"—-a° c"+a"-b
Loi giai

Do a’+b’ +c® =3abc :>(a+b+c)(a2 +b*+¢? —ab—bc—ca)zo

Do a’+b*+c*—ab—bc—ca>0véi a, b, d6i mot khdc nhaunén:a+b+c=0
Suyraztat+b+c=0
ab® ab’ ab® b? b? b

Khi do: 21— 2 +(b—c)(b+c) s +(b—c)(—a) Tatc-b -b-b -2

bc? C ca’ a
Twong ty: ————— = - -

=
b*+c*—a? -2 *+a’-b* 2

Cong theo vé& cac dang thikc trén ta duoc:

ab? bc? ca’ b ¢ a 1
P= + + =—+—+—=——(a+b+c)=0
a’+b*—=c* b*+c*—-a® *+at-b* 2 2 2 2( )
Vay P =0.

*Thi du 7. Cho ba sd thuc a, b, c théaman: b#c;a+b#c va a® +b> =(a+b—c)2

a’ +(a—c)2 _a-
b*+(b-c) b-

Loi giai

Chting minh rang;

el Ke)

Ta cé:

a*=(at+b—c) ~b*=(a+b—c+b)(at+tb—c-b)
=(a+2b—c)(a—c)

Tuong ty: b’ +(b—c)2=(2a+b—c)(b—c)

Do do: a2+(a_c)2 _ (a+2b—c)(a—c)+(a—c)2 _ (2a+2b—2C)(a—c) _a
b*+(b-c) (2a+b-c)(b—c)+(b-c)’ (2a+2b-2c)(b-c) b

~ Dang 3: Phwong phap ddi bién
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*Thidu 8. Vdi a,b,cla cac so thyre thoa man:
(3a+3b+3c)’ =24+(3a+b-c)’ +(3b+c—a)’ +(3c+a—b)’
Chttng minh rang: (a+2b)(b+2c)(c +2a) =1
Loi giai
3a+b-c=x
Dat 13b+c-a=y
3c+a-b=z
Ta co:
(3a+3b+3c)’ =24+(3a+b-c)’ +(3b+c—a)’ +(3c+a-b)’
S (x+y+z)’ =24+x>+y’ +2°
<::>(x+y+z)3 =24+(x+y+z)3—3(x+y)(y+z)(z+x)
< 24-3(x+y)(y+2z)(z+x)=0
< 24-3(2a+4b)(2b+4c)(2c+4a)=0
< 24-24(a+2b)(b+2c)(c+2a)=0
< (a+2b)(b+2c)(c+2a)=1 (dpcm)
*Thi du 9. Cho a,b,c>0 thda ména+b+c=\/g+\/g+\/zz2. Chiing minh rc%mg

o b e )

Tra 1+b 1+c  [[Lra)(1+b)(1+o)
Loi giai

bat x:\/a_;y:x/g;z:\/E:>xy+yz+zx:1:>a+1=(x+y)(x+z).

Tuong tw: b+1=(y+x)(y+z);c+1=(z+x)(z+y)
Khi dé ta cé:

\F \F f 2(xy+yz+zx) 2

T+a 14b 14c (x+y)(y+z)(z+x)_\/(1+a)(1+b)(1+c).

*Thi du 10. Cho 3 s6 a, b, c khac 0 thoa manab +bc+ca =0 . Chiing minh r:?mg:
bc ca ab
+

= bz+C2 =3.
Loi giai
x =ab
bat {y=bc thia+b+c=0 va abc=0.Ta cé:
z=ca
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bc ca ab_ b’c’+c’a’+a’®’ X’ +y’+2°
a®> b® a’b’c® Xyz

~ (x+y+z)(x2 +y’ +2° —xy—yz—zx)+3xyz

Xyz

_ 3xyz 3

Xyz

7~ Dang 4: Phuong phap st dung bat dang thitc

2 2 2 2 2 2
, ) . X +y +z° X z
*Thi du1l. Choa, b, z vy, zthéa man %=—+y—2+—2.
a“+b"+c y° b" «c
Chtmg minh rang x> + y*" + 2% =0.
Loi giai
Ta co:
X2+y2+z2 XZ y2 ZZ
a’+b*+c* a® b* ¢
2 2 2 2 2 2
X X z z
XX WY Y Lz Z 0

a’? a*+b*+c* b* at+b*+c® & at+bi+c?

PR B S S N U S SN It OO S S I
a’ a’+b*+c? y b? a’+b*+c? @ at+b*+c?

& x=y=z=0(do mdi s§ hang ctia tdng déu khong am)

V‘l Véy: X2019 + y2019 +Z2019 =0.

*Thi du 12. Cho ba s6 thuc duong a,b,c théa man ax/l—b2 +b\/1—c2 +C\/1—a2 = %

N | W

Chting minh rang: a’ +b* +¢” =
Loi giai
Ap dung bét dang thitc Cauchy cho hai s8 khong am ta c6

2 2 2 2 2 2
aJ1-b? +by1-c? +cyl1-a? <2 +;_b +2 +;_C ;& +;_a

a=+1-b’ a’=1-b’
Déng thtic xay ra khi va chikhi <b=+1-¢* &b’ =1-¢ :>a2+b2+<:2:% (dpcm).

c=+1-a’ ¢ =1-a’

3
=

r~ Dang 5: Phwong phap stt dung luwong lién hop
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*Thi du13. Cho x, y théa man:
\x+2014 ++/2015—x —2014 —x = \[y +2014 +,/2015—y —[2014—y

Chtng minh: x=y

-----

Vx+2014 +/2015-x ~y/2014 - x = ||y +2014 +,/2015- y - /2014 -y (1)
DKXD: -2014<x;y <2014

(1) & \x+2014 [y +2014 +y2015-x —2015- y +,[2014 -y — 2014 - x =0
Néu x khéc y va —2014 <x;y <2014 thi x+2014 +,]y +2014 >0;

\2015—x +,/2015—y > 0;4/2014 —x +4/2014—y > 0, do d6 (1)
1 ) 1 . 1 )
X201+ v +2014  42015-x+,/2015-y 2014 —x +4/2014—
y y y

1 1
V2014 —x+2014—y V2015-x +,/2015—y

@ ()

Khi d6 dé chiing to >0

Ma x—y #0 nén (2) vo ly vi VI(2) ludn khac 0
Néu x =y dé thay (1) dung. Vay x =vy.

14 ~ \ /4 ~ A A 2 ~ AA - A a + C \ V4
*Thidul14. Néua,b,c lacacso khong am thoa man diéu kién: b= > thi ta co:

1,1 2
et oade et
Loi giai
Ta co t_ 1 Vb = b-c (1)
Je+a Va+idb  (Ve+va)Wa+b) (Ve+va)ya+b)b+e)
1 1 a-b
B RN U N S A S A s S

Ma b=2 a2 b=b-c(3)
2

1 1 1 1
Tix (1) 2) 3) = - = -
OO R oy Sty sy ity sy ity sy

1 2

1
b oie Jeiva
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7~ Dang 6: Chitng minh c6 mot s6 bang hang s6 cho truéc

a+b+c=2019
*Thidu15.Cho3s6a,b,ckhacOthéaman{1 1 1 1
S =—
a b c 2019

Chting minh rang trong cac 8 a, b, ¢ ¢ mot s bang 2019
Phan tich:
Ta thdy viéc chiing minh trong cac s8 a, b, ¢ c6 mot s bang 2019 sé twong duong
voi viéc chitng minh hé thie sau ding: (a—2019)(b—2019)(c—-2019)=0 (*) khai
trién (*) ta duoc:
(*) = (ab—2019a—2019b+2019* }(c-2019) =0
&> abc—2019(ab+be+ca)+2019% (a+b+c)-2019° =0 (**)

Tir gia thiét = +=+= = 2019 suy ra abc—2019(ab+bc+ca)=0 (2)
a b c

Tir gia thiét a+b+c=2019 suy ra 2019°(a+b+c)-2019° =0. (3)

Cong (2) va (3) theo v& ta duoc (**) tir day ta dan dén 1oi giai sau:
Loi giai
T gia thiét 1 + 1 + 1 2019 suy ra abc —2019(ab+bc + ca) =0 (2)
a b c
Tir gia thiét a+b+c=2019 suy ra 2019°(a+b+c)—-2019° =0. (3)
Cong (2) va (3) theo vé€ suy ra:
abc—2019(ab+bc+ca)+2019° (a+b+c)-2019° =0
& (a-2019)(b-2019)(c-2019)=0 (1)

Tt (1) suy ra bai todn dwoc chitng minh.
Nhan xét: Ttr phan tich va cach giai bai toan trén ta thay d€ giai don gian dang toan
nay chung ta can suy luan nguoc dé tim ra 1oi giai.

a+b+c=l+l+l

*Thi du 16. Cho 3 s6 a, b, c khac 0 thoa man a b c

abc=1

Chiing minh rang trong 3 s8 a, b, ¢ ¢4 it nhat mot sd bang 1.
Phan tich:
Ta thay viéc chting minh trong cac s8 a, b, ¢ c6 mdt s6 bang 1 sé twong duong véi
viéc chitng minh hé thitc sau ding: (a—1)(b—1)(c—1)=0 (*) khai trién (*) ta duoc:
(*) = (ab—a—b+1)(c—1) =0

<:>abc—(ab+bc+ca)+(a+b+c)—1 =0 (**)
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T gia thiét 1+%+1:a+b+c va abc =1 ta duoc:
a c

a+b+c=ab+bc+ca hay(ab+bc+ca)—(a+b+c)=0 (2)
Mt khac abc =1 hay abc—1=0 (3)
Cong (2) va (3) theo v& ta duoc (**) tir day ta dan dén 1oi giai sau:

-----

T gia thiét 1+%+1:a+b+c va abc =1 ta duoc:
a c

a+b+c=ab+bc+ca hay(ab+bc+ca)—(a+b+c):0 (2)
Mt khac abc =1 hay abc—1=0 (3)
Cong (2) va (3) theo vé'ta duoc:

<:>abc—(ab+bc+ca)+(a+b+c)—1:0
<:>(ab—a—b+1)(c—1)=0

< (a-1)(b-1)(c-1)=0 (1)

Tt (1) suy ra bai toan dwgc chitng minh

1 1 1
*Thidu17. Cho 3s6 a, b, c khac 0 thoa man 3/_ % 3/2

W=

Ya+3lo \/6+2 5-29-1245.

Chttng minh trong 3 s8 c6 it nhat mot s bang 27.

Loi giai
Tt gia thiét suy ra 3fabc —3(3/ab +3/bc +Yca | =
T e oy e dabe-a(dRb )
Rat gon biéu thirc:

V291245 =/9-12+/5 + 20 =4/(3—2x/§)2 =‘3—2\/§‘=2\/§—3
:>\/6+2\/§—«/29—12\/5_>=\/6+2x/§—(2 5-3) =0 =3
Do dé Ya+b+Vc-3=0=9(Ya+Ib+c)-27-0. (2)
Cong (1) va (2) theo v& ta duoc:

fabe -3(3fab + b +ca)+9(Va + b +c ) -27 =0
oY) o

Ttr (3) suy ra bai toan dwgc chirng minh
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7~ Dang 7: Van dung tinh chat caa dy ti s6 bang nhau

a+b+c=1
*Thi du 18. Cho 3 s0 a, b, c khac 0 thoa man {a%+b%+c? =1.

xX_Y_z
a b c
Chting minh rang xy +yz + zx =0
Loi giai

Stt dung tinh cht cta day ti s6 bang nhau ta co:

X Z X+y+z
X_Y_Z_X4yrE_ . o,
b ¢ a+b+c
2 2 2
X z 2
:—2=y—2=—2=(x+y+z)
b ¢

a
Mit khac ciing theo tinh chat ddy ti s6 bang nhau ta co:

X2 y2 B ZZ
a? b* & at+b*+c?

Do d6:

2 2 2
X"+ +z
B M A

(x+y+z)2 =X +y +28 & X +y +2 +2(xy +yz+zx) =X +y 4+ 27
S xy+yz+zx=0

*Thi du 19. Cho 3 s0 thuc a, b, ¢ thoa man a__ b -
2016 2015 2014

Chting minh rang: 4(a —b)(b - c) = (a - c)2 .

Loi giai
St dung tinh chat cta day ti s6 bang nhau ta co:
a b ¢ a-b  a-¢ = b-c a-b _a-c b-c
2016 2015 2014 2016-2015 2016-2014 2015-2014 1 2 1

:>{222:3:::2:>4(a—b)(b—c):(a—c)2

*Thi du 20. Cho cacsd thuca, b, ¢, x, y, zkhac 0 thdéa man X_ % _Z
a C

x2+yz+c2 B 1

Cht inh ring: =
tng minh rang (ax+by+cz)2 R

(Cdc mau déu khdc 0)
Loi giai

Stt dung tinh chét ctia day ti s6 bang nhau ta co:
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2
_z_xz_yz_zz_x2+y2+z2:a2 x> +y® +2°
c ax by cz ax+by+cz b’

Y _
b ax+by+cz

Mit khéc ciing theo tinh chat day ti s6 bang nhau ta c:

a b ¢ Xy 77 xX+y'+2

X y z a b & a+b’+c

Do dé:
2
2+2+2 2+2+2 2+2+2
X" +y +z =x2 y2 22:> X" +y z2=2 12 z(dpcm)
ax+by+cz a“+b " +c (ax+by+cz) a“+b"+c

bx—-cy cox—az ay-bx
a b c

*Thi du 21. Cho 3 s0 thuc a, b, ¢ thoa man

Chttng minh rﬁmg: a_ E =
Xy
Loi giai

Stt dung tinh chét cta day ti s6 bang nhau ta co:

bx—cy cox—az ay-bx bx-cy+cx—az+ay—bx 0

a b C a+b+c
Do dé:
bx =cy b
cx=az <::>3=—=E (dpcm)
X z
ay = bx

*Thi du 22. Cho cacsd thuca, b, ¢, x, y, zkhac 0 thdéa man
X B y B z
a+2b+c 2a+b-c 4a-b+c

a b C
X+2y+z 2x+y-z 4x—4y+z

Chting minh rang:
Loi giai

Stt dung tinh cht ctia day ti s6 bang nhau ta co:

X _ 2y _ z _ X+y+z :x+2y+z (1)
a+2b+c 4a+2b-2c 4a-4b+c (a+2b+c)+(4a+2b—2c)+(4a—4b+c) 9a

2x _ y _ z _ 2X+y+z =2x+y—z (2)
2a+4b+2c 2a+b-c 4a-4b+c (2a+4b+2c)+(2a+b—c)—(4a—4b+c) 9b

4x _ 4y _ z _ 4x—-4y+z :4x—4y+z (3)
4a+8b+4c Ba+4b-4c 4a-4b+c (4a+8b+4c)—(8a+4b—4c)+(4a—4b+c) 9b

T (1), (2) va (3) suy ra:
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X+2y+z 2x+y-z 4x-4y+z
9a 9b 9c
a b C

s = = .
X+2y+z 2x+y-z 4x-4y+z

—~ Bai tap tuy luyén:
Cau 1. (Chuyén Khinh Hoa 2018)
Chttng minh r%mg v&di moi s thuee a,b, ¢ ta ludn co:
(a+b+c)2 =a’+b*+c? +2(ab+ac+bc)
Cau 1. (Chuyén Nam Dinh 2016)
Cho a,b,c 1a cic sd thuc théa man cac diéu kién a+b+c=6;
1 1 1 47
+ + =—.
a+b b+c c+a 60

e 1o a b c
Tinh gia tri cta biéu thic + + .
b+c c+a a+b

Cau 2. (Chuyén Thanh Héa 2018)
a’-3a*+5a-17=0

Cho a,bla cac s thuc dwong thda man biéu thic
b®-3b*+5b+11=0

Chttng minh rang a+b=2

Cau 3. (Chuyén Héi Duong 2018)

Cho x,y,zthoa man x+y+z+\/xy_z=4

Chting minh \[x(4-y)(4-z) + [y (4-x)(4-2) +[z(4-x)(4-y) - |xyz =8
Cau 4. (Chuyén TP. Ho Chi Minh 2018)

Cho a,b,cla ba s thyrc thoa man diéu kién a+b+c=0va a* =2(a+c+1)(a+b-1).

Tinh gi4 tri ctia bi€u thiec A=a” +b’ +c’
Cau 5. (Chuyén Quang Ngai 2018)
a’+a=b’
Cho la cac so thuc khac 0 thoa man diéu kién{b? +b = c?
> +c=a’
Chitng minh rdng(a—b)(b-c)(c-a)=1
Cau 6. (Chuyén Lao Cai 2018)

Cho 2 sd duong a,bva s6 ckhac 0 thoa man diéu kién 1 +%+ 1 0. Chitng minh
a c

r:?mg: \/a+b :\/a+c +\/b+c
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Cau 7. (HSG Qudn Hdi An 2018)
Cho (x+ N 2019)(y +Jy? +2019) _2019. Chiing minh: X +y*° =0
Cau 8. (HSG Qudn Lé Chan 2018)

Cho AABC c6 A=60°.PatBC=a ;CA=bh;AB=cC
Ch N 1 1 3
un mm ran = .
& & a+b a+c a+b+c

Cau 9. (HSG Hai Dwong 2017)

Cho X,Y,Z# 0 va d6i mét khac nhau thdéa man 1 + 1 + 1 =0. Chttng minh rf?mg
X 'y z

1 1 1 2016 | 2017 2018 *
i + + =Xy +Yyz+2zX
(x2+2yz y? +22zx z2+2xyj( Y ) ey )

Cau 10. (HSG Hai Dwong 2016)
Cho x, y 12 hai s6 thuc duwong. Chiing minh rang;:

\/2(~/x2+y2 —x)(«/x2 +y° —y) =x+y—xX*+y>.

Cau 11. (HSG Phii Tho 2016)
Cho a,b,c la cac s0 thuc duwong thoaman a+b+c=5 va \/;+\/l:+\/2=3.
NG 4
at2 b+2 c+2 \/(a+2)(b+2)(c+2)
Cau 12. (HSG Nam Dinh 2015)

Cho cac s6 thuc x, y, z thoa man dong thoi cac diéu kién x+y+z=2,

1 1 1
+ + .
xy+z—-1 yz+x-1 zx+y-1

Chting minh rang

x> +y* +2* =18 va xyz=-1. Tinh gia tri cia S =

Cau 13. (HSG Phui Tho 2015)

Cho céc so thuce X, Y, Z d6i mdt khac nhau thoa man

x> =3x—-1, y3 =3y—-1va z>=3z-1.

Chting minh rang x* +y* +2z*> =6.
CAu 14. (HSG Biic Ninh 2016)
Cho céc s8 thuc a,b,c théaman a+b+c=0,a’ +b*> #c?, b> +c* #a?, ¢’ +a’ #b’. Tinh gia

a’ b? c?

a’—b*-¢* " b?—c?-a’ i c?—a’-b?

Cau 15. (HSG Dong Nai 2016)

tri biéu thiec P =

Cho a, b, c 1a cac s6 thuc duwong thoa a® +b” +¢” +2abc=1.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Tinh gia tri biéu thirc P :a\/(l—bz)(l—CZ) +b\/(1—a2)(1—c2)+c\/(1—b2)(1—a2)—abc
Cau 16. (HSG Phu Tho 2016)

Cho cac s8 duong a,b,c théa man ab+bc+ca=1. Chitng minh rang

a-b b-c c-a
+ +
1+c¢® 1+a®> 1+b°

Cau 17. (Chuyén Phii Tho 2017)

1 2xy 10z

Tinh gia tri biéu thic P = + +
2x+2xz+1 y+2xy+10 10z+yz+10

voix, y, z lacac

s0 thoa man xyz =5 va biéu thitc P c6 nghia.

Cau 18. (Chuyén Hai Dwong 2015)

Cho X,y la hai sd thyc thoa ménxy+\/(1+x2)(1+y2) =1.

Chttng minh rang x\/1 +y° + y\il1+ x> =0.
Cau 19. (Chuyén Ha Tinh 2016)
Cho ba s@ a, b, c théoa man: ¢* +2(ab—bc—ac)=0, b#c va a+b=#c. Chitng minh

2a’-2ac+c®  a-—
2b>-2bc+c®  b-
Cau 20. (Chuyén KHTN 2010)

M C
rang: .
c
Vi mdi s6 thuc a, ta goi phan nguyén ctia s8 a 1a s8 nguyén 16n nhat khong vuot
qué a va ky hiéu 1a [a]. Chitng minh rang véi moi n nguyén dwong ta luon 6.

3 7 n’+n+l
—t—t——
12 23 " n(n+1)

Cau 21. (Chuyén Hai Dwong 2010)

x+y=a+b

3

Cho truée 8,0 € R; goi X, Y 1a hai s8 thuc théa man s s s
x’+y’=a’+b

Chtmg minh rang: x*"' +y*" =a®"" + b,

Cau 22. (HSG huyén Kinh Moén)
Cho a +b+c+d=0. Ching minh rang: a’ +b’ +c’+d’ =3(c+d)(ab—cd)

Cau 23. Chiing minh rang néu cé: ax? =by? = ¢z’ va 111y
X 'y z

Thi: %/ax2+by2+cz2 =3a+3b+3c

4 4
Cau 24. Cho a_+b_ =

va a’ +b> =1 . Chting minh rang:
X 'y X+y
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2000 2000 2

a) bx* =ay” b) +Y =

1 1
a 000 b 000 (

+b

)1000

ax+by=c
Cau 25. Cho x, y la hai s6 thuc thoa man: {bx+cy =a
cx+ay=b

Chttng minh rang: a’ +b’ + ¢’ =3abc

a-b b-c c—a
a+b b+c c+a

Thi: (1+x)(1+y)(1+z) =(1—x)(1—y)(1—z)

ay—-bx cx—az bz-cy

Cau 26. Chttng minh rz‘?mg néu: x=

Cau 27. Cho a, b, cla ba sd khong am thoa man: -
C a

Chitng minh rang: (ax +by + cz)2 = (x2 +y’+27° )(a2 +b’ +c? )
a+b c+d ac—bd
;n= ip=

a-b c—d ad+bc

Cau 29. Cho a va b la cac s0 thue thdéa man cac diéu kién:
6a*+20a+15=0; 15b*+20b+6=0; ab=1.

b’ 6
ab? —9(ab + 1)3 2015

Cau 28. Chom = . Chting minh rang: m+n+p=mn.p

Chting minh rang:

Cau 30. Gia str a,b 12 hai s8 thuc phan biét théa man a’ +3a=b’ +3b=2
a) Chitng minh rang a+b=-3
b) Chitng minh rang a’ +b’ =—45

Cau 31. Gia st x, y la nhiing s6 thuc duwong phan biét thoa man:

y . 2y 4y
2 2 4 4 8
X+y X +y X +y X -y

4

+8y =4

8
Chttng minh rang: 5y = 4x
Cau 32. Cho CAc s6 thuc a, b, ¢ thoa man dong thoi 2 dang thikc:
i) (a+b)(b+c)(c+a) =abc

ii) (a3 +b’ )(b3 +c )(C3 +a3) =a’b’c’. Chttng minh: abc =0

x+y=a+b

3

Cau 33. Cho trude a,beR; goi x,yla hai s6 thuc thoa man s s s
x"+y =a’+b

Chtmg minh rang: x*"' +y*" =a®"" + b,

a b 2(ab-2)

Bai 34. Cho a, b # 0 thoa man a + b =1. Chttng minh: > 5 =——
b°-1 a°-1 ab"+3
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a+b=c+d

. Chttng minh: c=d.
ab+1=cd

Cau 35. Cho 4 s6 a, b, ¢, d nguyén thoa man: {

Cau 36. Chox, y, z la cac s6 thyc duwong thdéa man: 1 +l+l=1 va x+y+z=1

X y z
Chting minh rang: (x - 1)(y = 1)(z-1) =0
Cau 37. Giastra, b, ¢ X, y, zla cac s6 thyc khac 0 théoa man: E+E+£=O Vé§+X+E=1.
X y z a b c
. XZ y2 ZZ
Chtng minh rang: —+—+—=1
g g a2 b2 CZ

3 3 3
Cau 38. Cho a +b + ¢ =2009. Chttng minh rang: > 2 -;b jc 3abc =2009
a~+b”+c -ab-ac-bc

Cau 39. Cho 3 s8 a, b, c théa man a + b + ¢ = 0. Chiing minh rang:
2(a5 +b’ +c5) :5abc(a2 +b’ +c2)
2 2 _ 2 . 2 _ 2 _ 2_
Cau40.Cho = Y2_Y “2X_2 XY . Chttng minh rang;: a —bc_b-ca_c-ab
a b o X y z
Cau 41. (HSG Qudn 9 TP. H6 Chi Minh nim 2011)

Chitng minh rang: s \z/r_::r:/m =Jm+vn-vVm+n

2410
2 +5+7

Cau 42. (HSG Quin 1 TP. H6 Chi Minh nam 2012)

Ap dung tinh: A=

Gia st 4 s8 a, b, ¢ thoa man diéu kién a’ +b? +(a+b)2 =c?+d? +(C+d)2 . Chiing
minh rang: a* +b* +(a+b)4 =c*+d* +(c+d)4.
Cau 43. Cho x(m+n)=y(n+p)=z(p+m)trong d6 x,y,zla cdc s6 khac nhau va khac 0,
Chttng minh rang: m-h __%7p _ pP7W
x(y—z) y(z—x) z(x—y)
Cau 44. Chting minh rang:

a(b—c)(b+c—a)2 +c(a—b)(a+b—c)2 =b(a—c)(a+c—b)2

Cau 45. Cho a,b,cddi moét khac nhau va khac 0. Chitng minh réng:

Néu a+b+c=0thi (a—b+b—c+c—aj‘( ¢ a b j=9
a

+
C a b a-b b-c c-

HUONG DAN GIAI

THCS.TOANMATH.com TAI LIEU TOAN HOC



Cau 2.

Cau 3.

Cau 4.

THCS.TOANMATH.com

VT:(a+b+c)2 =(a+b+c)(a+b+c)
=a’+ab+ac+ab+b*+bc+ac+bc+c?
=a’+b*+c? +2(ab+bc+ca)=VP

—3b*+5b+11= 0 3

{ -3 +5a-17=0 _ |(a- 1)’ +2a-16=0(1)
’ (b-1)’+2b+12=0(2)
= (1

)+(2)<:>(a—1) +2a-16+(b— )+2b+12 0

& (a=1+b-1) (a-1) ~(a=1)(b-1)+(b-1)" |+2(a+b-2)=0
& (a+b- 2)[(7 +b- 1}2 (b—1)2+2]=0

2
<:>a+b=2(do[a—_1+b1j +§(b1)2+2>0Va,bJ
2 4

(
(

Ta co: x+y+z+~/xyZ:4<:>4(x+y+z)+4 xyz =16
Mat khac:
x(4—y)(4—z) [16 4y+z yz] x[4(x+y+z)+4«/xyz—4(y+z)+yz}

2

—x(4x+4 xyz+yz) (2\/;+ yz)
:>\/ 4 y(4 z (Zx/;+ yz) 2X +4[XyZ
co

Chitng minh hoan toan tuong ti ta

Jy(4-x)(4-2) =2y +xyz

\/2(4—x)(4—y)=2z+ Xyz

Do vay
\/x(4—y)(4—z)+\/y(4—x)(4—z)+\/z(4—x)(4—y):\/xyz
=2x+2y+22+3\[xyz —\[xyz

=2(x+y+z+ xyz)=8

Vay x(4-y)(d-2)+\y(4-x)(4-2) +[z(4-x)(4-y) - [xyz =8

Taco: a+b+c=0<b=—a-c
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=a’ :2(a+c+1)(a+b—1)

<:>az+2a(c+1)+2(c+1)2 =0
0

=A=a’+b’+c’ =02+12+(—1)2 =2
Vay A=2

Cau 5.
Cong theo vé ta dugca+b+c=0.

Cong (1) va (2) theo vé& ta duoc:
a+b=c’-a’=(c-a)(c+a)=(-b)(c-a) hay —c=(-b)(c-a)
Tuong tu ta c6 -b=(-a)(b-c),—a=(—c)(a—b).
Nhén theo v€ cdc dang thiic trén ta dugc (a—b)(b—c)(c—a)=1

Cau 6.

1_ (1+1j
“la b 0
Tacc’):l+l+1:0:> c a b N c<
a b c ab+ac+bc 0 ab+ac+bc=0

abc

Ja+b=+a+c+yb+c

<a+b=a+c+b+c+2 (a+c)(b+c)

& c+ab+ac+bc+c? =0

<:>c2+\/c_2=0

< c—c=0(c<0)

Vay \/a+b =\/a+c+\/b+c
Cau?7.

Ta co:
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(x+x/x2 +2019)(y+4/y2 +2019) 2019
N (x—«/xZ +2019)(x+x/x2 +2019)(y+4y2 +2019) - 2019(x—\/x2 +2019)
—2019(y w v+ 2019) - 2019(x VA 2019)

S y+4Jy? +2019 = V5% +2019 ~x

Tuong tu: X+ +2019 =/y? +2019 -y

Cong theo v& hai dang thiic trén ta duege x+y =0 x=-y = x> +y*" =0.

Cau 8.

1. Ké duong cao BH. AABH vudng tai H nén

AB\3
2

OH
AH = AB.cos60° = %

BH = AB.sin 60° =

Xét ABHC vuong tai H nén BC? = BH? + HC?

_ 3AB? AB?

BC? +AC? - AB.AC+

BC? = AB*+ AC?> - AB.AC
Hay a?=b2+ c>~bc (1)
1 1 3
=+ =
a+b a+c a+b+c
< (2a+b+c)(a+b+c)=3(a+b)(a+c)
< 2a?+2ab+2ac+ba+b*+bc+ac+bc+c? =3a’ +3ac+3ab+3bc

< a?=Db?+c?-bc luon dang theo (1)

Cau 9.

Twr gia thiét l+l+1:0:>xy+yz+zx=0
X y z

=X’ +2yz=x" +yz—xy-zx=(x—y)(x~z)

Tuong tw: y* +2zx=(y —x)(y—z);2° +2xy =(z—x)(z—y)
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(S SR S SR S
X*+2yz yi+2zx 22 +2xy  (x-y)(x-z) (y-x)(y-z) (z-x)(z-y)

_ YoX+X-z+zZ-y
(x=y)(x-2)(y~2)

Suy ra dpcm
Cau 10.

Ta c6: 2(a/x2 +y? —x)(«/xz +y? —y)=2[><2 HY (YN +Y +Xy}
=(C +Y +2xy) = 2(x+ )X+ Y+ +y

=(x+y)’ _2(X+Y)\/>T}72+X2 +y’= (x+y_\/m)2 *)

Do x>0,y >0nén (x +y)>=x2+y>+2xy > x>+ 12

Suyra: x+y> \/m

Khai cdn hai vé& déng thire (*) ta duoc diéu phai chiing minh.
Cau 11.

Va+\bo+ye=3a+b+cr2(Vab+be+ea)=9 < ab + oo +ea =2

Do d6 a+2=a++ab ++/bc +ca =(va +b)(va +/c)
b+2=b+ab+/bc +ea = (Vb +c )(vVb+a)
c+2=c+ab+be+ea = (Ve ++a)(Ve+b)

Suy ra
Va b e Ja b e
2T e TR ) [ ) )
_Jalvb + e )+ vb(Ve +va )+ ve(Va +vb)

Wa ++b Vb ++c |Je +a)
=2(\/%+\/E+«/a)
J@+2)(b+2)(c+2)

~ 4
~ J@+2)(b+2)(c+2)

va Wb e 4
at2 b+2 c+2 \/(a+2)(b+2)(c+2)

=0

Vay

Cau 12.
Ta cé xy+z—1=xy—x—y+1=(x—1)(y—1)
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Tuong tu yz+x—1=(y—1)(z—1) va Zx+y—1=(z—1)(x—1)

SuyraS=( 1 N 1 N 1 _ X+y+z-3

x~1(y-1) (y-1)(z-1) (z-1)(x-1) (x-1)(y-1)(z-1)
-1 1
B xyz—(xy+yz+zx)+(x+y+z)—1 B Xy +yz+2zX

Ta c6 (x+y+z)2 =x"+y’ +2° +2(xy +yz+2x) = Xy + yz + 2X = =7
1
Suy ra S=-—
uy ra =
Cau 13.
Tacs x* =3x—1(1),y° =3y—1(2), 2° =3z-1(3).

X’ =y’ =3(x-y) [xX+xy+y’=3(4)
T (1), (2) va(3) suy ra 1y’ -2’ =3(y—z) & 1y* +yz+2> =3(5)
2’ —x* =3(z-x) 2> +zx+x> =3 (6).
Tt (4) va (5) suy ra
X2—22+xy—yz=0<:>(x—y)(x+y+z)=0<:>x+y+z=0, (vix, y, z d6i mot phan biét).
Cong (4), (5) va (6) theo vé véi ve€ ta co
1
g(x2+y2+zz)+§(x+y+z)2:9:>x2+y2+22=6.
Cau 14.
Tt gia thiét a+b+c=0 ta dugc
a’ b’ c a> b? & a’+b’+c

P= 2 + 2 + 2 - + + -
(b+c) -b*-c* (c+a) —-c*-a’ (a+b) —a*-b’ 2bc  2ca  2ab 2abc

Tacod a’+b° +C3—3abc:(a+b+c)(a2+b2 +c? —ab—bc—ca):O.

Tir d6 suy ra a’ +b’ +c’ =3abc do vay ta dugc P = g
Cau 15.

Theo bai ra: a> +b* +c* +2abc=1

Suy ra a® +2abc=1-b* —c?;b* +2abc =1-c* —a*;c* + 2abc =1-b* —a*. Tlr d6 ta cd
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P:a\/(l—bz)(l—cz)+b\f(1—a2)(1—c2)+C\/(1—b2)(1—a2)—abc
—aVl—c?—b2+ b +by1—c®—a’ +a’c® +cy1—a® —b% +a’b? —abc
= av/a? +2abc + b2c? +by/b? + 2abc+a2c? +cyc? +2abe +a’b? —abc

= a\/(a+bc)2 +b\/(b+ac)2 +c\/(c+a1b)2 —abc

= a(a+bc)+b(b+ac)+c(c+ab)—abc=a2 +b?+c*+2abc=1

Cau 16.
Tacd 1+a® =ab+bc+ca+a’ =(a+b)(a+c). Hoan toan tuwong tu ta co

1+b*=ab+bc+ca+b? :(b+a)(b+c)

1+c>=ab+bc+ca+c’ :(c+a)(c+b)

Suv ra a—b: a-b _ a+c—b-c _ 1 B 1
Y148 “(cva)(c+b) (c+a)(c+b) c¥b cra’

b-c b-c _ bt+ta-a-c 1 1

1+a2_(a+b)(a+c)_(a+b)(a+c)_a+c a+b

c—a c—a c+b-a-b 1 1

140" (b+c)(b+a) (b+c)(b+a) b+a b+c

. a-b b-c c-a 1 1 1 1 1 1
Vay 2t 2t 2 - + - + - =0.
1+¢ 1+a° 1+b° c+b c+a a+c a+b b+a b+c

Cau 17.
Két hop xyz =5 ta bién d6i biéu thirc P thanh

B 1 N 2xy N 10z
2x+2xz+1 y+2xy+10 10z+yz+10

1 2xy Xyz.2z

T 2x+2xz+1 ’ y +2xy +2xyz ’ 2Xyz.Z+Yyz+2Xyz

_ 1 N 2y N 2xz :1+2y+2zx:1

2x+2xz+1 1+2x+2xz  2xz+1+2x  2x+2zx+1
Cau 18.

xy+\/(1+x2)(1+y2) :1<:>\/(1+x)2(1+y)2 =1-xy
= [1+x*)(1+y?)=(1-xy)’

S1+x+y* +xX°y? =1-2xy +x°y”

oxX+y +2xy =0 (x+y)’ =0 y=—x

:>x\/1+y2 +y\l‘11+x2 —xy14x —xV1+x2 =0
Cau 19.

Ta cd: ¢* +2(ab—bc—ac)=0 =a’=a’+c’ +2(ab—bc—ac)
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=(a’—2ac+c?)+2(ab—bc) =(a—c) +2b(a—c) =(a—c)(a—c+2b).

= 2a’-2ac+c’ =(a’—2ac+c?)+a’ =(a—c) +a’=(a—c) +(a—c)(a—c+2b)
~2(a~c)(a+b—c)

Tuong tu ta c6: 2b* —2bc+c* = 2(b—c)(a+b—c).

2a’—2ac+c’ 2(a—c)(a+b—c)

Do do: = =37C véib#c, a+b=
©co 2b* —2bc+c? 2(b—c)(a+b—c) b-c (voi €@ <)
Cau 20.
2 2
Xét kK+k+1  k N k+1  k +l=1—i+l(keN)
k(k+1) k(k+1) kk+1) (k+1) k k+1 k

Thay k Ian luot tir 1 dén n ta duwoc:

3 + ’ + nintl) n+1—L =|n+—— |=n
1.2 23 n(n+1) n+1 n+1 (dpem)
Cau 21.

. Xx+y=a+b
DS (xry) —3xy(x+y) = (a+b) ~3ab(a+b)

{x+y=a+b (1) *)

xy(a+b)=ab(a+b) (2)

+/Néu a+b=0 thi (*)< {x+y =a+h
xy =ab
=>x, y 14 2 nghiém ctia phuong trinh X*> —(a+b)X+ab=0
Giai ra ta ¢6 {x = b;{x =a TN yzou _ a0
y=a [y=b

+/Néu a+b=0=>a=-b.

o . x+y=0
Ta c6 hé phurong trinh SX=-y.
3 3 _
X +y =0
2011 2011
a~ +b™ =0
_ o o =201 +y2011 — g2 | pou

X +yT =0

Cau 22.

Ti:a+b+c+d=0
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:>a+b=—(c+d):>(a+b)3 =—(c+d)3 =a’+b’+3ab(a+b)=—c’~d’-3cd(c+d)
=a’+b’+c’+d’ =-3ab(a+b)-3cd(c+d)=a’+b’+c’+d’ =3ab(c+d)-3cd(c+d)
=a’+b’+c’+d’ =3(c+d)(ab—cd)

Vay bai toan duoc chitng minh.
Cau 23.

Co: {’,Iax2 +by” +cz’

3 3 3
=§/ax +by + & :§/ax3(l+l+lJ:X%/a_(=y%=Z%)
z X

X y y 2z

3 2 2 2 3 2 2 2 3 2 2 2
Tacé:\/ax +by” +cz :g/g;\/ax +by” +cz :%;\/ax +by” +cz :%

X y z

3[a02 2 2 3.2 2 2 3f..2 2 2

\/ax +by +cz \/ax +by  +cz \/ax +by +cz

= Y + 4 + Y =Ja+3ib+3c
z

X y

:>\/ax +by +cz (—-F +—J \/_+\/B+f
Xy
L= %,Iax2+by2+cz2 =3/a_+3/g+3/2

Cau 24.

4 4 4 4 a’ +b? :
a) Tt a—+b—: 1 va a’+b’ =1suy ra: Ejl—er—=u
X Yy X+y Xy Xty

:>(x+y)(a4y+b4x)=(x+y)(a2 +b2)2 :>(ay2 —bx2)2 =0=bx* =ay”.

b) T cau a) bx* =ay’

- X_Z _ y_Z _ X2 + y2 _ 1 . X_2 1000 _ 1 1000 . y_2 1000 _ 1 1000
a b a+b a+b a a+b b a+b
2000 2000 2

. y _
Do do: alOOO + blOOO - (a+b)1000

Cau 25.
ax+by=c
Ta co: {bx+cy=a .
cx+ay=b
Cong theo v€ cac phuong trinh cua hé ta duoc:
(a+b+c)x+(a+b+c)y=a+b+c:>(a+b+c)(x+y—1)=0

a+b+c=0
x+y=1
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Véix +y =1 thay vao gia thiét ta dwgc: a=b=c =a’ +b’ +c’ =3abc (2)

Tt (1) va (2) suy ra dpcm.
Cau 26

lex=142P2_ 28 4 o g b-c_2b .,  _q,c7a_2¢

a+b a+b’ b+c b+c’ c+a c+a
8abc
=(1+x)(1+ 1+z)= 1
( )( y)( Z) (a+b)(b+c)(c+a) @

Mat khac:

1oxo1_28 -b_2b ;1_y=1_b—c= 2c 1oz= _c-a_ 2a
a+b a+b b+c b+c c+a c+a

8abc

=)0y 2) = g era) @

Tix (1) va (2) suy ra: (1+x)(1+y)(1+z)=(1-x)(1-y)(1-z)

Cau 27

ay—bx cx—az bz-cy K ke cay—cby bex—baz _abz-—acy

Véi a+b+c=0 thi: (a+b+c)(a2+b2+c2—ab—bc—ca):0<:>a3+b3+c3 =3abc (1)

bat = =
' C b a c? b? a’

cay —cbx+bcx—abz +abz —acy
a’+b’ +c’
= (ay—bx)2 = (cx—az)2 = (bz—cy)2 =0

:(a2 +b? +C2)<X2 +y’ +zz)—(ax+by+cz)2 =0

k= =0=ay-bx=cx—-az=bz-cy=0

Suy ra: (ax+by—i—cz)2 =(x2 +y° +zz)(a2 +b’ +C2)

Cau 28
Ta co:
_a+b c+d ac—bd_(a+b)(c d) ( d)(a b) ac—bd
m—HrHrp_a—b+c—d+ad+bc_ ( )( ) +ad+bc
i 2(ac-bd) +aC_bd=(ac—bd)( (ad+bc)+(a=b)(c-d))
(a—b)(c—d) ad +bc (a—b)( )(ad+bc)

_ (ac—bd)(a+b)(a+c)
(a—b)(c—d)(ad+bc)

=m.n.p

Vay dang thitc duoc chitng minh.
Cau 29.
Ta ky hiéu cac diéu kién nhu sau:

6a>+20a+15=0 (1); 15b°+20b+6=0 (2) ab=1 (3)

THCS.TOANMATH.com TAI LIEU TOAN HOC




Dé thdy cac phwong trinh (1) va (2) déu c6 hai nghiém phan biét.
Do (3) nén b khéc 0. Chia hai vé€ ctia (2) cho b? ta dwoc

6[1J +2o[1J+15=0 (4)
b b

T (1), 3) va (4) suy ra a va % la hai nghiém khac nhau ctia phuong trinh

6x> +20x+15=0 (5)

Theo dinh i Vi-ét: a+l:—E; 3:2
b 3"b 2
b>—9(ab+1)’ : .

Tr dé : - (a >=i_9 asl| 22 o[ 10} _2015
b’ b b) 2 3 6
b3

Suy ra = , diéu phai chiing minh.

ab2—9(ab+1) 2015
Cau 30.
2+3b=2
a) Gia st a,b la hai s0 thuc phan biét thoa man ar
b*+3a=2
<:>a2—b2+3(a—b)=0@(a—b)(a+b)+3(a—b)=0@(a—b)(a+b+3)=0
—b=0(loai
L (oal)
a+b=-3

b)(a+b) =27
= +b3’+3ab(a+b)=—27<:>a3+b3 —9ab=-27
vi a’ +3a+Db? +3b=4c:>(a+b)2 —2ab+3(a+b)=4<:>ab=—2

Vay a’+b’ =—-45

Cau31. Tacd: 4=—"—+ 2y° + 4y’ + 8y" __v n 2y’ +4y4(x4—y4)+8y8
O xry Xy Xyt Xyt oxry Xyt (Xayt)(x -yt
~ y N 2 . 4y4 ~ y +2y2(x2_y2)+4y2
Txry Xy Xyt xey (Reyt)(¢yY)

2y" _y(x-y)+2y*
(x+y)(x-y) x-y

Y .

=x+y x* —y?

Do do: y =4 < y=4x—-4y < 5y =4x
X=-y

Vay 5y =4x (dpcm)
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Cau34. VT=

Cau 32. Ta cd: (% +b¥)(b° + &)(c + a%) = a¥bc®

& (atb)(b+c)(cta)(a? — ab + b?)(b? — bc + c?)(c? — ca +a?) = a’b’c®

Ma: (a+b)(b+c)(ct+a) = abc. Do do:

abc(a? — ab + b?)(b? — bc + ¢?)(c? — ca +a?) = a’b3c?

© abc =0 hodc (a2 — ab + b?)(b? — bc + ¢?)(c? — ca +a?) = a?b?c?

* Néu abc #0

Thi: a2—ab + b2> labl ;b2—=bc+ 2> |bcl; 2 - ca +a?> |cal

Suy ra: (a? — ab + b?)(b? — bc + c?)(c? — ca +a?) > a?b’c?

Ma: (a? - ab + b?)(b? - bc + ¢?)(c? — ca +a?) = a’b*c?

Do d6 a=b =c thay vao (i) = 7a®=0 = a =0 = abc = 0 (mau thuan)

Vay: abc =0 (dpcm)

Cau 33. Ta co:

. x+y=a+b
e (x+y)3 —3xy(x+y):(a+b)3 —3ab(a+b)

=a+b 1
- X+y=a+ (1) *)
xy(a+b)=ab(a+b) (2)
HN&1a+b¢0tm_ey:{x+y:a+b

xy =ab

=>x, y la 2 nghiém cua phuong trinh X*> —(a+b)X+ab=0

. ,|Ix=b [x=a
Giai ra ta c6 ; =>4 y?M =2 4 P
y=a [y=b
+/Néu a+b=0=>a=-b.
. . x+y=0
Ta c6 hé phuong trinh S X=-y.
3 3
X +y =0
2011 2011
+b™ =
— — 2011 2011 __ 2011 2011
B 2011 , 2011 _ >xT 4yt =at +b
X7 +yT =0
a b a b

b3—1+a3—1:(b—1xb2+b+1)+(a—1xa2+a+1)
a b -1 -1

—a(b2+b+1)+—b(a2+a+1) b2+b+1+a2+a+1

—(a2+a+1)—(b2+b+1)_ [(a+b)2—2ab+3}

(a2+a+1)(b2+b+1) a2b2+ab(a+b)+a2+b2+ab+2
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2(ab-2) 2(ab-2)
T a’b? +(a2 +2ab+b2)+2 T A’ 13 =VP

Vay bai toan dugc chitng minh.

Cau35. Taco:a+b=c+dsuyra:a=c+d-bthay vaoab+1=cd
Ta c: (c+d-b)b+1=cd<b(d-b)+cd—cd+1=0=(d-b)(b—c)=-1
Vib,c,dlasd nguyénnén:d-b=-b+c=1hodc-d+b=b-c=1
Vay c=d

Cau36.Tacé: 1=~ 41412y Hy2zHex

X y z Xyz

Do do: (x - 1)(y - 1)(z - 1) =xyz — (xy + yz + zx) + (x+y+z) -1 (¥)

Thay xy +yz + zx =xyz va x +y + z =1 vao (¥) ta duoc:

Suy ra: xy+yz+zx=xyz

(x=1)(y = Dz~ 1) =xyz~ (xy + yz + 2x) + (x+y+2) -1
=(xy +yz+2zx) - (xy +yz +zx) +1-1=0 (dpcm)

Cau 37. Ta co: 0:3+E+£:ayz+bxz+cxy. Suy ra: ayz+byz+cxy =0 .
X'y Zz Xyz
X AR SR G X z Xz
Dodé:l=|2+Y 42 =_2+y_2+_2+2 Xy, yz, xz
a b c a- b” ¢ ab bc ca

2 2 2 2 2 2
b R e e F

o
oy

2 2 2
Véy;(—2+y +i—2:1 (dpcm)

b*

Cau 38. Ta 6 hang dang thite: a’+ b’ + ¢’ - 3abe=(a +b+c)(a2 +b*+c*—ab —bc—ca)

Do dé:
3.3 4 M3 a+b+c)la’+b’*+c*—ab—bc—ca

5 ajb :C 3abe =( 2)(2 5 )=a+b+c=2009
a“+b” +c” -ab-ac-bc a“+b“+c —ab—bc—ca
Luu y cdn nhé: Khia +b+c¢=0thia®+b3+c®=3abc

va nguoc lai khia®+ b3+ c®=3abcthia+b+c=0

Cau 39. Ta c6 cac hiang dang thirc:
a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—bc—ca).
(a+b+c)2=a2+b2+c2+2(ab+bc+ca)
2 2 2
Tt a+b+c=0=a’+b’+c’ =3abc va m:—(ab+bc+ca)

Ta co:

abc
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(a3 +b’ +c3)<a2 +b? +c2):3abc(a2 +b? +c2)
< a’+b’+c’ +a’b’ (a+b)+bc’ (b+c)+c2a2(c+a):3abc(a2 +b? +c2)
sa’+b’+¢ —abc(ab+bc-|—ca):3abc(a2 +b? +c2)

2 2
sa’+b +¢ +abc.$ = 3abc<a2 +b? +C2)

<:>2(a5 +b° +C5) :5abc(a2 +b’ +c2)(dpcm)

72’ —xy
k

a’-bc _b’-ca c’-ab
X y z

2 2 2 _ 2 _ 2 _
Céu40.Dr§1tX Y2 _ Y TEX_Z X gma=2 yZ,b=y ZX,C=
a b c k k

Sau d6 tinh: a* —bc, b —ca,c® —ab theo x, y,z, k tir d6 suy ra:

Cau 41. Ta co:

(\/H+\/H+M)(\/ﬁ+\/ﬁ—m>=(\/ﬁ+\/ﬁ)z—(m+n)=2ﬁ

: 2y/mn =yJm +vn-vm+n
Dodo.\/; \/_+m—\/_ Jn

2410 225
Apdung: o e Y

Cau 42. Ta co:
a4’ +(a+b)2T ~(a”+?)" +2(a’ +b*)(a+b) +(a+D)’
~(a®+b?) +[ (a+b)"+(a=b)" |(a+b) +(a+b)
=(a®+b?) +(a2~b?) +2(a+b)’
~2[a"+b*+(a+b)'|

Twong tu:
[cz +d? +(c+a)2}2 =2[c4+d4+(c+d)4}
Vay a' +b* +(a+b) =c' +d* +(c+d)’

Cau 43.
Vi xyz #0nén: X(m+n)=y(n+p)=2z(p+m)

x(m+n) _ y(n+p) _ z(p+m)

=

XyZ XyZ XyZ
hay, M0 _NFp_pim (p+m) (n+p)_(m+n)—(p+m)_(n+p)—(m+n)
y: yz XZ Xy Xy —yz - yZ—Xy - XZ—yZ

TAI LIEU TOAN HOC
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_ m-n _ n-p p-m

- x(y—z) B y(z—x) - z(x—y)

Cau 44. Ta co: a(b—c)(b+c—a2)+c(a—b)(a+b—c2)—b(a—c)(a+c—b2)=0

ey

X+z
a=
a+b—c=x 2
bat 1b+c-a=y= b:x—zl-y
a+c-b=z vtz
C=
2
Khi d6 ta co:
 X+z [(X+y y+z| , y+z(x+z X+y)| , 1 2
VT = > [ R j.y + > ( ) Jx —Z(x+y)(x—y)z
X+z X=2z , yV+z z-y , 1/, 5\,
= . Vo+ . X —=(x -
s 2 Vg Xy

=%(X2 _Zz)yz +%(Zz _yz)xz _i.(xz —yz).Z2

:i(x2 —yz)z2 —%(x2 —yz)z2 =0=VP (dpcm)

Cau 45.
bat a_b:x,b_czy;c_a:z: ¢ :1, a :1; b :1(1)
C a b a-b x b- y c—a z
<:>(x+y+z)[l+l+lJ:9
Xy z
Ta c6: (X+y+z)(l+l+ljz3+(y+z+x+z+x+yJ 2
X'y 2z X y z
2 2
Ta lai co: yrz_ b_C+C_a _¢ _b"—bc+ac-a _c
X a b a—-b ab a—-b
_C(a—b)(c—a—b)_c(c—a—b)_c[Zc—(a+b+c)}_2C2
~ ab(a-b)  ab ab b
2 2
Tuong tu ta co: Xtz _2a ;X+y=2b
y bc =z ac
2 2 2
oy Lo ) g 262 205 2
X 'y z ab bc ac abc

Via+b+c=0=a’+b’+c’ =3abc

Do do: (x+y+z)(l+l+1J=3+i.3abc=3+6=9
X y z abc
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O Cac cong thitc bién d6i can thirc

L \/A—2:|A|:{Ané'uA20

—-AnéuA<O

2. JAB=VA4B
s [A-dh

B B
4. JA’B=|AVB
5. AJB=JAB
6. AJB=—/AB
7. Jé:é\/ﬁ
5. A_AB

JB B

9 C C(\/KiB)

JA+tB  A_B?

o ¢ _CA=B)
JA+JB  A-B

11 (%)3:3A3:A

(Véi A>0;B>0)

(Véi A>0;B>0)

(V6i B>0)

(Véi A=0;B>0)

(V6i A<0;B>0)

(Véi A>0;B>0)

(Véi B>0)

(V6i A>0,A=B?%)

(Voi A>0;B>0;A=B)

O Cach tim diéu kién trong bai toan chira cin thirc

BIEU THUC - DKXD:

1. JA PKXP: A>0
A

2. B DKXD: B#0

5. -2~ PKxD: B>0

. Jg . >
JA

4. Y=  PKXDb: A>0;B>0
JB .

THCS.TOANMATH.com

Vidu:

Vidu:

Vidu:

Vidu:

Jx-2018

VviDU
DKXD:

DKXD:

DKXD:

DKXD:

© RUT GON BIEU THUC PAI SO VA BAI TOAN LIEN QUAN

X >2018

X#=T

X>3

{xzo
S X>3

X>3
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[A<0 [ [x+1<0
B<0 x+1 X+2<0  [x<-2
DKXD: Vidu: |[—= DKXD: N
A>0 ) X+2 X+1>0 X>1
i B>0 i X+2>0
Cho a> 0 ta co:
, 2 X>~/a
6. 2 X>\/a Vidu: X >le
X“>aso X <—a
x < —Ja

Cho a> 0 ta co:

7. Vidu: X* <4< -2<x<2

X <aoJa<x<ia

7~ Dang 1: Cac bai toan bién ddi can thic thuong gap
*Thidul. (Trich dé thi HSG huyén Nghi Xudn Ha Tinh)

Tinh gi4 tri ctia biéu thire: A =625 +14—6y/5

-----

Ta c6: A =+6-25 +y14- 645 =\/(J§—1)2 +\/(3—\/§)2 —J5-1+3-5=2

*Thi du 2. (Trich dé thi HSG tinh Lam Dong nam 2010-2011)

3 - N
Cho E= (%6+1) 3 \/53 ! Chting minh rang E la s6 nguyén

Ta co:

_3l(3 3 _3|: 2 3 j|€/§—1

E—\/(\/E+1) . —\/ 2+1+3\/5(\/§+1) 3 =\/(8—3\/;)2 —\j(8+3\/7)2
=§/(1+%/5+%/Z)(€/5—1)=32—1=1
Vay E 1a s6 nguyén

*Thidu 3. (Trich dé thi chon HSG tinh Hoa Binh Nam 2010-2011)

V8 N2 -1 —{B—2-1
8 —\2+1

.....

@

Rat gon: A=

DétA=%.TacéT>0nén T=A+T?

Xét T? :(%+JE)—2.\/%/§+\/E.\/3/§—\/E+(%/§—\/E)
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=248 -2, N8B - (V2 -1)
=248 -2J\2 +1
=2(%—«/\E+1)

:T:Jz(é/g—m)
:>A=\/§

*Thi du 4. (Trich dé thi HSG Phui Tho ndm 2012-2013)

210 +/30-22 -6 2
210 -242 3-1

.....

Rat gon biéu thic: A= J

Ta co: \/2\/54_\/%_2\/5_\/6' 2
' 2J10-242 31

225 -1)+V6(5-1) V3-1 f2+J§ B-1 f4+24§ B-1 B+1B-1 1
J 2W2b-1y 2 V2 2 Na T2 2 2 2

*Thi du5. (Trich dé thi HSG T.P Bic Giang nim 2016-2017)

Tinh gia tri caa biéu thiec N = \j4 +\/\E+7\/\/i V3 +4/27 ~10\2
4+4/13

.....

e N2 B Na-B) | pem e
Ta cd: N= +125-1042 +2
Js120s

2443 +4-B) Jo vy
- +(6-12)
Jas B+ e a5 +(4+45)

:JE(J4+J§+J4—J§)+W=ﬁ<J4+J§+J4—ﬁ>+‘5_J5‘
e e bbb
=2+5-2=5
*Thidu6. (Trich déthi Chon HSG tinh Long An nim 2012)

V2B +y4-15 +10
J23-35

Khong st dung may tinh, hay thuc hién phép tinh:A =

-----
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Ta co: A = J2-\3 +y4-15 +\/10 _ «/5(\/2—\@“/4_\/@4”/5)
\23-305 Ao

_V4-23 +\8-2V15 +2J5 :\/(«/5—1)2 +\/(J§_4§)2 w25
J16-615 \/(3 =

_3-1+V5-\B3+2y5 _3V5-1_
351 351

*Thidu?7. (Trich dé thi HSG huyén Nga Son-Thanh Héa nam 2016-2017)

, 2++3 2-+3
Rut gon biéu thitc: B = E V3

i3 22

.....

B _ 2+43 2-3 2+\/_ 2-3
" 2iii2f 223 3+B 33
B (2+3)B-3)+(B+V3)2-3) 3+\3+3-\3

2 (3+3)(3-3) ) 6
B p— —_
$_1:>B_\/§

*Thi du 8. (Trich dé thi HSG huyén Thach Ha nam 2016-2017)

So sénh /20172 —1—+/2016% —1 va 2.2016
20172 —1++/2016% -1

-----

Ta c6: 2015 120127 1 - (V2017 -1 -/2016° 1)(J2017° 1 +/2016° -1)
J2017% —1++4/20162 -1

(20157 -1)—(2014*-1)  2017%—2016° _ (2017 -2016)(2017 + 2016)
-1+ - -1+ - -1+ -
V20172 —1+4/20162 =1 /20172 —1++4/20162 -1 /20172 —1++/2016% -1
~ 2017 + 2016 N 2.2016
J2017%2 —1+4/20162 -1 +/2017% -1 ++/2016% -1
Vay 20172 120167 1 > 22016

J2017% —1++/2016% -1
*Thidu9. Ratgon cacbiéu thic:

a) A= \/\/5 —\3-y29-125 b)  B=370-/4901 + 370 + 4901
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-----

\/J_ \/3— J29-1245 = \/ \/—\/T

= N5-(\5-1)=1

b)

Diit x, =370 —/4901 +/70 +/4901

3
=X = (%/70 _J4901 + 370+ \/4901)
— 70— /4901 +70 + 4901 + 3370 — /4901 370 + /4901 (%/70 — 4901 + 370+ /4901 )

=140+ 3x
Khi @6 ta cé:

x; +3x, —140 =0 <> (x, =5)(x* +5x+28) =0

Ma X§ +5X, +28>0(do A<0)=>X,=5
Vay B=5.

xﬁ+\/§+\/g+\/8_+4
N FSINA

-----

*Thi du10. Rat gon biéu thic: P=

Ta co:

_ﬁ+£+%+\/g+4_(ﬁ+\/§+2)+(«/1+\/g+\j8_)
T Bt B
N N O N N R MR R ry T R P

\/_+\/§+\/Z B \/§+\/§+\/Z

:1+\/§

7~ Dang 2: Dung 4n phu don gian héa bai todn
, 2 6 7
*Thi du1l. Ratgon biéu thitc: A=—=- 7 - \ﬁ + +

7] e )

.....

Pit a=47 =a* =7 va a? =7 ta co:
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_a7+ 6 +1_1—2a2+ 13a® +7
Al ef, 1 a®  a  a‘a’+1)
a a

~a'+a’-2a’-2a'+13a’+a' 2a’(7-a’) _0
a’(@*+1) a’(@*+1)

(Do at = 7)

*Thi du 12. Rat gon biéu thiec: B=

2
Ja-345 24254125

Loi giai
Dit b=45 = b? =4/25,b° =4/125,b* =5,1b° = 5b°,b° = 5b.
Ta co: B= 2
J4-3b+2b* - 3b’
3 2
Mt Khic: 21 _ 1 I (13> +3b2)+(2b2+4)2
b’ -2b*+3b-4 (b’+3b)—(2b*+4) (b’ +3b)*—(2b*>+4)
_ b’ +3b+2b°+4  (b®+2b°+3b+4)(b*-3) b’+2b"'-2b*-9b-12
—2b’ -6 2(b* -9) 8
_b*-2b-1_ (b+1Y
4 2 )
2
2 4 4
Vay B=2 = = .
& (b+1j b+1 4541

, 2 1
N 2 | 1+—F=+=
4 -4 N| 202
*Thi du 13. Rat gon biéu thitc: E ={ il C 2] - zZ <

1-{2 2 1++2
Loi giai
Pit hoamat=24a=a>=2
Ta co:
1+—+i 2
a’—-a 1+a° a2 at 1+a’ 1+a’ 1 1
E = > = —a+ — = —2 ——2 = O
1-a a 1+a a a2(1+a2) a- a
Vay E=0
7~ Dang 3: Cac bai toan vé tinh tong diy c6 quy luat
*Thi du14. Rat gon:
1 1 1 1
S= + +ot +
21+132 32423 1999+/1998 + 19981999  2000+/1999 +1999+/2000

Loi giai
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Véi keN,k>1:

1 ~ (k+1)\/E—k\/k+1 _(k+1)\/§—kx/k+1_i_ 1 (1)
(k+1)Vk+ k1 (k1) k=K (k+1) k(k+1) K ka1
Ap dung (1) véik=1, 2, 3,....., 1999 ta duoc

1 1

1
2ﬁ+1«/§:ﬁ_$;

3ﬁ+2f f f

1 1 1
200041999 +199942000 1999 2000
Cong cac dang thikc trén theo vé ta duoc:
1

1 1
+
2J_ +1J§ 32 +2J_ 1999\/1998 +1998\1999 200041999 +1999+/2000

1 1 1 1
_ﬁ_EJFE_%JF ..... \/E m
1
1 2000
720001
- <2000
2045 -1
" 2045
*Thidu15. Ratgon:
A= lll+ll+i+....+l+ 1 + 1 +\/l+ 1 + 1 .
1* 2> 3 N1 3 4 171998 1999 \1° 1999° 20007

.....

Voi keN,k>2:

( 1 1)2 1 1 2 2 2
I+ ———| =1l+——+—+ — -=
k-1 k (k-1 ** k-1 (k-1)k k
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Ap dung (1) véik =1, 2, 3,....., 2000 ta duoc

A= 1+l—1 + 1+1—l ..+ 1+L—L + 1+L—L .
2 3 3 4 1998 1999 1999 2000

=1998+l—L
2 2000
7~ Dang 4: Bai toan rat gon bi€u thitc chtta mot hay nhiéu an
2 1
*Thidul6. Ratgon: B= Va- \/_ 1+\/_ \/_ (a>0,a¢1).
1= 1++a
Loi giai
Pit t=4a(t>0)=Va=t,a=t'
ot 1482 1+%+l4
Khidé: B=|——+—— | -1 € ¢
1-t t 1+t
2
1 1
—+1
t t_l) 2 (t2+ j 1 2 tT+1
= o4t - =|—t+=+t
I-t t 1+t t 1+t

*Thidu17. (Trich dé thi HSG tinh Hai Dwong ndm 2012-2013)

Rat gon biéu thic: A:(\/X—«/5_O—\/X+«/56jxlx+\/xz—50 vOi XZ@

Loi giai
Taco:
(JX-J— Jx+r)( #5750 = A7 = x- B0+ x+ /50 245750 | (x + V7 -50)
A= (2x 2 )(x+ x2-5o):>A2:2(x2-x2+5o)
Vay: A* =100
Nhung do theo gia thiét ta thiy A = (Jx-@ ~Jx++/50 )«/x +x2-50 <0
= A=-10

*Thidu18. (Trich dé thi HSG Hai Dwong ndam 2013-2014)

NN .(J(1+x)3 +J(1—x)3)

Rut gon biéu thiee A =
2-1-x

voi —1<x<1.
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-----

1-V1-x* 1+x+\/1—_x)(2—\/1—7)

2-41-x2
= l—m.(x/H_X+\/1—_X)
=\/(1—m)(\/1+_x+\/1—_x)2=\/(1—\/1—7)(2+2 1—x2)
= [x|v2

*Thidu 19. (Trich dé thi HSG T.P Bic Giang niam 2016-2017)

Ta co: A=

Chttng minh biéu thitc sau khong phu thudc vao gia tri cua x:

a+1 a\/_ 1 a—a\/_+\/_ 1
& ah ' aata

-----

M=

Ditukién x>0, x#4; x#9; x # 1
Ta co:
6x—(x+6)vx -3 3 1
2x—dx +3)2—Vx) 2x+10¢x—12 3x —x—2
6x—(x+6)x —3 3

22-)x-3)x-1) 2(:x-3)2-x) (- J‘xJQ 1)
a\/_ 1_(Ja-l@+va+1) a+va+1

A =

A_

Do O;x#1;x#4;x#9
I SRR s s A x#1;x#4; x #
A a’-ava+va-1_(a+D)@-1)-va@-1) _(a-Na-va+1) -a+va-1
Ja-ava Ja(i-a) Va(i-a) Ja
A-M=2t1
Ja
A=a>0a=1
A=Ha-1>0 < a+1>2\/z;=M>%+2 4 = DPCM
a

*Thi du20. (Trich dé thi HSG T.P Bic Giang nam 2016-2017)
Cho a, b 1a 8 hiru ti thoa man (a® +b? —2)(a+b)’"+(1-ab)* =—4ab

Chtrg minh 1+ab 1a s6 hiru ti

.....

Ta co:
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(GT)= [(a+b)2 —2(ab+1)}(a+b)2 +(1+ab)* =0

& (a+b)' —2(a+b)*(1+ab)+(1+ab)* =0
2
@[(a+b)2—(l+ab)} — 0= (a+b)’~(1+ab)=0
& (@+b)y’=1+ab |a+b| =+1+ab e Q;vi:a;b e Q.KL

*Thidu 21.  (Trich dé thi HSG T.P Bic Giang nam 2016-2017)

Cho bidu thie Me2¥a=bvb _a b véia, b>0vaaxb

ab  Jarb Vb a

Rut goi M va tinh gia trj biéu thite M biét (1-a)(1-b)+2+vab =1

-----

Jab
N

Rut gon M= voia,b>0vaa=b

Ta co

(1-a)(1-b)+2Vab =1 ab—a-b+1+24ab =1

=B o -t

+Néua>b>0
:>\/a_>\f_:>\/_ \/1;>0\/_b>0:> J_

NN
LB | B B
RN RN Y N

+néul0<a<b
7 b o Ja b <0aD > 0 NP _

N
Jab_|__—\ab */_—1:>M=—1
T Ja-Vb| Ya-vb  Ja-vb

7~ Dang 4: Bai toan rat gon bi€u thitc va bai toan lién quan

Budc1: Tim diéu kién xac dinh.

Budc2: Tim mau thitc chung, quy dong mau thirc, rt gon ttr, phan tich
ttr thanh nhan t.

Budc3: Chia ca tit va mau cho nhan tt chung cta tir va mau.

Budc4: Khinao phan thic toi gian thi ta hoan thanh viéc rat gon.
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7~ 1) Cho gia tri ctia 4n bat tinh gia tri biéu thirc
*Thidu?22.  (Trich dé thi HSG huyén 16p 9 nam 2013-2014)

Cho biéu thitc: P = J_+\/_ \/_ \/_ ( x+y+2xy]'
JE 1+\/_ 1-xy

a) Rut gon biéu thirc P.

2
b) Tinh gia tri ctia P vdi x= .
& 2+\E
Loi giai
1) DKXD: x=0,y=20;xy #1

Mau thttc chung 1a 1 - xy

b (VA P) + (W) A= fy) T-xy +xry+2xy

1-xy ' 1-xy
Z\/;+x y+\/}_l+y\/;+\/;—x\/}_f—\/}—7+y\/; 1-xy
1-xy 14X+ y XY

_2(xry ) _ 2dkd+y) 24k

T 1+)1+y)  A+x)(1+y) 1+x

b) Tacé:x—2+2J_ Z(i \3{_) 3-23+1=(/3-1)

=3 -1 =3 -1]=13-1

2\3-1)  23-2
1+(3-1? 1+3-2y3+1
2(3-1) _63+2

5-23 13

*Thi du 23. (Trich dé thi HSG tinh Thanh Héa nam hoc 2011-2012)

Ix-1 x+8j( 3x—1+1 1 J

P=

P=

Cho biéu thttc P = L

3idx—1 10-x ) (x-3Jx-1-1 Jx-1
1) Rat gon P
2) Tinh gia tri cta P khi x = \/3+2\/_ \/3_2\/E
3-242 \3+242
Loi giai

Diéu kién: 1<x#10

TAI LIEU TOAN HOC
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])P=3Jx—1+9. 1 2Jx-1+4
10—x m m—S
b 30k1+3) P1{¥x-1-3)
10—x 2\x—-1+4
31 -10)(Wx-1-2)  3(x-2)
 210-x)(x-1-4)  2(x-5)
34242 [3-242
2) x =4 3 3-242)2 =/3+2 3-2
) x \/3—2J§ Jgﬂf 6 +242) —43-22)* =\3+242 -\3-22
=>x=1+2-(2-1)=2 vix>1
VayP=0

7~ 2) Tim gia tri cia 4n dé biéu thitc bing mot hang sé cho trudce
*Thi du 25. (Trich dé thi HSG thanh phd Thanh Héa nam 2016-2017)

a+1 a\/_ 1 a’— a\/_ + \/_ 1
NN AN
a) Rat gon biéu thic P.

b) Tim x dé Pzé :

Cho biéu thttc: M =

.....

a) Taco:

P—{ X+2 Jx 1 ]«/_ 1 | x+2 N Jx 1 '\/;_1
xx -1 X+\/_+1 1-x 2 (&)3_1 x+x+1 Jx-1] 2

=x+2+J§@&24y4x+J§+n:J§—1
(\/;—1)(x+ x+1) 2

o x=2Jx+1 2

(1) (e ) Vx-
2

_x+ x+1

aJa-1_(Ja-T)@+va+1) _ a%f+1

a-Ja  aRa-1) Ja

az—aJ;+Jg—1=Ka+1Xa—1y—Jg®eJ)=(a—1Xa—Jg+1)=—a+Jg—1]>Tacd
Ja-ava Va(1-a) Ja(i-a) Ja

b) Vi x
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P=z<:>#=z<:>x+ x+1=7
7 x++x+1

o x+dx-6=0c (Wx-2)(x+3)=0

Via>0;a#1 nén (\/;—1)2 >0 < a+1>2\/a_M>%+2=4(t/m)

Ja
VayP=0<N=-2<2 khix=4
M 2
*Thi du 26. (Trich dé thi HSG Ninh Binh nam hoc 2012-2013)

Cho bidu thite: P= — W 2 , 2(x-1)

- (x>0, x # 1).
X+4x+1 \/; \/_-1
1. Rat gon P.
2. Tim gia tri cia x d€ P = 3.
Loi giai
o -1 Yx@Vx+D) 260X D)X+ 1)
1/Taco: P = - +
X+4x+1 \/; \/;—1
_ XD ) o Ry
X+ax+1
=x—vx+1
2/Tacd:P=3 & x—x+1=3 & x—x-2=0
t=-1(L
Dét\/;=t,t20tadu>ocpt ' -t-2=0< (L)
t=2 (TM)

Ta c6 t=2 ta duoc Jx=2 ox=4 (thoa man DK).
Vay x=4thiP=3.
*Thi du 27. (Trich dé thi HSG tinh Ha Nam nim 2012-2013)

Cho biéu thirc: P=

X _ y _ Xy
WX+ 0A-y) (x+fy)Wx+1) (x+1a-y)
1. Rat gon biéu thic P.

2. Tim cac gia tri x, y nguyén thoa man P = 2.

1) Di\éukién:xZO;yZO;y¢1;x+y¢0 -

P:x(1+«/;)—y(1—\/}_l)—xy(\/;+\/§) =(x—y)+(x x+y\/}_1)—xy(«/;+\/}_/)
(o ) -) (Vo Jy )1 )1 =)
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\/;+\/}_f)(1+\/;)(1—\/5_1)
=«/;(\/;+ )—\/;(«/;+1)+y(1+«/;)(1—x/;)
(1 &)=y
R P S () R B ),
-] -]
-y -
2)P=2 o Yx+xy —\y=2véix20;y20;y=1;x+y=0
e Ix(1+4y) - (Jy +1)=1e (- 1)(1+ y) =1

Taco: 1+ fy>1 = Jx-151 ©0<x<4 =x=0;1;2;3;4

U A O
o

Thay vao P ta dwoc cc cap gia tri (4;0) va (2;2) thoa man.
F~ 3) Tim gia tri ca an dé biéu thitc théa man mot bat dang thirc
*Thi du 28. (Trich dé Thi HSG huyén Binh Giang nam 2012-2013)
xX+2 Jx +1

x\/_ 1 x+\j;+1 1- \f_

Cho biéu thitc: A = vdoi x>0, x=1

1) Rut gon A
2) Chiing t6 rang: A < %
Ta co:

X+2 \/;+1 1

(J;—l)(x+\/;+1)+x+ x+1_\/;—1
x+2+x—1—x—x/;—1

(\K 1)(x+ x+1)

N

ARk
R R R

= ,vol x>0, x#1

(\/; 1)(x+\/_+1) X+x+1

1) A=

A=

THCS.TOANMATH.com
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N )

2)Xét =~ A== -
3 3 x+x+1 3(x+x+1)

Dox>0, x=#1

2
:>(\/;—1)2 >0 véx+\/;+1=[\/;+%J +§>0

4
:>1—A>O<::>A<l
3 3

*Thidu29. (Trich dé thi HSG huyén Vinh Loc —Thanh Héa nim 2016-2017)
a+1 a\/; 1 a —a\/_+\/_ 1

G an | aata

a. Tim BKXD va rat gon P

b. Timx d€ P <0

Cho biéu thirc P= M =

Loi giai
x+2>0
a) Tim dwoc PKXD: x1x* +1#0 < 1
X p—
Vx+2#1

Ta co:

Bxrox-3 1 k-2 ax#3k-3 (k-1 (-2 +2)
xtdx-2  Ax+2 -1 (x+2)ak-1) (k-1 (K2 -1)

C3x+3x—3-x+1-x+4  x+3/x+2

Wx+2Wx-1) (X +2)(X-1)

_(x+2)x+1) _Wx+1
Wx+2)(Wx-1) x-1

b)-Taco:P<0

A 6x—(x+6)x -3 3 1
2x—4x +3)(2-Vx) —2x+10x -12 3Jx —x-2

A bx= (x+6)Vx -3 3

22-)x-3)x-1) 2(x-3)2-) @-Vx )(J' 1)

aJa-1_(Ja-D@+va+1) a++a+l
a-Va  a(va-1) Va
*Thi du30. (Trich dé thi HSG huyén Cam Lg)

3

1 y)
— +
X +1 xfx+1 x-Jx +1

- Két hop voi BPKXD ta duoc: Voi thi P <0.

Cho biéu thiec: P =
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a) Rat gon P.
b) Ching minh P > 0.

-----

a) PKXD: x20

1 3 2

- \/;+1_x\/;+1+x-\/;+1
1 3 2

- &ﬂ‘(&ﬂ)(x-fﬂ)*x-&ﬂ
x-x+1-3e2(Virl) L K
(Vrt)(x-vxr) (V) (x-vx+1) x-dx+
b) VX =0

XX +1 :(r_ggzg

Jx

X-vx+1
*Thidu31. (Trich dé thi HSG T.P Da Ning nim hoc 2013-2014)
a+1+a\/a_—1+a2—a\/g+\/;—1
Va a-va Ja-ala

Chting minh rang M > 4.

P

Do do: P= >0

Cho biéu thttc: M =

voia>0,a=1.

-----

ava-1_(Ja-T)(a+va+1) _a+Va+l .
a—a Va(a-1) Ja

a’-ava+va-1_(a+D)(@a-1)-va(@-1) _(a-1)@a-va+1) -a+va-1
Ja-ava Ja(i-a) Va(i-a) Ja

= M=a—+1+2

VA

Do a>0;a#1 nén: (\/a_—1)2>0 o a+1>2a

2\/a

=>M>—+2=4

4

74 Tim gia tri ctia 4n d€ biéu thitc nhan gia tri nguyén
*Thi du 32. (Trich dé thi HSG tinh Hai Phong nam 2016-2017)

Doa>0,a#1nén:
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a+1 a\/_ 1 a—a\/;+x/_ 1
G ae ' aada

e s C1em 1 6 A A
Véinhitng gia tri nao cua a thi biéu thiec N = M nhan gia tri nguyén?

Cho biéu thttc M = voia>0,a=1.

Loi giai.
Véi diéu kién a > 0; a =1 thi:
a1 (Ya-1)(ardar1) (Va-1)(Vas1)fa—a+1)
B (a1

2
a+1 a+\/a_+1 a—a+1 (\/;+1)

M=

M=
NARINA Ja Ja
Khi d6N =2 = 6‘/a_2>0.Tathayvc'yi0<a¢1:>a—J5+1>0
(e
<:>(«/e:+1)2>3«/a_<:> 6\/;2<2
[Va+1)
Do 0<N<2

DéN c6 gia tri nguyén thi N =1.
6va

S — =1 a—4\/a_+1:0

a+2\/a_+1
2 Ja={3+2 |a=7+43 (thda man)

—2) =3
=(k-2) ‘:’[f-_@z@ a =743 (thoa man)

Vay a=7+43.
*Thidu33. (Trich dé thi HSG huyén Thanh Oai 2014-2015)

x=5Vx J( 25-x  Jx+3 &—5]

Cho biéu thttc A = (

x—25 x+24x —15 \K+5+\/§—3
1. Rat gon A
2. Tim s& nguyén x d€ A nguyén
Loi giai
1) Piédu kién X=0,x#25,x#9
Rut gon A:L
Jx+3

2)x € z=>x+3 1aU((5)
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\E+ 3=5=>x=4
*Thidu34. (Trich dé thi HSG huyén Thanh Oai nam 2015-2016)

\/_][\/_+3\/_+2 \/_+2J
Bx+1) (-2 3=V x=5¢x+6

[& +3=1 (loai)

ChoM=£1—

1) Rat gon M

2) Tim gia tri nguyén ctia x d€ bi€u thirc M nhan gia tri la s6 nguyén
Loi giai

DKXD: x> 0;x#4,x#9 (*)

1) Rat gon M: V&i x20;x#4,x#9 (*)

Rat gon ta duoc: Mz\/;_2 M :\/;_2
Jx+1 Jx +1
Jx -2 \/_+1 3 \/—+1 3 3

=1-

«/;+1 «/;+1 \/x+1 «/_ m

Biéu thirc M c gia tri nguyeén khi va chi khi: 3i(x+1)=(Jx+1)eU(3)

2) M=

U@B) e{+1;43} Vix20=x+120=x+121
Neén vx+1e{1;3}
Xay ra cac treong hop sau:
Hx+1=1ex =0 x=0 (TMDK (%)
HWx+1=3x =2 x=4 . (khong TMDK (*) loai )
Vay x =0 thi M nhan gid tri nguyén.

*Thi du35.  (Trich dé thi HSG tinh Vinh Phiic nam 2011-2012)

x—2J§+ Jx +1 +1+2x—2J§
X\/;—l xx/;+x+\/; xz—«/;

Tim tat ca cac gia tri cua x sao cho gia tri cua P 1a mot s6 nguyén.

Cho biéu thtc P =

Loi giai
Piéu kién: x>0, x#1. Khi d6 ta co

\/;+2

Rat gon biéu thitc ta duwoc P=——+—
X+ax+1

Ta co Px+(P—1)\/;+P—2 =0, ta coi day la phuong trinh bac hai cua Jx . Néu

P=0=—/x-2=0 voli suy ra P#0 nén dé€ ton tai x thi phuong trinh trén c6
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=(P-1) -4P(P-2)20

@—3132+6P+120@P2—2P+1s§<:>(1>—1)2 <

W

Do P nguyén nén (P - 1)2 bang 0 hoc 1
+)Néu (P-1)’ =0 < P =14 x=1 khong thoa man.

=P =2 2x+/x =0 <> x=0 khong thoéa man

+) Néu (P—1)2=1<:{

Vay khong c6 gia tri nao ctia x thdéa man.

*Thi du 36. (Trich dé Thi HSG huyén I6p 9)

2x-9  2Jx+1 x+3
x5V t6 x3 2%
a.Tim gid tri ctia x d€ biéu thirc M c6 nghia va rat gon biéu thiee M

b.Timx € ZdéM =5.

Cho biéu thitc M =

Loi giai

a/ DK x>0;x#4;x#9
Rt oo v < 20X =9 (X +3fVx -3 o + 1k - 2)
Heon s (x-2)x—3)

v ame i x=Alx=2
Bién doi ta co két qua: = (\/;—21\/_ 3)
) (&+1)(&—2):&+1

(&_3)(&_2) -3

\/§1
k-3

b/Tacd: M = =5 —x =4=x=16(TM)

7~ 5) Tim gié tri cta an dé biéu thirc dat GTNN hoac GTLN
*Thidu37. (Trich dé thi HSG huyén Thanh Oai 2014-2015)

THCS.TOANMATH.com

Cho biéu thtic A = (

x=5Vx J( 25-x &+3J_5J
x—25 x+2dx-15 x+5 Jx-3

1.Rat gon A

2.Vbéix=>0, x #25, x #9 tim gia tri nho nhat cta biéu thuac: B = w
Loi giai

b) Diéu kién x>0,x#25,x#9

TAI LIEU TOAN HOC



Rat gon A =
\/;+3

b) Taco:
B:A(x+16):5(x+16)_x+16=\/;_3+iz\/_ 3. 2

= X +3+
5 5(0x+3  Jx+3 Jx+3 Jx+3

=>B>4 =>minB=4 < x=4
*Thi du 38. (Trich dé thi HSG huyén Tw Nghia ndm 2016-2017)

x2-2x 1, 1 1
+=. + )
w341 2 14x+2 1-Ix+2

Cho biéu thirc A=

a) Tim diéu kién cua x d€ biéu thiic A c¢6 nghia
b) Rut gon biéu thiec A
c) Tim gid tri nho nhat cua A.

Loi giai
X+2>0 5
A o« A ? A? o« A? s /4 ~ XZ—
a) biéu kién ctia x d€ biéu thirc A cd nghia:{x*+1#0 <
X#-1
x+2 =1
b) Rut gon biéu thirc A
X*-2x 1 1 1 X(x —2) 1 2
A=—; +=. + = > +=.
¥+l 2 1+x+2 1-Ux+27 (x+D(X*—x+1) 2 1-(x+2)
_ O X(x=2) 1 x(x —2)—(x*—x+1)
(X+D(x* =x+1) x+1 (X+D(x* —=x+1)
—(x+1) -1

- (X+D(x* —=x+1) T —x+1
¢) Tim gia tri nhé nhat cua A.
-1 -1

Taco A= > =
X°—Xx+1 (

X_1)2+§
2" 4
Ta c6 A nhé nhat khi (x—%)2+% dat gi4 tri nho nhat
A s , R . 4 . 1 1
Vay: Gia tri nho nhat cua la A la 3 khi X_E =0& XZE

~ Bai tap van dung

Cau 1. (Chuyén Nam Dinh 2018)
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2 2

X y X2y2

a) Rut gon biéu thiee P = — — .
(x+y)1-y) (x+y)1+x) (1+x)(1-y)

b) Chiing minh rang \/1+l+l+\/1+—+l+...+\/l+ 1 —+ 1 — <2018.
1 2 3 20177 2018

Cau 2. (Chuyén Ha Tinh 2018)
1 1 1 y
Cho x,V,zla cac s6 hitu ti théa man —+— =~ . Chitng minh ran 1/xz +v*+27z° lasod
y X'y z g g y +z
htru ti
Cau 3. (Chuyén Binh Dinh 2018)

(Ya—vb) +V@b (a-p  a7-\b®
Cho biéu thtec: T = s dh : \/B_ b ,voia=b,a>0b>0
a+ a- -
a) Rut gon biéu thiee T
b) Chimg t6 T > 1

Cau 4. (Chuyén Ca Mau 2018)

Rat gon cac biéu thirc sau

a)  A=420 /45 +3125 - 24405 b)  B=v9-4y2 +49+42

Cau 5. (Chuyén Lam Son 2018)

Tinh gid trj bi€u thire P=| 1-—— [[1-——— | ... 1- L
1+2 1+2+3 1+2+3+....+2018

Cau 6. (Chuyén Hung Yén 2018)

Jx+1 4

xx +x+0x =2 +4/x

Cho cic biéu thirc A = va B=x*—-5x*—-8x+2025 vdi

x>0,x=1
a) Rut gon biéu thiee A
b) Tim cdc gid tri cia X d& biéu thitc T =B-2A”dat gia tri nho nhat
Cau 7. (Chuyén Bén Tre 2018)
aJB 3 —bya—\b
1++/ab

1
(\/5 +b ) (a+b)
b) Tinh gi4 tri ctia biéu thire P khi a =2019+ 242018 va b =2020+ 22019
Cau 8. (Chuyén Ha Nam 2018)

Cho biéu thirc Q=( Vira 1-a J( /iz—l—l}/az—Zau (0<a<1)
a

+
Jl+a-Jl-a (1-a’-1+a a

Cho biéu thic P = véi a,bla hai s6 thuc duong

a) Rat gon biéu thic P:
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1) Ratgon Q
2) So sanh Q,Q°
Cau 9. (Chuyén Lam Dong 2018)

Tinh gia tri biéu thite A =(4++/15)(V10 -6 )\/4 ~J15
Cau 10. (Chuyén Dong Nai 2018)

a N a+\/; 4-a
\E+2 a+3\E+2 '\E

a) Rut gon biéu thic P

Cho biéu thtc P = {

b) Tim cac so thue duwong a sao cho P dat gia tri 16n nhat
Cau 11. (Chuyén Nguyén Trai 2018)

2
Cho x=a+1—\/1+a2+ a P= \/;+\/x 2Jx +1+1

(a>0)

(a+1)2 X2 =2x+1

Rut gon P theo a
Cau 12. (Chuyén Nang Khiéu TP. H6 Chi Minh 2018)

Bi€t 0<x<y va

(R A N

+ + =—Til’1h
(\/;+\/;)+2(x+2y)) \/;(x/;+\/}_7) \/}7(&+\/§_/) 3
Cau 13. (Chuyén Bic Ninh 2018)
Rat gon biéu thic: P = {a+ a+b’ a-va +b’ J Aa'—a'b’ >|b|>0

Ja? +b? a+\/a +b? b’

Cau 14. (Chuyén Hai Dwong 2016)

2
Rat gon biéu thie: A = \/a+x —2\a+

2
a+x .
+2+a vdia>0, x>0.
X X

Cau 15. (Chuyén Vinh Long 2018)
x+3x+2 1

1
xx -8 _&—2]\&

a) Cho biéu thiee A =( voi x>0 va x#4. Tim gid tri ctia

A tai x=14+6+5 .

b) Tinh gia tri bidu thitc A = \/12 —\80-3243 - \/12 +/80-32+/3 .

Cau 16. (Chuyén Bic Giang 2018)
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Cho biéu thic A = (

X+ X +4 x+\/_]( 11
x+Ux =2 1-x ) (x+1 1-+x

a) Rut gon biéu thic A.

j (voi x>0; x #1).

1++2018
J2018

b) Cé bao nhiéu gia tri nguyén cua x dé€ A>

Cau 17. (Chuyén Quang Nam 2018)

Ja+1 ab+va lJ (2a\/5+2\/_}

ﬁﬂ 1—+Jab 1-ab

voia>0;b>0 vaab=#1.

Cho biéu thirc A = (

Rat gon biéu thic A va tim gid tri I6n nhat caa A khi \/g +\/B = \/% )
Cau 18. (Chuyén Ba Rja Viing Tau 2018)

Rat gon biéu thic: P:[1+ i +1—\/a_}/L\/;+1 (a>1)
a— a

Cau 19. (Chuyén Dién Bién 2018)

Jx+2 x+3 3x+4Jx -5
K+l 5-Jx  x—4Jx-5

a) Rut gon P. Tim céc s6 thye X dé€ P>-2.

Cho biéu thtc P =

,(x=0;x #25).

b) Tim cac sd tu nhién X la s6 chinh phuwong sao cho P la s6 nguyén.
Cau 20. (Chuyén Da Ning 2018)

2
Cho bicu thire A< 2071 X =Ix _2x+4x

\/_ 1 x+\/;+1_ \/;

Chting minh rang: A > %

voi X>0,x#1

Cau 21. (Chuyén Da Ning 2018)

o X X y .
Cho biéu thttc: Q =——=——==—| 1+ : voi x>y >0.
fxz_yz { Xz_yzj x— lxz_yz
1. Ratgon Q.
2. Xac dinh gia tri cia Q khi X =3y.
Cau 22. (HSG TP. Hai Phong 2018)

(\/_ \/_) +ZX\/_+y\/}7 3\/_ 3y
X x+y\/’_ X—-y

Chiing minh rang gia tri ctia biéu thitc A khong phu thuoc gia tri ctia bién.
Cau 23. (HSG Qudn Hong Bang 2018)

Cho biéu thttc A=

voi x,y=20 va x=#y.
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Cho biéu thtec P = X Xy

T ) (bR R b]

a) Tim diéu kién cua x, y d€ biéu thirc P xac dinh va rat gon P;
b) Tim X, y nguyén théa man phuong trinh P =2.
Cau 24. (HSG Qudn Lé Chin 2018)

Cho biéu thiecP = (

Ja-b a—-b ) a’+b? (a>b>0)
Ja+b++ya—-b «/a —a+b ) Ja’-b?

Chting minh ring khia—b=1thi P> 2\5 +2.
Cau 25. (HSG Quan Ngo Quyén 2018)

Cho bidu thtic P = X+\/_ K-y ( MJ
—\/x_ 1+\/_ 1-xy

a) Rat gon biéu thic P;

2
b) Tinh gia tri cia P vdi x = .
& 2+ \/5
Cau 26. (HSG Qudn Thuy Nguyén 2018)

x+3x+2  x+vx ( 11
x+dx—2  x=1 J\dx+1 Jx-1

a) Rut gon biéu thirc P;

Cho biéu thtic Pz( j (voi Xx>0;x#1)

1 \/§+1

b) Véi gid tri ctia x ta co 7

Cau 27. (HSG Thanh Héa 2017)

X — 2\/_ Jx+1 1+2x—2\/;
xvx —1 X\/;+X+\/_ xz—\/;

va tim tat ca cac gid tri cia X sao cho gia tri ctia P la mot s6 nguyén.

Cau 28. (HSG Hai Dwong 2017)

2 2
Cho biéu thirc A = — X +-=X +x . Rat gon B=1—x/2A—4\/;+1 (Osti)

X+x+1 X—\/;-i—l
Cau 29. (HSG Hai Phong 2017)

Cho a=\/3+«\/5+2\/§ +\/3—»\/5+2J§ . Chting minh a*>—2a—2=0.

Cho biéu thirc P = , v6i Xx>0,x#1. Rat gon P

Cau 30. (HSG Hai Dwong 2016)
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Cho biéu thire: P= \/1—x+(1—x)x/1—x2 +\/1—x—(1—x)\/1—7 (véi 1< x<D).
Tinh gi4 tri ctia biéu thitc P khi x = ———
2019

Cau 31. (HSG Thdi Binh 2011)

Chttng minh r%mg‘ g< 1 + 1 ot 1 <§
89 21 32 7 201142010 45

Céu 32. (HSG Chuyén Hung Yén 2019-2020)
2
Rut gon biéu thiic A =2, /(2—J§) +20 —zo\g.

HUONG DAN GIAI

Cau 1. a) biéu kién: x=-y;x=-Ly=1.

_x3+x2—y2+y3—x3y2—x2y3 _X2—Xy+y2+X—y—X2y2
(x+y)1-y)(1+x) (1-y)(1+x)

XXy +x-y
1+x

=X+Xy—Yy.

b) DétS=\/1+l2+l2+\/1+l2+l2+...+\/1+ L -+ L ~.
1° 2 2° 3 2017° 2018

2
Ta c6 1+i2+ L ~ =1+ 11,2 (neN")
n~ (n+1) n n+l n(n+1)

Ap dung dang thtic trén ta duwoc S= 1+1—1 + 1+1—1 +..+ 1+L—L
1 2 2 3 2017 2018

= 2018 - L
2018

<2018. (diéu phai chiing minh)

Cau 2.
T gia thiét da cho ta co:
1 1

—+—:1<:>xz+yz:xy<:>2xy—2xz—2yz:0
X y z

:>\/‘]x2+yz+z2 :\/x2+y2+zz+2xy—2xz—2yz :«,(x+y—z)2 =|x+y-2|
= X’ +y* +2° lamot s3 hiru ti

Vay ta c6 diéu phai chiing minh
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Cau 3.
a) Rat gon T:

Véi a-b,a>0,b>0, ta co:

_atbyab o +ayb-bya-yb e Vb _asb-yab (VaVB)(Yarvb) aip- (e
b (ab)[ardb)  arb Jm(a ] | e
Véy:TzM,véia¢b,a>O,b>0.
Jab
b) Chting t6 T> 1
Ta co: Tzﬂ,véiaib,a>0,b>0. (két qua cau 1.a)
Jab
(o o) + 5 (Vo)
oT= - +1>1(vi Vab >0,4a b 20 véi
Jab Jab (
a#b,a>0,b>0)
Vay T>1
Cau 4. ,
Ta co ngay:

A =420 —J45 + 34125 - 24405
=85 =35 +15y5 -18y/5 =245
B:\/9—4\/§+\/9+4\/5

- \/(2\/5)2 —222.1+1 Jr\/(lei)2 +2242.1+1

=22 ) (242 1)
:‘2ﬁ_1‘+‘2«5+1‘=2J§—1+2J§+1=4J§ (do2+2-1>0)

Cau 5. Ta co: 1+2:3:2—'3:L:i
2 1+2 23
1+2+3= :ﬁ: 1 2

2 1+2+3 34
14243 4.1+ 2018 = 2018:2019 1 __ 2
2 142+43+....+2018 20182019

p=f1- 21— 2| (1%
23\ 34 2018.2019

23-2 34-2 2018.2019-2

23 34 2018.2019
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4074340

2018.2019
2016.2019 2017.2020

: 2017.2018 "2018.2019
2......2017).(45.....2020) 12020 2020 1010
(23......2018).(3.45.....2019) 20183 6054 3027

Cau 6.

a) Diéukién x>0;x=1
Jx+1 a1 _ x+1 (Xz_&)
xVx +x % =x2 ++x «/;(x+\/;+1)

= \K+1 X [ xafx —
B \/;.(x+\/;+1)'\/_( 1)

_ DL ()R 1) = (VR 1) (4R 1) =1

X+4x+1
b) Tacd: T=B-2A>
= x* ~5x* ~8x+2025-2(x 1)’
*—5x* —8x+2025-2x" +4x 2
*_7x* —4x+2023
f_8x%+16+x* —4x+4+2003

A=

=X
=X
=X
=(x* ~4) +(x—2)" +2023

Vi (x*—4) 20,(x~2)" 20=T>2003

) x=2
Dau “=" xay ra < {i __24_=0 = [x =2&x=2
x=2
Vayvoi T . =2003 < x =2
Cau?7.
1

(\/a_+\/5)(a+b)
biéukién: a>0,b>0

Jab.(\a-B)+(Va-b) (va-b)(L+ab)

a) Rut gon biéu thue P:

"= 1++fab B 1++/ab =va-+b
:>P:(6+J%)(a+b):P.(J§+JB)(a+b)

=(Va-+b)(va+b)(a+b)=(a-b)(a+b)=a’-b?
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b) Ta co:
2
2 18+1) {\/g:\/mﬂ

a=2019+2»\/2018<:> a=( 0 _
b=2020+242019 | :( /2019 +1)2 Jb =4/2019 +1

— P =+a-+b=42018 +1—(«/2019 +1) — /2018 —+/2019

Cau 8. 1) Diéu kién 0<a<l1

e

+
Vl+a-vl-a 1-a?-1+a)\Va

_ Jl+a (1—61)2 ( 1-a’ _l]m
I

J1+a—J1—a+J1—a(J1—a—J1+a a

fra ia J{ i-a _;] P

fra-i-a Jira-i-a lal a

iva+ 1—a[ 1—a® 1

itra-J1-a| a a
J1+a++l-a V1-a’-1
i+a-J1-a a

) (Jl+a+J1—a)(J1+a—Jl—a) 1—a% -1

]|a—1| (do a>0)

(1-a) (do 0O<axl)

) l1-a

(\/1+a—«\/1—a) a (1-3)
— — 2_

_ l+a-1+a . l-a 1.(1—a)

1+a+l-a-2y1-a? a

2a 1-a% -1

= : (1-a)

2-2\J1-a’ a

=—(1-a)=a-1

2) Piéukién 0<a<l
Tacéd: Q° = (a—l)3

Xét hiéu :
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a>0
O<a<l=<a-1<0=a(a-1)(a-2)>0
a-2<0
>Q°-Q0>0=0Q°>Q
Vay Q’>Q
Cau 9.

A= (4418 V0 G NA— 15 =15 2. (5 ) 15 415

:~/78+2JE.(J§-J§).J167=1/(J§+J§)2.(J§ ~\3)1
=(\/§+\/§).(\/§—\/§)=5—3=2

Cau 10.

a) biéu kién a>0
P=( 2 . a+va J4_a
\E+2 a+3\/§+2 ' \E
_ - \E.(\EH) 4_a
Na+2 (Va+1)(va+2)| Va
a_ . \/a_ ]4—a
Ja+2 a+2) Va
Jasa (2-4R)(244R) VaVa+1)(2-Vh)

"2 A
=(\/;+1)(2—\/;)=—a+\/;+2

b) Dieu kién @>0, Ta cé:

2
P=—-a+ a+2=—(\/_—ll +%£2

D&u “=" xay ra <:>\/_—l=0<:>\/a_=

Cau 11.

Piéu kién a>0;x =1

TAI LIEU TOAN HOC
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2

x=a+1- [1+a’+ >
(a+1)

Cat] a’+2a+1+a*+2a’+2a’
(a+1)

\/a4 +2a°+a’+2a+1+2a°
=a+1-

(a+1)2

a+1

2 2
=a+1_a +a+1(c10 a +a+1>0J

a+1 a+1
=0<x<1 Va>0

Ix2 - 2x+1 \/(x—l)Z
:\/;+‘\/§—1‘+1:\/§+1—\/§+1: 2 _2(a+1)

(\/;+\/;).(\/§—\/}_7)+2(x+2y)

C}x+y+2\/g+x+y—2\/;+ y y+x\/; _5
X—y+2x+4y \/;(&4_\/;) 3

<:>2(x+y)_i_(‘/;"'\/y)(x"'y_\/;)

30cty) Jy (V)
<:>—X+y_\/;=l

N

xry—y =5y
S X+y—24xy =0

<:>(\/;—\/§)2 =0

= =2a+2
|x—1| 1-x 1_i a+l-a
a+1
Vay P=2a+2
Cau 12.
o)+ Sy s

_>
3
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y
_ a+«/m_a—«/az+b2 4a* —al? ) >[6]> 0
a—+a?+b? a++a?+b? b’ ’
(a+ a2+b2)2—(a—x/a2+b2)2 b2
(a+ a2+b2)(a— a2+b2) 4 az(az—bz)
a?+a’+b%+2aVa’ +b? —(a2 +a’ +b?—2aa? +b2) b2
az—(az—bz) '4.|a|.\/a2—b2
T b e
b*  4lala’-b? |a|\/a?-b’
Ja? +b?
2

a’-b

khi a>0

2 2
—\/i“azt’z khi  a<0
L va —
Cau 14.
2 2
A=J3+X2—2X\/a_+\/a+x2+2x\/; =\/(X—\E) +\/(x+\£)
X X X N

o] x4
ALY

+) Véi XZ\/; thi ‘x—\/e_i‘:x—\/; nén A= X~ a+x+\/;:2_x=2\/;.
NSRRI

) V&i 0<x<+a thi ‘x—ﬁ‘:—(x—ﬁ)zﬁ—x

\/a_—x+x+\/z;= 2\/;
NOREN

nén A=

Cau 15.

a) Voi x>0;x =4, ta co:

A={x+3«/;+2 1 },1 { x+3x +2 x+2+/x +4 N

(&—2)(x+2\/;+4) (\/Q—z)(x+2\/§+4)

XX —8 _\E—Z B

X
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Jx -2 Jx = Jx

(J_ 2)(x+2\/_+4) x+2x +4

Ta ¢6 x=14+6J§=9+2.3.J§+5=(3+J§)2:>\/§=ﬂ/(3+\/§)2=‘3+\/§‘=3+\/§.
3++5 3+4/5 _ 3+45

Khi d9, ta co: A = =

1
14+6\/§+2.(3+\/§)+4 24+8/5 8 (3+\/_) 8

b) Taco A% =24—8\4+243 =(2«/§—2)2

:>A=i(2\/§—2)

Do A<0 nén A=2-24/3.
Cau 1e.

x+4\/;+4 x +/x (\/;*'2)2 ~ \/;(\/;+1)
x+x-2  1-x _(\/;—1)(\/;+2) (Vx-1)(Vx+1)
_Wx+2 2
Jx-1 Jx-1 Jx-1
1 1 24x
&+1_1—&_(J§+1)(&—1)

s ek s (EeE

a) + Bién doi

+ Bién doi

+Taco A= : = .
Jx-1 (\/;+1)(\/§—1) Jx-1 2Jx
+Vay A=@,Véidi”éukién x>0, x=1.
Ix
b) Ta co:
Aslity20i8 01, 1 1. 1
2018 J_ 018 Jx 2018
Jx <2018 = 0 <x <2018

Vi x>0, x#1va X nguyénnén x e {2; 34;...; 2018} . Suy ra ¢6 2017 gia tri nguyén cua
X théa man bai toan.

Cau 17. Ta cé:

A _2+2Va 2avb+2Vab

1-ab 1-ab

THCS.TOANMATH.com TAI LIEU TOAN HOC




2(1++/a) 1

~2Jab(1++a) ab

Khi a>0; b>0, Va+b=1ab = J;rj_ 1C>j‘ j%=1¢>j§=1—j%

2
Do do A ———] <—.Ddu”“="xayra <b=4;a=4.Vay gia

R
tri 16n nhat ctia Alé% khi a=b=4

Cau 18.

Ta co:

P- 1::/;‘_3+1—\/a_}/a2f+1 (a>1)

(R D N (]
ey

P= 1\/*_/_161 1- \/_] */_\/;1 (Do a>1=+a>1=+a-1>0)

1 \/;+a+\/_ 1- a+\/_«/_ 1

Ja-1 \a
Ja  a-1
Ja-1 +a

+1J;].

P= =1

Cau 19.

x+2 x+3 3x+4Vx -5 Yx+2 x+3  3x+4x-5
Jx+1 5% x—4dx-5 Jx+1 5-x (x/;+1)(\/;—5)

_ (x+2)(fx=5)+(x +3)(x +1) - (Bx +4vx -5)
(x+1)(x~5)

a) P=

_ x=3Jx-2
(x+1)(x-5)
_ (xanx+2)  Wx+2
(W )x-5)  x-5
Jx+2 Jx <5

\/;+2>—2<:>2— >0

Jx -5 Jx-5 Hx>12°

+V6i x <5 0<x<25.

Taco P>2< —
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+V6 X >12 o x>144 .
Cau 20.

Diéu kién : x>0,x %1

_2(X—1)+ x* —x _2x+\/;
\/;—1 X+yx+1 \/;

=2(\/§—1)+M 2% -1

X+yx+1

1R (VR 1) = xo x&i:(&_l}%é

4

Vay AZ%Dé'u "="xay ra <:>\/_—%=0<:>x=

Cau 21.

b) Ta co:
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A (v~ \/_) +2xx+yyly 3y -3y
eyl y
_ xax —3x y+3y\/_ y y+2x\/_+y\/_ 3\F(\F \F)
R N I Sy (o
_ 3&(x—\@+y) N 3\/;
(o dr (i +v) e
Jx 3\/_
x+f Fody

=3\/§+3\/§=3
x+fy

Vay gia tri ctia biéu thiee A khong phu thudc vao gia tri cia bién véi X,y 20 va

voi X,y 20 va x#y

X#Y.
Cau 23.
a) DKXD: x>0,y >0,y #1,x+y #0.

< 1) {15 446
R B
R R e e
Ee e I
b)  P=2cVx+xy -y =2 x(1+y)-(Vy +1) =1 (Vx-1)(1+y ) =1
Tacd: 14,y 21=Vx-1<1=x <2 & x<4.

Két hop voi diéu kién x>0=0<x<4 < xe{0;1;2;3;4}

P=

Thay vao phuong trinh trén P =2
Ta duoc (x;y) {(4 0) (2 2)}

Cau 24.

TAI LIEU TOAN HOC
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PZ[ \/a—b a-b ] 612+b2 (a>b>0)

+ .
Ja+b+ya-b a’—b*—a+b) Ja’-b?

=[ a—b N a-b J a’+b?
Ja+b+ya-b \/a—b(\/a+b—\/a—b) Ja? —b?
(a—b).(ﬁ—ﬂ)+(a—b).(ﬁ+m) 22 +b2
) Ja—b(4a+b+v’a—b).(4a+b—Ja—b) b2
:2(a—b).m_ a’+b’ _a’+b’

2ba-b  Va-bafatb b

Via-b=1=a=b+1khi d6 theo BDT AM — GM:

2
2.2 (b+1) +b? 2 ’ /
P=a +b =( ) =2b +2b+1 =2b+ l+222 2b1+2=2 2+2
b b b b b

Cau 25.
a) bKXD: x>0,y >0,xy #1.

b_ (ﬁ+ﬁ)(1+ﬁ)+(\/§—\ﬁ)(1—\/ﬁ) :(1—xy+x+ y+2ny

1-xy 1-xy
:\/;+X\/V+W+Y\/;+\/;—XW—\/?+W/; 1_Xy
1-xy 14X+ Y+XY

2oy adk(ary) 2k

- (1+x)(1+y) - (1+x)(1+y) 14X
> 2(2-4B)
2+\E_(2+\/?_))(2—\/§)

B

2(*/5—1) _23-2_63+2
1+(\/§—1)2 5-243 13

b) Vi x=

=4—2J§=(J§—1)2.

Cau 26.
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a) P= x+3\/;+2 x+\/_ J
x+x-2  x-1 x+1 Jx -1

_ x+3\/;+2
- ( x+2 ( x+1

x+3J§+2 X — 2J_ 1)(
(\/§+2)(\/§ 1) ' 24x

_ Jx +2 (\/;+1)(\/;_1)_\/;+1
(Ve+2)(vx-1) 2k 20k

x>0;x=1
1 \/§+1> {

(7
V wm]

b) —- >1e9 2% Wx+1 .
P 8 N SR >1 (%)

16\/;—(\/;+1)2
8(\/;+1)
1 \/§+121

Vay x=9 thi ——
ay P

(*)e >1 @(&—3)230@x=9 (tm)

Cau 27.

Véi diéu kién x>0,x =1, ta co:

x —24/x N Jx +1 . 2x—2x +1
(\/;—1)(x+ x+1) \/;(x+ x+1) \/;(\/;—1)(x+x/;+1)
_\/;(X—2\/;)+(\/;+1)(\/;—1)+2X—2\j;+1
- \/;(J;—l)(x+ x+1)

. \/;(x+\/;—2)
B e (Vx=1) (x4 +1)

B [ I
(\/;—1)(x+ x+1) x+Ux+1

Ta cé véi diéu kiénx>0,x¢1:>x+\/;+1>\/;+1>1

Jx+2  Kx+2 1

=l+—<2

<
X+4x+1 \/;+1 \/;+1
\/;+2

X+ax+1

P=

=0<P=

DoPnguyénnénsuyra P=1< =1<x=1 (loai).
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Vay khong co gid tri cia x d€ P nhan gia tri nguyén.
Cau 28.

Tacod A= X —Vx + X x :\/;(\/;—1)+\/;(\/;+1)=2x.

X+4x+1 x—\/;+1

Do d6 B=1-+2A—4Jx +1 :1-‘2«&-1‘ :1-(1-2&):2&.

Cau 29.

Ta co:

a’ =3+\/5+2\/§+3—\/5+2\/§+2\/9—(5+2\/§)
—6+2y4-23

—6+2 (J§—1)2 =6+2(\/§—1)4+2\/§=(1+\/§)2

Via>0 nén a=3+1.Dodé (a—l)2 =3hay a’-2a-2=0.
Cau 30.

P- 1—x(\/1+\/1—7+\/1—\/1—7j
:>P2=(1—x)(2+2,/1—(1—x2)):2(1—x)(1+|x|)
Ma P=\/1—x+(1—x)\/1—7+\/1—x—(1—x)x/1—7ZO:P:\/E(l—x)

Véi x=— L p-2019 &5
2019 2018

Cau 31.

V6i n la s6 nguyén duong ta co:

(n+1)&:(nﬁ)n=&(l 1) T

11 1 1 1 1 1 1
+ ..+ >l-—=+—F=—"F=+...+ -
21 32 7 2011W2000 0 V2 V2 BT 2010 Y2011

o 4 2%

> .
V2011 89 89

Suyra: A=

2

1 2 _i_
(nr)Vn Jnri(vnelevnldn Va Varl

Lai co:

2 2 2 2 2 1 1) 88
S A< Sy _ 21— |<2|1-—|=2
2 2 B J2010 /2011 J2011 45) 45
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A=2,/(2_\/§)2 +@—20.\E=2‘2—\/§‘+2\/§_20,€
:2(\/5—2)+2\/§—4\/§:2\/§—4+2\/§_4\/§:_4
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